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ASTRONOMICAL  INSTRUMENTS. 


CHAPTER  I. 


THE    TELESCOPE. 


1.  The  complete  theory  of  the  telescope  considered  simply  as 
an  optical  instrument  is  too  extensive  a  subject  to  be  condensed 
into  a  chapter  of  the  present  work :  it  must  be  sought  for  in  the 
larger  works  on  optics.*  I  shall,  therefore,  confine  myself  to 
such  points  as  appear  to  be  immediately  needed  by  the  observer 
for  the  intelligent  use  of  his  instruments.  The  following  expla- 
nations, at  once  elementary  and  practical,  some  of  which  are 
not   to   be   found  in   optical  works,  are   chiefly  derived  from 

SAWITSCH-t 

2.  The  simple  astronomical  telescope. — The  astronomical  telescope, 
in  its  simplest  form,  consists  of  two  bi-convex  lenses ;  the  larger, 


Fig.  1. 


B 

AS  (Fig.  1),  which  is  turned  towards  the  object,  is  called  the 


*  See  Hikbchil's  Trtatiie  am  Light;  Pkicrtel*8  Prmctiseke  Dioptrik;  Biot*8  An- 
trtmomU  Pkytifue^  Vols.  I.  and  II.;  Pottkb's  OptieM\  Coddinotok*8  Optiet;  Lloyd's 
JVeaiUe  an  Light  and  Vision;  Littbow's  Analytiaehe  Dioptrik;  Pbabson's  Practical 
Attronomg. 

f  AhrisM  der praetiMchen  Astronomiij  von  Db.  A.  Sawitsch,  aua  dem  RutMchenHbertetzt 
van  Dk.  W.  0.  CUetu.     Hamburg,  1850. 
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1 0  TELESCOPE. 

objective^  or,  more  commonly,  the  object  glass;  and  the  smaller,  gf. 
through  which  the  observer  looks,  is  called  the  ocular ^  or,  more 
commonly,  the  eye  glass  or  eye  piece.  The  two  surfaces  of  both 
these  lenses  are  segments  of  spherical  surfaces  of  different  radii. 
The  optical  axis  of  a  lens  ie  tile  straight  line  which  passes  through 
the  centres  of  the  two  spherical  surfaces  which  bound  the 
lens.  The  optical  axis  of  the  telescope  is  coincident  with  that 
of  the  cxbjeet  glass,  Wheu  the  telescope  is  well  constructed,  the 
optical  axifi  of  the  ocular  should  always  be  paraUel  to  that  of 
the  objective,  even  when  (as  is  usual  in  the  larger  instruments) 
the  ocular  is  movable,  this  motion  being  in  a  plane  at  right 
angles  to  the  axis  of  the  telescope.  Where  the  ocular  has  no 
motion,  its  axis  should  coincide  with  that  of  the  objective,  and, 
consequently,  with  that  of  the  telescope.    ^ 

3.  Let  us  now  suppose  that  our  telescope,  or  rather  its  optical 
axis,  is  directed  towards  a  star  S,  Then,  on  account  of  the  great 
distance  of  the  star,  we  can  assume  that  all  the  rays  from  it  to 
various  points  of  the  object  glass,  as  SAy  SCy  SB,  are  parallel  to 
each  other.  The  ray  SQ  which  passes  along  the  optical  axis 
itself,  suffers  no  deviation  from  the  refractive  power  of  the  lens, 
since  it  enters  and  leaves  the  lens  at  right  angles  to  the  refracting 
surfaces ;  but  all  other  rays,  as*  SA  and  SB,  are  refracted  both 
when  entering  the  lens  and  when  leaving  it,  and,  when  the  lens 
is  small  in  proportion  to  the  radii  of  curvature  of  its  surfaces, 
these  rays  will  all  converge  to  a  common  point  JF^in  the  axis  of 
the  telescope.  This  common  point  in  which  a  system  of  parallel 
rays  meet  is  the  prmcipal  focus j  uau*ally  called  simply  the  focus j 
of  the  lens,  and  the  dietance  FC  irom.  the  centre  Cof  the  tens 
is  called  Xhe  focal  length  of  the  lens.  K  the  radiant  point  S  is  so 
near  to  the  telescope  that  the  lines  &4,  SB  are  sensibly  divergent, 
the  lens  will  not  bring  them  together  at  the  principal  focus,  but 
at  a  point  more  remote ;  that  is,  the  actual  focus  will  be  farther 
from  the  lens  than  F.  If  the  radiant  point  is  at  a  distance  from 
the  lens  equal  to  the  principal  focal  distance^  the  divergent  rays 
from  this  point  will  simply  be  rendered  parallel  by  the  lens,  or 
the  actual  focus  will  be  removed  to  an  infinite  distanee*  For  all 
astronomical  purposes  we  need  consider  only  the  prineipal  focuB, 
regarding  the  rays,  even  from  the  nearest  celestial  body,  the 
moon,  as  sensibly  parallel.  The  telescopes  u^ed  in  surveying 
instruments  (where  the  terrestrial  objects  observed  are  at  various 
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difltanees  from  the  lens,  and  these  distances  all  small)  are  pro- 
vided with  a  ready  means  of  adjusting  the  position  of  the  object- 
ire,  by  sliding  the  part  of  the  telescope  tnbe  containing  it  out 
and  in :  so  that  the  actual  focus  may  always  occupy  the  same 
absolute  position  in  the  optical  axis,  and^  consequently,  always 
be  -at  the  same  distanee  from  the  ocular.  The  same  result  is 
also  obtained  by  giving  the  portioia  of  the  tube  containing  the 
ocular  a  sliding  motion. 

4.  All  the  parallel  rays  from  a  distant  radiant  point,  as  a  star 
S^  which  are  converged  to  the  focus  Fy  form  an  image  of  the 
star  in  that  focus*  Conversely,  if  the  radiant  point  be  placed  at 
Fy  all  the  divergent  rays  SA^  SBj  &c.  will  emerge  from  the  lens 
in  parallel  lines  AS,  BS^  &c.  We  shall  hereafter  have  occasion 
to  make  several  important  a^lications  of  this  property  of  a  lens : 
here  we  shall  apply  it  at  once  to  show  haw  a  distinct  view  of 
the  image  of  a  star  at  ^  is  obtained.  The  eye  lens  gy',  being 
placed  in  the  line  CF  produced,  at  a  distance  Fc  equal  to  its  own 
principal  focal  distance,  it  follows,  from  the  property  of  a  lens 
JQst  stated,  that  the  divergent  rays  Ffy  Fg^  will  emerge  in 
parallel  lines  ^A,.  g^k'y  and  will,  consequently,  enter  the  eye  of  the 
observer  in  parallel  lines,  thus  giving  a  distinct  view  of  the  star; 
for  the  eye,  in  persons  who  are  neither  far-sighted  nor  near* 
sighted,  is  naturally  adapted  for  distinct  vision  when  the  rays 
entering  it  are  parallel.  Without  the  telescope  we  should  see 
only  those  rays  from  the  star  which  fall  upon  the  pupil  of  the 
eje ;  but  when  we  look  at  the  image  of  the  star  at  the  focus  of 
a  teleseope,:  we  see  it  with  greater  distinctness,,  because  we  then 
receive  into  the  eye  all  the  rays  which  have  entered  the  object 
glass  and  have  been  united  at  the  focus.  In  this  consists  the 
^^  great  ad\'antage  in  the  use  of  the  telescope. 

5.  Let  a  very  fine  thread  be  stretched  in  the  focus  i^  of  the 
telescope  at  right  angles  to  the  optical  axis.  This  thread  will 
be  visible  through  the  ocular  when  the  latter  is  so  placed  that 
its  focus  coincides  with  F:  consequently,  when  the  telescope 
id  directed  towards  a  stai*,  we  shall  have  distinct  vision  of 
both  the  star  and  this  thread  at  the  sam»e  time.  If  two  threads 
are  placed  at  the  fecue  at  right  angles  to  each  other,,  their  inter- 
section will  determine  a  fixed  point  in  the  field  of  view,  which 
by  moving  the  telescope  may  be  brought  upon  the  object  to  be 
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observed.  By  bringing  this  point  successively  npon  different 
celestial  objects,  their  relative  positions  can  be  measured  with 
the  greatest  precision ;  and  in  this  consists  the  second  great  ad- 
vantage in  the  use  of  the  telescope.  Since  the  apparent  thick- 
ness of  these  threads  is  increased  by  the  magnifying  power  of 
the  ocular  it  is  necessary  to  use  a  very  fine  material :  the  spider's 
web  is  that  which  is  almost  universally  used. 

The  line  of  sight  is  the  straight  line  drawn  from  the  thread 
through  the  optical  centre  of  the  objective ;  for  this  line  repre- 
sents the  direction  of  a  distant  point  (as  a  star),  when  the  tele- 
scope is  so  directed  that  an  image  of  the  point  is  formed  at  the 
thread.  This  line  is  also  called  the  line  of  collimation ;  but  we 
shall  hereafter,  for  the  sake  of  brevity,  call  it  the  sightMne. 

6.  The  spider  lines,  or  threads,  are  usually  stretched  across  a 
ring,  or  diaphragm,  which  is  placed  in  a  tube  which  slides  in  the 
principal  tube  of  the  telescope.  The  ocular  also  slides  without 
affecting  the  threads :  so  that  by  means  of  these  two  motions  we 
can  bring  the  threads  exactly  into  the  common  focus  of  the  ob- 
jective and  ocular.  It  is  to  be  observed  that  the  motion  of 
the  ocular  is  necessary  merely  for  adaptation  to  the  eyes  of 
different  observers.  The  threads,  being  once  accurately  placed 
in  the  focus  of  the  objective,  must  not  be  disturbed ;  but  the 
ocular  may  be  drawn  out  or  pushed  in  by  each  observer  until 
he  obtains  a  distinct  view  of  the  threads.  To  ascertain  whether 
the  threads  are  accurately  placed  in  the  focus  of  the  objective, 
first  adjust  the  ocular  for  distinct  vision  of  the  threads,  then, 
bringing  a  thread  upon  a  very  distinct  point,  as  a  slow  moving 
star,  observe  whether  a  motion  of  the  eye  in  any  direction 
towards  the  edge  of  the  eye  lens  causes  the  star  to  leave  the  thread ; 
for,  if  the  image  of  the  star  is  exactly  on  the  thread,  it  ought  to  be 
seen  on  it  even  from  a  side  view;  but,  if  it  is  before  or  behind 
the  thread,  it  will  be  seen  on  it  only  from  a  direct  front  view. 

7.  Magnifying  power. — ^Let  us  suppose  the  telescope  to  be 
directed  towards  a  very  distant  object  DL  (Fig.  2).  From  its 
upper  extremity  D  a  multitude  of  rays  proceed  which  fall  upon 
all  parts  of  the  objective  AB^  and  which  (in  consequence  of  the 
great  distance  of  the  object)  may  all  be  regarded  as  parallel  to  the 
line  DCd  which  passes  through  the  middle  point  of  the  lens.  All 
these  rays  are  brought  to  a  focus  in  this  Wn^DCd  at  a  points/  whose 
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distance  from  the  lens  is  equal  to  the  focal  length  of  the  lens.  There 
e^dsts  then  at  the  point  d  a  distinct  image  of  the  point  -D.    In  a 

Pig.  2. 


similar  manner  an  image  of  every  point  of  the  object  is  found  at 
the  same  distance  behind  the  object  glass :  so  that  there  will  exist 
at  the  focus  of  the  lens  a  complete,  though  very  small,  image  of  the 
object  This  image  will  be  inverted ;  for,  while  the  image  of  the 
upper  point  D  is  formed  at  rf,  that  of  the  lowest  point  L  is  formed 
at  Ij  the  axes  of  the  systems  of  rays  from  the  several  points  of  the 
object  crossing  at  the  middle  point  C  of  the  lens.     K  the  focus  of 
the  ocular  is  coincident  with  that  of  the  objective,  and,  con- 
sequently, also  with  the  image  dl^  the  rays  which  diverge  irom 
a  point  d  of  the  image  and  fall  upon  the  ocular  gg'  will  emerge 
fix)m  the  latter  in  lines  parallel  to  each  other  and  to  the  line 
dek  which  is  drawn  from  d  through  the  centre  of  the  ocular ; 
and,  the  same  being  true  of  rays  from  every  point  of  the  image, 
those  from  the  extreme  point  I  emerge  in  lines  parallel  to  the 
line  len.     Hence  the  rays  from  the  two  extreme  points  d  and  I 
of  the  image  enter  the  eye  of  the  observer  at  an  angle  with  each 
other  equal  to  nek  or  led;  and  this  angle  is  the  apparent  avgular 
magnitude  of  the  image  to  the  eye.     But  without  the  telescope 
the  apparent  angular  magnitude  of  the  object,  the  eye  being  at 
C,  would  be  DCL  =  dCl;  which  angle  may  be  assumed  to  be 
the  same  as  that  under  which 
the  object  is  seen  from  the 
actual  position  of  the  eye  be- 
hind the  ocular,  the  length 
of  the  telescope   being  in- 
considerable in  relation  to 
the  distance  of  the  object. 
Xow,   the    apparent    linear 
magnitudes   of   the    object 
and  its  image   seen   thus  under  different  angles   can  be  com- 
pared by  referring  them  to  the  same  absolute  distance.     Thus, 
referring  the  image  dl  (Fig.  3)  to  the  actual  distance  of  the 
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object  Di,  by  tbe  lines  JSIW,  EW  drawn  from  the  eye  at  E,  we 

have 

dTiDL=zd'MiDM=,tanidElitaniDEL 

Hence,  denoting  the  magnifying  power  by  Cr,  we  have 

""  ^Di  ■"  tan"i  DEL  ^^ 

whence  the  proposition,  (A),  The  magnifying  power  of  the  telescope 
is  equal  to  the  tangent  of  half  the  apparent  angular  magnitude  of  the 
image  seen  through  the  ocular j  diculed  by  the  tangent  of  half  the  ap- 
parent angular  magnitude  of  the  object  seen  icUhout  the  telescope. 

Referring  again  to  Fig.  2,  we  have  the  apparent  magnitude  of 
the  image  as  seen  through  the  ocular  =  Icd^  and  that  of  the 
object  as  seen  by  the  naked  eye  =  ICdj  and 

tan  i  ledi  tan  }  ICd  =  — :  —7=  =  mCi  mc 

mc   mC 

or 

^ tan  ilcd mC 

""  tanilCd  "~  mc  (^) 

whence  the  proposition,  (B),  The  magnifying  poicer  of  the  telescope 
is  equal  to  the  quotient  of  the  focal  length  of  the  objective  divided  by  the 
focal  length  of  the  ocular. 

This  principle  serves  for  the  calculation  of  the  magnifying 
power  when  the  focal  lengths  of  the  glasses  are  known,  at  least 
for  the  simple  astronomical  telescope  here  considered.  A  mode* 
of  obtaining  the  magnifying  power  of  any  telescope  by  direct 
observation  will  be  given  below. 

We  see  then  that  with  the  same  objective  we  can  have  various 
magnifying  powers  by  simply  varying  the  ocular ;  and  the  less 
the  focal  length  of  the  ocular,  the  greater  will  be  the  magni- 
fying power.  The  more  the  telescope  magnifies,  the  nearer  will 
the  object  appear  to  us,  and,  consequently,  the  more  distinctly 
will  its  several  parts  be  seen.  Herein  consists  the  third  essential 
advantage  in  the  employment  of  the  telescope. 

8.   The  field  of  view. — ^By  the  field  of  view  is  meant  the  space 

which  can  be  viewed  with  the  tele- 
scope  at  one  and  the  same  time.  The 
magnitude  of  the  field  depends  upon 
the  angle  gCg'  (Fig.  4),  which  is  con- 
tained by  two  rays  from  the  centre 
of  the  objective  to  the  extremities 
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of  a  diameter  ^'  of  the  ocular ;  and  conseqaontlj  it  depends  upon 
the  magnitade  of  the  ocular  and  its  distance  from  the  objective. 
Most  telescopes  hav«  diaphragms,  or  opaque  rin^,  placed  within 
the  ixihe  to  cut  off  rajs  from  the  extreme  edges  of  the  djgectite, 
us  w«ll  as  straj  light  falling  down  the  tube.    If  the  inner  edge 
of  fi»j  diaphragm  trenches  upon  the  lines  C^,  Qf%  the  magni- 
tade of  the  field  will  be  diminished,  and  will  then  depend  upon 
the  fret  aperiwrt  of  the  diaphragm,  or  upon  that  portion  of  the 
ocalar  upon  which  rays  from  the  centre  of  the  objective  can  fall. 
Ab  it  is  difficult  to  construct  large  eye  pieces  which  shall  give 
AM  perfect  images  near  their  ^edges  as  in  the  centre,  it  is  usual  to 
obtain  a  large  field  with  a  small  eye  piece  by  giving  the  latter 
a  sliding  motion  at  right  angles  to  the  axis  of  the  telescope.     In 
tins  ease  the  whole  available  field  depends  also  upon  the  quantity 
of  motion  possessed  by  the  eye  piece.     Usually  this  motion  can 
bo  given  only  in  one  direction,  in  which  case  the  whole  available 
field  is  oblong,  its  breadth  being  limited  by  the  dimensions  of 
the  eye  piece,  and  its  length  by  the  quantity  of  motion.     Some- 
timesy  however,  two  motions  are  provided,  at  right  angles  to  each 
other,  and  then  the  whole  of  the  free  circular  aperture  of  the 
diaphragm  becomes  available  for  the  field. 

9.  Brightness  of  images  produced  by  the  teteseopej  and  the  intensity 
of  their  Ughi.  The  image  which  the  telescope  gives  of  an  object 
must  possess  a  sufficient  degree  of  brightness  to  make  an  impres- 
sion npon  our  eye.  Let  ns  suppose  two  telescopes,  the  object 
glasses  of  which  are  of  different  diameters,  to  have  the  same  mag- 
nifying power.  Then  the  brightness  of  the  two  images  formed 
will  be  proportional  to  the  quantity  of  light  which  falls  on  the 
sorfiu^e  of  the  two  objectives  respectively;  but  these  surfaces  are 
proportional  to  the  squares  of  the  diameters  of  the  objectives, 
and  hence  the  brightness  of  the  images  is  proportional  to  the 
Bquare  of  these  diameters.  On  the  other  hand,  let  us  suppose 
two  telescopes,  with  object  glasses  of  equal  diameters,  to  have 
different  magnifying  powers;  then  one  and  the  same  quantity  of 
Kght  is  distributed  over  the  larger  and  over  the  smaller  image, 
ind,  consequently,  in  this  case  the  brightness  of  the  image  is 
inversely  proportional  to  the  square  of  the  magnifying  powers. 

It  is  to  be  observed,  however,  that  not  all  the  rays  which  fall 
upon  the  object  glass  reach  the  eye,  partly  on  account  of  the 
want  of  absolute  transparency  of  the  glass,  and  still  more  on 
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account  of  the  reflection  of  a  number  of  rajB  from  the  surfaces 

of  the  lens.     Some  light  is  also  lost  occasionally,  when  the 

breadth  of  the  eye  glass  is  not  sufficient  to  embrace  all.  the  rays 

which  proceed  in  a  cone  from  the  image  of  a  radiant  point  formed 

at  the  focus,  or  when  the  pupil  of  the  eye  is  not  large  enough  to 

receive  the  whole  cylinder  which  these  rays  form  after  passing 

through  the  eye  glass.    Thus,  in  Fig.  1,  let  SABS  he  the  cylinder 

of  rays  from  a  very  distant  point,  falling  upon  the  free  opening 

of  the  object  glass;  g^k'kg^  the  cylinder  of  light  which  emerges 

from  the  eye  glass ;  ^the  common  focus  of  the  two  glasses.     On 

account  of  the  similarity  of  the  triangles  ABF  and  g'gFy  we 

have 

ABi^g=  CFi  Fc 

CF 
But  the  magnifying  power  G  is  (Art.  7)  equal  to  -^ ;  consequently, 

also, 

9  9 
Now,  all  the  rays  which  fall  upon  the  object  glass  will  enter  the 
pupil  of  our  eye  only  when  g'g  is  either  equal  to  the  diameter  d 
of  the  pupil,  or  is  less  than  d.    In  the  first  case  we  shall  have 

O  =  -J- ;   in  the  second,  G  >  -^«     But  if  G^  <  -j-»  we  must 

have  gg'  >  rf,  or  the  diameter  of  the  cylinder  of  light  emerging 
from  the  eye  glass  greater  than  the  diameter  of  the  pupil :  in 
that  case,  therefore,  some  of  the  light  must  be  lost  to  the  eye. 

Since  every  point  of  an  object  seen  through  a  telescope  must 
appear  as  a  point,  whatever  may  be  the  magnifying  power  of  the 
telescope,  it  follows  that  the  intensity  of  the  illumination  of  the 
several  points  of  the  image  in  the  telescope  depends  upon  the 
quantity  of  light  which  proceeds  from  each  point  of  the  object 
and  reaches  our  eye.  We  must,  therefore,  not  confound  intensity 
with  the  brightness  which  results  from  the  impression  of  the  whole 
image  upon  the  eye.  The  intensity  of  the  light  is  independent 
of  the  magnifying  power,  while  the  brightness  is,  as  we  have 
seen,  inversely  propprtional  to  the  square  of  the  magnifying 
power.  According  to  these  principles,  the  following  explanation 
of  the  working  of  the  telescope,  given  by  the  distinguished 
Olbers,  will  be  readily  understood : 

"  Let  B  he  the  brightness,  /the  intensity  of  light  of  an  object 
seen  through  the  telescope ;  both  being  supposed  to  be,  for  the 
naked  eye,  equal  to  unity.    Let  D  be  the  diameter  of  the  object 
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glass,  d  that  of  the  pupil  of  the  eye,  G  the  magnifying  power 
of  the  telescope,  and  1 :  m  the  ratio  in  which  the  light  is  dimin- 
ished by  its  passage  through  all  the  glasses  of  the  telescope ; 
then  we  have 

2f  ow,  80  long  as  ff  <  --*  which,  however,  occurs  only  in  tele- 
scopes of  large  objective  apertures  and  low  magnifying  power, 
the  quantity  B  must  remain  constant  and  =  m;  for,  if  G  is  less 

than  —  the  diameter  of  the  cylinder  of  emergent  rays  from  the 

ocular  will  be  greater  than  can  be  received  by  the  pupil ;  the 
eye  then  receives  no  more  of  the  light  than  it  would  if  the  ob- 
jective had  the  diameter  Gd.  Hence,  the  greatest  value  of  B  is 
m,  and  can  never  be  greater  in  the  telescope.  Since  in  the  best 
achromatic  telescopes  m  =  0.85,  we  see  that  the  brightness  of 
an  object  is  always  greatest  with  the  naked  eye.     As  soon  as  G 

is  greater  than  — » the  brightness  rapidly  diminishes  as  the  square 

of  G. 

"  On  the  other  hand,  J,  or  the  intensity  of  the  light,  is  constant 

as  soon  as  6r  =  or  >  -tj  provided  that  the  field  of  view  always 

includes  the  whole  of  the  magnified  object.  /  can  therefore 
become  very  great  when  D  is  great ;  and  this  is  the  reason  why 
exceedingly  faint  stars  can  be  seen  through  a  telescope  with  a 
large  objective.  The  diameter  d  of  the  pupil  (which  may  be 
assumed  to  be  about  0.2  of  an  inch)  is  not  only  different  in 
different  observers,  but  also  varies  with  the  absolute  intensity  of 
the  light  of  the  object  viewed, — e.g.  it  is  less  when  we  view  the 
moon,  greater  when  we  view  Saturn ;  less  when  we  view  the 
moon  through  a  telescope  of  five  inches  aperture  than  through 
one  of  two  inches  aperture. 

"The  sky,  or  Aground  of  the  heavens,'  has  a  certain  degree 
of  brightness,  not  only  in  daytime,  in  twilight  and  moonlight, 

but  even  at  night  in  the  absence  of  the  moon.     This  brightness 

2)* 
of  the  sky  also  diminishesin  the  telescope  as  wi.—^,»  and  therefore 

the  ratio  of  the  brightness  of  an  observed  object  to  the  bright- 
ness of  the  sky  remains  constant  for  all  magnifying  powers. 
This  is  the  reason  why  for  considerable  magnifying  powers  we 

Vol.  II.— 2 
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do  not  observe  a  correspondingly  great  decrease  of  brightness. 
But,  if  we  call  this  brightness  of  the  sky  6,  although  the  ratio 
B:  b  remains  constant,  our  eye  can,  nevertheless,  no  longer  dis- 
tinguish the  difference  B  —  6  of  the  brightness  of  the  object  and 
the  sky  when  this  difterence  is  very  small.  Hence,  faint  nebulfe, 
tails  of  comets,  fcc.  become  invisible  under  high  magnifying 
powers.  The  intensity  of  the  light  of  the  portion  of  the  sky 
which  we  see  in  the  telescope  varies  inversely  as  (r^  nearly.* 
This  intensity  of  the  light  of  the  field  may  be  so  great  as 
wholly  to  prevent  our  seeing  objects  of  feeble  intensity.  This 
is  the  reason  why  with  the  comet-seeker  (a  telescope  of  large 
aperture  and  small  magnifying  power)  we  cannot  see  stars,  even 
of  the  first  magnitude,  in  the  daytime,  when  we  can  see  them 
without  difficulty  with  telescopes  of  much  smaller  apertures  and 
greater  magnifying  powers.  This  also  explains  why  with  high 
magnifying  powers  we  often  discover  very  faint  stars  which  are 
wholly  invisible  in  the  same  telescope  with  lower  powers." 

The  more  perfect  the  telescope  is,  the  more  nearly  will  the 
image  of  a  star  resemble  a  bright  point;  and,  according  to  the 
above,  we  may  without  hesitation  always  employ  for  the  obser- 
vation of  fixed  stars  the  highest  magnifying  powers. 

10.  Spherical  and  Chromatic  Aberration. — A  telescope  of  the 
simple  constiniction  above  described  would  possess  serious  defects. 
All  the  parallel  rays  from  an  object  which  fall  upon  a  simple 
spherical  lens  cannot  be  brought  exactly  to  a  common  point  in 
any  case ;  and  not  even  approximately  unless  the  lens  is  small 
or  of  relatively  great  focal  length.  The  image  of  a  fixed  star 
will,  therefore,  not  be  a  well  defined  point,  but  rather  an  ill  defined 
spot  of  light;  and  the  images  of  all  objects  will  be  the  more  dis- 
torted the  greater  the  objective  is  in  proportion  to  the  focal 
length.  This  deviation  of  the  rays  from  a  common  point  in  the 
telescope  is  called  the  spherical  aberration. 

In  the  simple  astronomical  telescope,  still  another  difficulty 
exists:  for  white  rays  of  light,  after  they  are  refracted  by  a  simple 
lens,  are  resolved  into  the  colors  of  the  prismatic  spectrum,  or 
of  the  rainbow,  and,  consequently,  the  image  of  any  object  will 
appear  surrounded  and  disfigured  by  colored  light.     This  arises 

♦  That  is,  the  effect  upon  the  eye  of  the  whole  of  the  light  of  that  portion  of  the 
sky  which  is  Tisible  under  the  magnifying  power  O  Taries  nearly  as  -  -;  as  is  eTi- 
dent,  since  the  field  is  diminislicd  in  this  ratio. 
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from  the  different  degrees  of  refrangibility  of  the  different  colors. 
The  deviation  of  the  ra3'8  of  different  colors  from  a  common  focus 
is  called  the  chromatic  aben^ation. 

With  regard  to  the  means  by  which  the  telescope  is  rendered 
almost  wholly  free  both  from  spherical  and  from  chromatic 
aberration,  that  is,  rendered  both  aplanatic  and  achromatic,  it 
must  here  suffice  to  state,  in  general  terms,  that  the  result  is 
obtained  by  substituting  for  the  simple  lens  a  compound  one  of 
which  the  component  lenses  are  made  of  glass  of  different  degrees 
of  refractive  and  dispersive  powers.  There  are  generally  two 
^mponent  lenses,  as  in  Fig.  5 ;  one  of  which,  AB,  is  a  biconvex 

Fig.  5. 


lens  of  eroicv  glass,  and  is  that  which  is  turned  towards  the  object; 
the  other,  AA'BB%i&  a  meniscus  or  concavo-convex  lens  oi  flint 
glass.  The  latter  kind  of  glass  usually  contains  Stt  least  33  per 
cent,  of  oxyde  of  lead,  from  which  crown  glass  is  wholly  free; 
and  both  its  refractive  and  its  dispersive  powers  exceed  those  of 
crown  glass.  By  giving  the  four  spherical  surfaces  of  the  com- 
ponent lenses  suitable  curvatures,  both  the  spherical  and  the 
chromatic  aberrations  produced  by  the  crow^n  glass  lens  are  very 
nearly  corrected  by  the  flint  glass  lens. 

Even  in  the  best  telescopes  an  absolutely  perfect  compensation 
of  the  errors  has  not  been  reached.  Some  idea  of  the  relative 
excellence  of  the  instrument  may  readily  be  obtiiincd  as  follows. 
Tlie  coiTCction  for  spherical  aberration  is  well  made  when  the 
image  of  a  star,  in  favorable  states  of  the  atmosphere,  is  a  very 
small,  well  defined,  round  disc.  Having  adjusted  the  eye  piece, 
by  sliding  it  out  or  in,  until  this  disc  is  reduced  to  its  least  dimen- 
sions and  most  perfectly  defined,  the  slightest  motion  of  the  eye 
piece  from  this  position,  either  out  or  in,  should  disturb  the  per- 
fection of  the  image :  a  telescope  in  which  the  character  of  the 
image  remains  sensibly  the  same  during  a  considerable  motion 
of  the  eye  piece  is  imperfectly  corrected  for  the  spherical  aber- 
ration.    The  correctness  of  the  general  figure  of  the  lens  is 
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judged  <M  by  sliding  the  eye  piece  in  beyond  the  perfect  foens, 
whereby  the  image  becomes  enlarged;  but  if  the  lens  is  spn- 
metrieal  throughout,  the  image  will  remain  circular,  aud  in  very 
perfect  telescopes  will  present  a  number  of  complete  concentric 
circular  rings  of  light ;  a  similar  result  should  follow  when  the 
eye  piece  id  drawn  out.  An  imperfect,  unsymmetrical  lens,  with 
the  eye  piece  out  of  focus,  will  give  an  image  composed  of  incom- 
plete and  distorted  rings,  or  only  a  confused  and  iiTegular  mass 
of  variously  colored  light.  If  the  glass  of  which  the  lens  is  com- 
posed is  not  perfectly  homogeneous  (one  portion  having  greater 
refractive  power  than  another),  the  images  of  bright  stars  of  the 
lirst  or  second  magnitudes  will  have  what  opticians  call  a  wi^ff  on 
one  side,  which  no  perfection  of  figure  or  of  adjustment  can  re- 
move. But  the  defective  portion  of  the  glass  may  be  discovered 
by  covering  up  successively  different  parts  of  the  lens  by  means 
of  caps  of  variable  apertures  in  various  positions;  and  some  im- 
provement in  the  performance  of  the  lens  may  be  obtained  by 
excluding  this  defective  portion,  at  the  expense  of  light. 

The  achromatism  is  judged  of  by  pointing  the  telescope  to 
some  bright  object,  as  the  moon  or  Jupiter,  and  alternately  push- 
ing in  and  drawing  out  the  eye  piece  from  the  place  of  most  per- 
fect vision :  iA  the  former  case,  if  the  lens  is  good,  a  ring  of  purple 
will  appear  round  the  edge  of  the  image,  in  the  latter,  a  ring  of 
pale  green  (which  is  the  central  color  of  the  prismatic  spectrum); 
for  these  appearances  show  that  the  extreme  colors  of  the  spec- 
trum, red  and  violet,  are  corrected. 


11.  Achromatic  eye  pieces. — The  eye  pieces  now  most  commonly 
used  are  of  two  kinds:  the  Hayfjenian  and  the  Ranisden. 

The  Huygenian  eye  piece  consists  of  two  plano-convex  lenses 

of  crown  glass,  A  and  B 
^»«-  ^'  (Fig.  6),  the  convex  sur- 

*"^"^  faces  of  both  being  turned 

towards  the  object.  The 
fii*8t  lens  A  receives  the 
converging  rays  &i,  S&, 
coming  from  the  object 
glass,  before  they  have 
reached  the  principal  fo- 
cus F  of  the  object  glass, 
and  brings  them  to  a  focus  F'  half-way  between  the  two  leases 
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A  and  B.  The  focal  length  of  the  lena  B  being  made  equal  to 
BF\  the  image  formed  at  -F'  is  distinctly  visible  to  an  eye  be- 
huid  B.  Since  this  eye  piece  is  adapted  to  rays  already  converg- 
ing, instead  of  diverging  rays,  it  is  commonly  called  the  negative 
eye  piece. 

The  Bamaden  eye  piece  is  shown  in  connection  with  the  tele- 
scope in  Fig.  5.     It  also  consists  of  two  plano-convex  lenses ; 
but  the  plane  surface  of  the  lens  nearest  the  object  is  turned 
towards  the  object.     The  diverging  i-ays  from  an  image  JPare 
rendered  less  divergent  by  the  fii'st  lens,  and  finally  parallel  by 
the  second  lens ;  after  emerging  from  the  latter,  therefore,  they 
are  adapted  for  distinct  vision  to  ^n  eye  placed  behind  it.      This 
eye  piece  being  adapted  for  diverging  rays,  like  the  simple  double 
convex  lens,  is  called  the  positive  eye  piece.     It  is  universally 
used  wherever  spider  threads  are  placed  in  the  focus  of  the  object 
glass  for  ilie  purposes  of  measurement,  as  in  the  transit  instrument, 
ic. ;  for  the  permanency  of  the  position  of  these  threads  is  of 
the  first  importance,  and  this  could  not  be  insured  unless  the 
threads  were  so  placed  as  to  be  independent  of  any  motion  of 
the  eye  piece.     Threads  are,  however,  often  placed  in  the  focus 
of  a  Huygeman  eye  piece  merely  to  mark  the  centre  of  the  field, 
as  in  the  eye  pieces  of  the  telescopes  of  a  sextant. 

The  optical  qualities  of  the  Hnygenian  eye  piece  are,  however, 
superior  to  those  of  the  Ramsdai^  the  spherical  aberration  being 
more  perfectly  corrected ;  and  it  is,  therefore,  prefeiTcd  for  the 
mere  examination  of  celestial  objects  when  no  measurements 
are  to  be  made. 

Neither  of  these  eye  pieces  changes  the  apparent  position  of 
the  image,  which  therefore  remains  inverted.  Achromatic  eye 
pieces  designed  to  show  objects  in  their  erect  positions  usually 
consist  of  four  lenses.  They  are  used  chiefly  for  land  objects,  and 
only  in  small  telescopes.  The  great  loss  of  light  from  the  addi- 
tional lenses  is  an  insuperable  objection  to  them  for  astronomical 
purposes. 

The  lenses  composing  the  eye  piece  are  fixed,  at  the  proper 
distance  from  each  other,  in  a  separate  tube,  which  has  a  sliding 
motion  in  another  tube  fixed  to  the  telescope,  so  that  it  can  be 
pushed  in  or  drawn  out  and  thus  adapted  for  different  eyes. 
For  near-sighted  persons  it  must  be  pushed  in ;  for  far-sighted 
persons,  drawn  out. 
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12.  Diagonal  eye  pieces^ — When  a  telescope  is'  directed  towards 
an  object  near  the  zenith,  it  is  always  inconvenient,  and  often, 
with  small  instruments,  impossible,  for  the  observer  to  bring 
his  eye  directly  under  the  telescope.  The  inconvenience  is 
obviated  by  employing  an  eye  piece  which  bends  the  rays  at 

right  angles  to  the  optical  axis  of  the  telescope, 
as  in  Fig.  7,  where  the  lens  A  receives  the  rays 
in  the  direction  of  the  axis  of  the  telescope  and 
partially  refracts  them ;  they  are  then  reflected 
by  the  plane  surface  M  (placed  at  an  angle  of 
45°  with  the  axis)  to  the  lens  i?,  by  which  they 


Fig.  7. 


/ 


are  rendered  parallel  and  adapted  for  distinct  vision  to  the  eye 
at  B  looking  in  the  direction  BM.  The  surface  M  may  be  either 
a  plane  metallic  mirror,  or  the  interior  face  of  a  right  prism  of 
glass,  the  section  of  which  is  shown  in  the  figure  by  the  dotted 
lines.  The  prism  is  usually  preferred,  as  less  light  is  lost  by 
reflection  from  its  interior  face  than  from  a  metallic  speculum. 


13.  To  measure  the  magnifying  poxcer  of  a  telescope. — First  Method. — 
The  magnifying  power  depends  upon  the  focal  lengths  of  the 
object  glass  and  eye  piece  (Art.  7),  and  hence  for  the  same  tele- 
scope different  eye  pieces  will  give  different  magiiifying  powers. 
We  suppose,  then,  that  the  eye  piece  whose  magnifying  power 
is  to  be  found  is  pLaced  upon  the  telescope  and  very  carefully 
adjusted  for  distinct  vision  of  very  distant  objects.  If  we  then 
direct  the  telescope  in  daytime  towards  the  open  sky,  we  shall 
see  near  the  eye  piece,  and  a  little  way  beyond  it,  a  Bniall  illumi- 
nated circle,  which  is  nothing  more  than  the  image  of  the 
objective  opening  of  the  telescope.  Let  the  diameter  of  this 
circle  be  measured  by  a  very  minutely  divided  scale  of  equal 
parts ;  then  the  magnifying  power  is  equal  to  the  quotient  arising  from 
dividing  the  diameter  of  the  object  glass  by  the  diameter  of  this  iUumi- 
nated  circle.*     For  example,  let  the  diameter  of  the  object  glass 


*  The  demonstration  of  this  rule  is  not  usually  given  in  our  optical  works.     Let 

AND,,  Fig.  8,  be  the  objective;   Cthe 
*^'5*  ®.  ocular,  which  we  can  regard  as  in  effect 

a  single  lens ;  N  the  middle  of  the  ob- 
jective: n  the  middle  of  the  small  il> 
luminated  circle  anb,  which  is  the  image 
of  the  objective  opening  formed  bejond 
the  ocular.  If  we  remove  the  object 
glass  from  the  telescope  tube,  the  image  anb  of  the  opting  will  still  remain  the  same 
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be  4  inches,  that  of  the  small  illuminated  circle  ^  of  an  inch ; 
the  magnifying  power  is  4  -j-  J^j  =  80. 

The  chief  difficulty  in  this  method  lies  in  the  exact  measure- 
ment of  the  diameter  of  the  small  illuminated  circle.  Various 
methods  have  been  contrived  for  this  purpose;  but  the  most 
effective  is  by  means  of  the  instrument  known  as  Bamsden^s 
Djpiameter. 

Second  Method  (proposed  by  Gauss). — K  we  reverse  the  tele- 
scope and  direct  the  ocular  towards  any  distant  object,  we  shall, 
when  looking  through  the  objective,  see  the  image  of  the  object 
as  many  times  diminished  as  we  see  it  magnified  when  looking 
through  the  ocular.  Select,  therefore,  two  well  defined  points, 
lying  in  a  horizontal  line,  and  direct  the  telescope  so  that,  look- 
ing into  the  objective,  these  points  may  appear  to  lie  at  about 
equal  distances  on  each  side  of  the  optical  axis.  Then  place  a 
theodolite  in  front  of  the  objective,  level  the  horizontal  circle, 
and  bring  the  optical  axis  of  its  telescope  nearly  into  coincidence 
with  that  of  the  larger  telescope,  so  that  looking  into  the  object- 
ive of  the  latter,  through  the  telescope  of  the  theodolite,  the 
selected  points  may  be  distinctly  seen.  Measure  the  apparent 
angular  distance  of  the  images  of  the  points  with  the  theodolite, 
by  bringing  the  vertical  thread  successively  upon  these  images 
and  taking  the  difioreuce  a  of  the  two  readings  of  the  horizontal 
circle.  Remove  the  larger  telescope,  and  measure  in  the  same 
manner  with  the  theodolite  the  angular  distance  A  of  the  points 
themselves.  Then  the  magnifying  power  G  is  given  by  the 
formula 

•8  when  the  glass  is  in  its  place.  Now,  it  is  known,  from  the  elements  of  optics,  thai 
\t  u  ia  the  distance  of  a  bright  object  from  a  convex  lens,  v  the  distance  of  the 
image  from  the  lens, /the  focal  length  of  the  lens,  we  have  the  equation 

1  +  1=1 

Let  /"be  the  focal  length  of  the  objective,/  that  of  the  ocular,  u  the  distance  between 
them;  then  we  have  NC  =uz=z  F  -\-f;  Cn  =zv;  and,  consequently, 

111  F 


V      f       F-^f     /(F^f) 

Also, 

AB       NC  _F-{-f_F 

ab        nC  V  / 

F  AB 

Bvt,  by  Art.  6,  —  expresses  the  magnifying  power  of  the  telescope:  hence,  also,  — -- 

/  ab 

txpresses  the  magnifying  power,  as  in  the  method  of  the  text. 
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^ tan  }  A 

~  taDia  (*^ 

A 
or,  if  the  angles  A  and  a  are  very  small,  G  =  — 

II'  the  observed  points  are  not  very  distant,  we  should  in  strict- 
ness measure  the  angle  A  by  placing  the  theodolite  at  the  point 
first  occupied  by  the  ocular ;  for  A  is  the  angle  contained  by  the 
rays  from  the  two  points  to  the  ocular,  and  a  the  angle  contained 
by  these  rays  after  they  have  passed  through  the  ocular  and  have 
been  refracted  by  it. 

If  the  telescope  cannot  be  removed  conveniently,  the  angle  A 
may  be  obtained  by  measuring  the  linear  distance  D  of  the  middle 
point  between  the  two  observed  points  from  the  ocular,  and  the 
horizontal  linear  distance  d  between  the  points ;  then 

tanM  =  -4;  (5) 

Wlien  the  latter  method  is  practised,  however,  it  is  necessary  to 
observe  that  if  the  telescope  of  the  theodolite,  in  measuring  the 
angle  a,  is  inclined  to  the  horizon  by  the  angle  /,  we  must  employ 
instead  of  a  the  angle  a' given  by  the  formula 

sin  J  a'  =  sin  \a  cos  I   ' 

or,  with  sufficient  precision, 

tan  i  a'  =  tan  i  a  cos  I 

a  reduction  which  wa^  unnecessary  where  both  A  and  a  were 
measured  by  the  theodolite,  since  the  factor  cos /would  enter 
into  both  numerator  and  denominator  of  (4).  But  the  reduction 
may  also  be  neglected  here,  if  by  D  is  understood,  not  the  direct 
distance  from  the  ocular  to  the  obsers^ed  points,  but  the  projec- 
tion of  this  distance  on  the  horizontal  plane,  and  then  the  formula 

becomes  G  =  ^=r-, — »  with  sufficient  precision,  since  a  is  alwavs 

i>  sm  a 

very  small. 

For  accuracy,  the  angular  distance  of  the  points  observ^ed 
should  bo  as  great  as  can  be  embraced  within  the  field  of  the 
telescope. 

Example  1. — The  angles  A  and  a  were  directly  measured  with 
a  theodolite,  in  the  case  of  an  equatorial  telescope  with  a  vertaia 


•s, 
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eye  piece,   and  were  ^  =  5°  10'  80'',  a  =  3'  10".     We  have, 
therefore,  for  this  eye  piece, 

G  =  ^^"J^Ll^  ^  98.12 
tan  0^  1'  35" 

Example  2, — ^For  verification  of  the  preceding  measure,  the 
angle  A  was  also  obtained  without  the  theodolite,  for  which  pur- 
pose there  was  measured  the  distance  of  the  observ^ed  points 
from  the  ocular,  D  =  303.2  feet,  and  the  distance  between  the 
points,  d  =  26,98  feet.  The  inclination  of  the  telescope  of  the 
theodolite  was  here  observed  to  be  /=  10*^  40',  and  as  before  by 
direct  measure  a  =  3'  10".     We  have  first, 

.      X  A       26.98 
tan  i  ^  = 

606.4 
and  hence 

G  = ^^ =  98.80 

606.4  tan  1'  35"  cos  10°  40'  ' 

The  horizontal  distance  D  was  here  298  feet,  with  which,  by  the 
last  formula  above  given,  we  have 

a  = ?^?_^  =  98.29 

298  sin  3'  10" 

The  magnifying  power  of  this  eye  piece  may  therefore  be  taken 
at  98.2,  or  simply  98. 

Third  3Iethod  (proposed  by  II.  B.  Valz,  m  the  Asironomische 
Naehrichten^  Vol.  vii).     This  very  convenient  method  consists  in 
directing  the  telescope  towards  any  object  of  known  angular 
diameter,   and  measuring  the  angle  formed  by  rays  from  the 
extremities  of  a  diameter  after  these  rays  have  emerged  from  the 
eye  piece.     The  sun,  the  angular  diameter  of  which  is  always 
known,  is  especially  adapted  for  the  purpose.     The  image  of  the 
•an  may  be  received  upon  a  screen  placed  in  the  prolongation 
of  the  axis  of  the  telescope  with  its  flat  surface  carefully  adjusted 
It  right  angles  to  that  axis.     The  telescope  is  to  remain  fixed^ 
being  properly  directed  so  that  the  sun  shall  pass  over  the  centre 
rf  its  field ;  and  as  the  image  passes  over  the  screen  its  linear 
fiameter  d  is  to  be  measured.     Also  the  perpendicular  distance 
Dfrom  the  middle  of  the  eye  piece  to  the  screen.     Then,  if  a  is 
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the  true  angular  diameter  of  the  sun,  A  the  angular  diameter  of 
the  image  on  the  screen,  subtended  at  the  eye  piece,  we  have 

tan  M  =  -- 
D 

and  the  magnifying  power  (r,  as  before,  is 

tan  \a        2D  tan  ia 

Fourth  Method. — ^For  small  instruments,  and  where  great  accu- 
racy is  not  required,  the  following  process  will  answer.  Let  a 
staft*,  which  is  very  boldly  divided  into  equal  parts  by  heavy  lines, 
be  placed  vertically  at  any  convenient  distance  from  the  telescope, 
for  example,  fifty  yards.  While  one  eye  is  directed  towards  the 
Qtsiff  through  the  telescope,  the  other  eye  may  observe  the  staff  by 
looking  along  the  outside  of  the  tube.  One  division  of  the  staff 
will  ,be  seen  by  the  eye  at  the  eye  piece  to  be  magnified,  so  as  to 
cover  a  number  of  divisions  of  the  staff,  and  this  number,  which 
is  the  magnifying  power  required,  may  be  observed  by  the  other 
eye  looking  along  the  tube.  The  staft'  here  not  being  very  distant, 
the  focal  adjustment  of  the  telescope  is  not  the  same  as  for  stars; 
the  focal  length  is,  in  fact,  somewhat  greater  than  the  "principar* 
focal  length  (Art.  3),  and  the  magnifying  power  obtained  is  pro- 
portionally greater  than  that  which  applies  to  very  distant  or 
celestial  objects,  the  rays  from  which  are  sensibly  parallel.  If  we 
call  the  magnifying  power  obtained  from  the  terrestrial  object  (?', 
that  for  a  celestial  object  (r,  jP'  the  focal  length  employed,  F  the 
principal  focal  length,  we  have 

riF=&iG 

For  example,  a  telescope  whose  principal  focal  length  was 
24  inches,  being  directed  towards  a  graduated  staff,  it  was  found 
that  for  distinct  vision  of  the  staff  it  was  necessary  to  draw 
out  the  eye  piece  0.75  inch.  Then,  one  division  of  the  staff 
seen  by  the  eye  at  the  eye  piece  was  observed  by  means  of 
the  other  eye  to  cover  40  divisions.  Here  we  have  F  =  24, 
F'  =  24.75,  O'  =  40,  and  hence 

G=  ff'.^  =  40  x-r^  =  38.8 
F'  24.75 
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Instead  of  vising  the  divisions  of  a  staff,  which  may  not  be  suffi- 
ciently ilistinct,  a  disc  of  white  paper  may  be  placed  against  a 
bluck  gix>und,  and  the  size  of  the  magnified  image  may  be  marked 

on  the   same  ground  by  an  assistant  from  signals  made  by  the 

observer  at  the  telescope. 

14.  It  was  shown  in  Art.  7  that  the  magnifying  power  is  equal 

to  — »  F  being  the  focal  length  of  the  objective,  and /that  of  the 

ocular.  To  apply  this  rule  when  the  eye  piece  is  composed  of 
two  lenses,  it  is  necessary  to  find  the  focal  length,/,  of  a  single 
lens  which  is  equivalent  to  the  two  lenses.  This  is  effected  by 
the  formula  of  optics 

/=       f'f^' 


in  which/',/"  are  the  focal  lengths  of  the  component  lenses, 
and  d  the  distance  between  them.  This  formula,  however,  is  but 
approximative  (it  gives  /  somewhat  too  great) :  it  is  better  to 
measnre  the  magnifying  power  directly  by  one  of  the  method^ 
above  given. 

15.  Seflcciing  telescopes. — As  these  are  rarely  used  for  the  pur- 
poses of  tnedsurementy  we  shall  content  ourselves  with  merely 
stating  the  forais  of  the  two  kinds  which  have  been  in  most 
common  use.  The  simplest,  and  now  most  commonly  used,  is 
the  Herschelian  telescope,  introduced  by  Sir  William  IIerschel. 
A  polished  concave  speculum,  a6.  Fig.  9,  is  placed  at  the  bottom 

Fig.  9. 


of  a  tube,  ABCD.  It  is  ground  to  the  form  of  a  paraboloid,  the 
fccus  of  which  is  near  the  mouth  of  the  tube ;  it  is  slightly  in- 
cSned,  so  that  the  focus  falls  near  one  side  of  the  tube,  as  at  JO, 
tliere  the  reflected  rays  from  the  speculum  form  an  image  which 
» viewed  through  an  eye  piece,  Ey  of  the  usual  form.  The  head 
of  the  observer  may  intercept  a  small  portion  of  the  rays  from 
» celestial  object  to  the  speculum ;  but  this  is  of  little  conse- 
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quence,  a«  the  Bpeculum  is  usually  very  large.     In  Lord  Rosse*8 
Herschelian,  the  diameter  of  the  speculum  is  six  feet. 

The  reflecting  telescope  next  in  most  common  use  is  the  New- 
tonian, which  diifers  from  the  Herschelian  only  in  receiving  the 
reflected  rays  from  the  speculum  upon  a  small  plane  mirror,  c, 
Fig.  10,  placed  in  the  middle  of  the  tube  near  its  mouth,  which 
reflects  these  rays  at  right  angles  to  the  axis  of  the  tube  to  an 

Fig.  10. 


\ 


eye  piece  at  U.  In  this  form,  the  small  plane  mirror  intercepts 
a  portion  of  the  light  from  the  object ;  moreover,  light  is  lost  vx 
the  double  reflection  ;  but  a  slight  advantage  is  gained  in  having 
the  axis  of  the  speculum  coincide  in  direction  with  the  axis  o£ 
the  tube.  The  reflected  rays  reach  the  mirror  c  before  they  arc 
brought  to  a  focus :  they  converge  after  reflection  to  the  point ^ 
where  is  produced  the  image  which  is  examined  through  an  ejr^ 
piece  by  the  eye  at  E. 


16.  Finding  telescopes. — A  telescope  of  great  focal  length  an 
high  magnifjiug  power  has  a  very  small  field,  in  consequene 
of  which  it  becomes  very  diflicult  to  find  a  small  object  in  th 
sky.     This  inconvenience  is  obviated  by  attiiching  to  the  outsid 
of  the  tube  a  smaller  telescope,  called  a  finder,  of  low  magnifying 
power  and  large  field,  with  its  axis  adjusted  parallel  to  that  of 
the  larger  telescope.     The  search  for  the  object  is  made  wittp- 
the   finder   (both   telescopes   having   a   common   motion),  and^ 
Avhen  found,  it  is  brought  to  the  middle  of   the  field   of  th^ 
finder ;  it  is  then  somewhere  in  the  field  of  the  larger  telescope. 
The  middle  of  the  field  of  the  finder  is  indicated  by  the  inter- 
section of  two  coarse  threads  in  the  focus;  or,  still  letter,  by 
four  threads  forming  a  small  square,  the  middle  point  of  which 
is  the  centre  of  the  field. 
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CHAPTER  IL 

or   THE    MEASUREMENT  OP  ANGLES  OR  ARCS  IN  GENERAL — 

CIRCLES — ^mCROMETERS — ^LEYEL. 


17.  Grctdiioied  Circles. — The  most  obvious  mode  in  which  an 
angle  may  be  measured  is  that  in  which  we  employ  a  circle,  or 
portion  of  a  circle  (constructed  of  metal  or  other  durable  material), 
the  limb  of  which  is  mechanically  divided  into  equal  parts,  as 
degrees,  minutes,  &c.  The  centre  of  the  circle  being  placed  at 
the  vertex  of  the  angle  to  be  measured,  the  arc  of  the  circum- 
ference intercepted  between  the  two  radii  which  coincide  in 
direction  with  the  sides  of  the.  angle  is  the  required  measure.* 
To  give  this  mode  precision  when  the  angle  is  found  by  lines 
drawn  to  two  distant  points,  the  aid  of  tlie  telescope  is  invoked. 
This  is  connected  with  the  circle  in  various  ways,  according  to 
the  nature  of  the  instru- 
ment of  which  it  forms  ^^^'  ^^' 
a  part;  but,  in  general, 
we  may  conceive  it  to  be 
essentially  as  follows. 
To  the  tube  of  the  tele- 
scope, ABy  Fig.  11,  is 
attached  a  pivot,  C,  at 
right  angles  to  the  op- 
tical axis,  which  turns 
in  a  circular  hole  in  the 
centre  of  the  graduated 
circle  3/iV.  An  arm  aC6,  extending  from  the  centre  Cto  the 
graduations  on  the  limb,  is  permanently  attached  to  the  telescope, 
and  revolves  with  it.  To  measure  an  angle  subtended  by  two 
&tant  objects  at  the  point  C,  the  circle  is  to  be  brought  into  the 
plane  of  the  objects  and  firmly  fixed.     Then  the  telescope  is 

*Iik  Ui«  sextant  and  other  instruments  of  ** double  reflection,"  the  Tertex  of  the 
ii|le  to  be  measured  is  not  in  the  centre  of  the  arc  used  to  measure  it.  See  article 
"Sextant." 
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directed  successively  upon  the  two  objects,  and  in  each  case 
the  number  of  degrees  indicated  by  a  mark  on  either  extremity 
of  tne  arm  ab  is  to  be  read  oft*;  the  diff^erence  of  the  two  readings, 
which  is  the  number  of  degrees  passed  over  by  the  arm,  and, 
consequently,  also  by  the  telescope,  will  be  the  required  measure 
of  the  angle.  The  same  result  is  reached  by  permanently  con- 
necting the  circle  and  telescope,  which  then  revolve  together, 
while  a  fixed  mark  near  the  limb  of  the  circle  serves  to  indicate 
the  number  of  degrees  through  which  the  telescope  revolves. 

In  order  to  point  the  telescope  with  ease  and  accuracy  upon 
an  object,  a  clamp  and  tangent  screw  are  commonly  employed. 
This  contrivance,  which  may  be  seen  upon  almost  every  astro- 
nomical instrument,  takes  a  great  variety  of  forms,  but  in  all  cases 
the  operation  of  it  is  as  follows:  when  the  telescope  is  approxi- 
mately pointed  upon  the  object  by  hand,  it  is  clamped  in  its  posi- 
tion by  a  slight  motion  of  the  clamp  screw,  after  which  the 
telescope  admits  of  no  motion  except  that  which  is  common  to 
it  and  the  clajnp :  hence,  by  a  fine  screw  which  moves  the  clamp 
a  slow  delicate  motion  can  be  given  to  the  telescope,  whereby  the 
sight-line  marked  by 'a  thread  in  the  focus  is  brought  accurately 
upon  the  object. 

The  great  increase  of  accuracy  in  pointing  a  telescope  which  is 
obtained  by  the  introduction  of  the  spider  threads  in  its  focus 
brings  with  it  the  necessity  of  a  corresponding  increase  of  accu- 
racy in  reading  off  the  number  of  degrees  and  fractions  of  a  degree 
on  the  divided  limb  of  the  circle.  A  single  reference  mark  upon 
the  extremity  of  an  arm,  as  in  Fig.  11,  enables  us  to  determine 
only  the  number  of  entire  divisions  of  the  limb  passed  over;  but, 
as  this  mark  will  generally  be  found  between  two  divisions, 
some  additional  means  are  required  for  measuring  the  fraction 
of  a  division.  Two  methods  are  now  exclusively  employed. 
The  first  of  these,  in  the  order  of  invention,  is 

THE   VERNIER.* 

18.  Let  MNj  Fig.  12,  be  a  portion  of  the  divided  limb  of  a 
circle ;  CD  the  arm  which  revolves  with  the  telescope  about 
the  centre  of  the  circle.     The  extremity  of  this  arm  is  expanded 

*  So  called  after  its  inyentor,  Peter  Vernier,  of  France,  who  lived  about  1630. 
Bj  some  it  is  called  a  noniut,  after  the  Portuguese  Nunez  or  Nonius;  but  the  in- 
Tention  of  the  latter  (who  died  in  1577)  was  quite  diflferent. 
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into  an  arc  aft,  which  is  con- 
centric with  the  circle  and  is 
graduated  into  a  number  of 
divisions  7i  which  occupy  the 
qpace  of  n  —  1  divisions  of 
the  limb.  Thus  graduated, 
this  small  arc  receives  the 
name  of  a  vernier.  The  first 
stroke  a  is  the  zero  of  the 
vernier,  and  the  reading  is  al- 
ways to  be  determined  by  the 
position  of  this  zero  on  the 
limb.    Let  us  put 


Fig.  12. 


c 


d  =  the  value  of  a  division  of  the  limb, 
d'  =  the  value  of  a  division  of  the  vernier, 


then  we  have 
whence 

and 


(n  —  1)  (f  =  nd' 

d'='^^d 
n 


d'-'d'^^d 
n 


(7) 


The  difference  d  —  rf'  is  called  (he  least  count  of  the  vernier,  which 
is,  therefore,  — th  of  a  circle  division.     If  now  the  zero  a  falls 


n 


between  the  two  circle  graduations  P  and  P+  1,  the  whole 
reading  is  Pd  pbis  the  fraction  from  P  to  a.  To  measure  this 
fraction,  we  observe  that  if  the  mth  division  of  the  vernier  is  in 
coincidence  with  a  division  of  the  limb,  the  fraction  is  m  X  {d  —  d') 

or  —  d.     For  example,  if,  as  in  our  figure,  the  vernier  is  divided 
It 

into  10  equal  parts,  occupying  the  space  of  9  divisions  of  the 
limb,  and  if  the  4th  division  is  in  coincidence,  the  whole  reading 

is  Pd  +  ^d;  and  if  d  =  W  and   P  corresponds  to   20°  20' 

{P  being  the  122d  division  from  the  zero  of  the  limb),  then  the 

whole  reading  is  20°  20'  +  -^  X  10'  =  20°  24'.    In  this  case  the 

least  count  is  1'.  In  practice,  no  calculation  is  necessary  to 
obtain  the  fraction,  for  this  is  indicated  by  proper  numbera 
against  the  graduations  of  the  vernier  itself. 
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K  the  least  count  is  given,  to  find  n,  we  have 


d 
n  = 


d^d' 


d  and  d  —  d'  being,  of  course,  expressed  in  the  same  unit.  For 
example,  if  the  limb  is  divided  to  10',  and  the  least  count  is  to 
be  10'',  we  have 

rf  =  600" 
d  — d'=    10" 
whence 

n  =  60 

and  we  must  make  60  divisions  of  the  vernier  equal  to  59  divi* 
sions  of  the  limb. 

When  a  large  number  of  divisions  are  made  on  the  vernier, 
and  the  least  count  is  very  small,  the  graduations  must  be 
exceedingly  delicate;  otherwise,  several  consecutive  divisions 
of  the  vernier  may  appear  to  be  in  coincidence  with  divisions  of 
the  limb.  The  reading  is  then  to  be  assisted  by  a  microscope,  or 
reading  glass,  placed  over  the  vernier  and  having  a  lateral  motion, 
whereby  its  optical  axis  can  be  brought  immediately  over  that 
division  of  the  vernier  which  is  in  coincidence. 

To  increase  the  accuracy  of  a  reading  still  more,  two  or  more 
arms,  each  carrying  a  vernier,  are  employed,  and  the  mean  of 
the  indications  of  all  is  taken.  The  eftect  of  reading  off  a  circle 
at  various  points,  in  eliminating  errors  of  the  circle,  will  be 
treated  of  hereafter. 

The  arm  carrying  a  vernier,  or  the  frame  bearing  several 
veniiers,  is  often  called  the  alidade.  Sometimes  the  several 
verniers  are  attached  to  a  circle,  which  then  receives  the  name 
of  the  alidade  circle. 

19.  We  have  assumed  above  that  the  divisions  on  the  vernier 
are  smaller  than  those  on  the  limb.  This  is  the  most  common 
arrangement;  but  we  may  also  have  them  greater  by  making  n 
divisions  of  the  vernier  occupy  the  space  of  w  ^  1  divisions  of 
the  limb :  so  that  we  have 

(n  +  l)d  =  nd' 

whence  the  least  count  is,  as  before, 

n 
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The  only  difference  will  be,  that  when  the  graduations  of  the 
limb  proceed  from  right  to  left,  those  of  the  vernier  must  pro- 
ceed from  lefl  to  right ;  that  is,  the  zero  of  the  vernier  must  be 
the  extxeme  left-hand  stroke. 

20.  In  ease  a  vernier  has  been  used  which  is  found  to  be  too 
long  or  too  short,  the  reading  may  be  corrected  as  follows.  Let 
the  error  in  its  length  be  denoted  by  x,  then  (in  the  verniers  of 
the  ordinary  form)  we  have  (Art  18) 

(n^l)d  =  nd'  +  x 
whence 

d'^d'=^d  +  ^  (8) 

Hence  a  reading  in  which  the  fraction  was  m{d  —  d^)  becomes 
«■  «•      /f 

—  rf  +  m  —    The  correction  of  the  reading  is,  therefore,  +  wi  •  -- 

when  the  vernier  is  too  short  by  z;  and  —  m-—  when  it  is  too 

long  by  X.  For  example,  if  the  limb  is  divided  to  10'  and  the 
vernier  gives  10"  (in  which  case  n  =  60),  and  we  find  that  the 

vernier  is  too  short  by  x  =  +  6",  then  we  must  add  to  every 

6" 
reading  the  correction  +  m  •  — ;  or,  since  every  6th  graduation 

of  the  vernier  gives  one  minute,  we  must  add  0'^6  for  every 
minute  read  on  the  vernier. 

The  actual  length  of  the  vernier  is  found  by  bringing  its  zero 
into  coincidence  with  a  division  of  the  limb  and  observing  where 
the  next  coincidence  occurs.  If  this  second  coincidence  occurs 
ttt  the  last  division  of  the  vernier,  its  length  is  correct ;  but  if  the 
coincidence  occurs  at  dr  p  divisions  from  the  last,  it  is  too  short 
or  too  long  by  p  times  the  least  count.  This  should  be  done 
at  various  points  of  the  limb,  and  the  mean  of  all  the  results 
taken,  in  order  to  eliminate  the  effect  of  accidental  errors  in  the 
gndaations  of  the  limb. 

The  vernier  is  now  used  chiefly  on  small  circles  and  portable 
'mstniments ;  but  when  the  highest  degree  of  accuracy  is  sought 
bt  in  reading  off  a  circle,  we  have  recourse  to 

THB   READING   MICROSCOPE. 

21.  Let  us  conceive  the  arm  which  carried  the  vernier,  instead 
rf  lying  close  to  the  plane  of  the  circle,  to  be  raised  at  some 
fistance  from  it,  and  in  place  of  the  vernier  let  the  eSctremity  of 

Vol.   it.— 3 
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the  arm  carry  a  microscope  A  C  (Plate  11.  Fig.  1),  the  optical  axis 
of  which  is  perpendicular  to  the  plane  of  the  circle  ilfiVand 
intersects  the  divisions  on  the  limb.  The  telescope  and  circle 
are  to  be  supposed  to  revolve  together,  while  the  microscope 
remains  fixed.  An  image  of  the  divisions  is  formed  at  the  focus 
D  of  the  object  lens  C.  Two  lenses,  B  and  Ay  constitute  a  posi- 
tive eye  piece  through  which  this  image  is  viewed.  HG  is  a 
micrometer,  the  interior  of  whict  is  shown,  enlarged,  in  Plate  IE. 
Fig.  2.  A  fine  screw,  cc,  with  a  large  graduated  head,  JEF, 
carries  the  sliding  frame  oa,  across  which  are  stretched  two  inter- 
secting spider  threads.  These  threads  lie  exactly  in  the  focus 
of  the  microscope,  and  are  consequently  visible  at  the  same  time 
with  the  image  of  the  divisions  of  the  limb.  On  one  side  of  the 
field  is  a  notched  scale  of  teeth  (which  does  not  move  with  the 
cross-threads),  the  distance  between  the  teeth  being  the  same  as 
that  between  the  threads  of  the  screw.  The  middle  uotch  is 
distinguished  by  a  hole  opposite  to  it,  and  every  fifth  notch  is 
cut  deeper  than  the  rest  At  i  (Fig.  1)  is  an  index  to  which  the 
divisions  of  the  micrometer  head  are  referred.  Since  one  com- 
plete revolution  of  the  micrometer  head  must  carry  the  cross- 
threads  a  distance  equal  to  the  thickness  of  the  thread  of  the 
screw,  if  the  head  is  graduated  into  100  parts  we  have  the  means 

of  measuring  a  space  equal  to  TT^rth  of  the  thickness  of  the  thread 

of  the  screw.  Either  by  making  the  screw  very  fine,  or  increasing 
the  number  of  graduations  on  the  head,  or  by  both,  and  at  the 
same  time  increasing  the  optical  power  of  the  microscope,  we 
can  carry  this  subdivision  of  space  to  almost  an  unlimited  extent. 
In  order  to  understand  the  mode  of  reading  the  circle  by  this 
apparatus,  let  us  conceive  the  intersection  of  the  cross-threads  to 
stand  against  the  central  notch,  the  zero  of  the  micrometer  being 
also  exactly  opposite  the  index.  The  point  of  the  field  then  occu- 
pied by  the  intersection  of  the  cross-threads  is  to  be  regarded  as  a  fixed 
point  of  reference^  andy  as  the  telescope  revolves  from  one  position  to 
another y  the  number  of  divisions  of  the  limb  which  pass  by  this  point 
tcill  be  the  measure  of  the  angular  motion  of  the  telescope.  Suppose, 
then,  the  revolution  has  brought  this  point,  not  upon  a  graduation 
of  the  limb,  but  at  a  fraction  of  a  division  beyond  a  certain 
graduation  P;  then,  to  measure  this  fraction,  we  have  only  to 
move  the  cross-thread  from  the  point  of  reference  into  coincidence 
with  the  graduation  P,  and  read  the  number  of  divisions  of  the 
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micrometer  head.  If  more  than  one  revolution  of  the  screw  is 
required,  the  whole  number  of  revolutions  will  be  shown  by  the 
number  of  notches  in  the  field  passed  over  by  the  cross-threads, 
and  the  fraction  of  a  revolution  by  the  micrometer  head.  Then, 
knowing  the  relation  between  a  division  of  the  micrometer  head 
and  one  of  the  circle,  the  value  of  the  required  fraction  is  at 
once  found.  For  example,  suppose  a  division  of  the  circle  is 
equal  to  6',  and  that  five  revolutions  of  the  micrometer  screw 
just  carry  the  cross-threads  from  one  circle  graduation  to  the 
next ;  and,  further,  that  the  micrometer  head  is  divided  into  60 
equal  parts ;  then  each  revolution  of  the  screw  represents  1',  and 
each  division  of  the  micrometer  head  represents  1".  If  then  we 
have  made  *three  whole  revolutions,  and  the  micrometer  head 
reads  25.8,  the  required  fraction  is  8'  25'^8.  If  the  graduation 
P  was  289°  85',  the  whole  reading  is  289°  88'  25".8. 

The  coincidence  of  the  point  of  intersection  of  the  threads 
with  a  graduation  of  the  limb  is  made  in  the  manner  shown  in 
Fig.  2.  In  many  of  the  German  instruments,  instead  of  a  cross- 
thread,  two  very  close  parallel  threads  are  used,  the  middle 
point  between  which  is  the  point  of  reference,  and  a  coincidence 
is  made  by  bringing  the  circle  division  to  bisect  the  space 
between  them.  This  bisection  is,  of  course,  estimated ;  but  it 
may  be.  effected  with  very  great  accuracy  where  the  threads  are 
very  close.  Their  distance  should  be  very  little  greater  than 
the  breadth  of  the  graduations  of  the  limb.  Bessel  preferred 
the  parallel  threads;  but  it  is,  perhaps,  doubtful  whether  they 
afford  any  advantage  in  the  hands  of  most  observers. 

The  spiral  springs  bb  serve  to  make  the  screw  bear  always  on 
the  same  side  of  the  thread,  so  that  in  reverse  motions  of  the 
Bcrew  there  is  no  lost  or  dead  motion,  that  is,  revolution  of  the 
Bcrew  without  a  corresponding  movement  of  the  cross-threads. 
But,  to  guard  against  the  possible  existence  of  lost  motion,  the 
coincidence  of  the  cross-threads  with  a  circle  division  should 
always  be  produced  by  a  motion  of  the  micrometer  head  in  one 
and  the  same  direction. 

22.  Urrar  of  Runs. — ^When  a  reading  microscope  is  in  perfect 
adjustment,  a  whole  number  of  the  revolutions  of  the  screw  is 
equal  to  the  distance  of  two  consecutive  graduations  of  the  circle. 
To  effect  this,  provision  is  made  for  lengthening  or  shortening 
the  microscope  tube,  and  also  for  moving  the  whole  microscope 
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farther  from  or  nearer  to  the  circle.  In  this  way,  the  magnitude 
of  the  image  of  a  division  as  seen  in  the  field  can  be  changed 
until  it  corresponds  exactly  to  a  whole  number  of  revolutions  of 
the  screw.  For  example,  if  a  whole  number  of  revolutions  is 
greater  than  the  image  of  a  circle  division,  the  objective  lens 
must  be  brought  nearer  to  the  ocular,  and  at  the  same  time  the 
whole  microscope  brought  nearer  to  the  circle. 

But,  as  changes  of  temperature  and  other  causes  are  found  to 
produce  changes  in  the  value  of  a  division  of  the  microscope,  and 
it  is  not  expedient  to  be  always  changing  the  adjustment,  it  is 
usual,  after  making  one  very  exact  adjustment,  to  let  it  stand,  and 
then  determine  from  time  to  time  the  correction  of  a  reading  for 
any  change  of  value  which  may  appear.  The  excess  of  a  circle 
division  above  a  whole  number  of  revolutions  is  called  the  error 

m 

of  runs,  and  a  proportional  part  of  this  excess  must  be  allowed 
on  all  readings.  This  error  is  to  be  found  by  measuring  several 
divisions  in  difterent  parts  of  the  circle  and  taking  the  mean  of 
all  the  results,  in  order  to  eliminate  the  effect  of  errors  in  the 
circle  graduations  themselves.  For  example,  if  a  division  exceeds 
five  revolutions  of  the  screw  by  +  2".2,  then  for  each  minute  in 

the  fraction  of  a  division  obtained  by  the  micrometer  we  must 

2".2 
apply  to  the   reading  the  correction —,  or  —  0".44.     The 

error  of  runs  will  take  the  negative  sign,  and  the  correction  for 
it  the  positive  sign,  when  a  circle  division  falls  short  of  a  whole 
number  of  revolutions  of  the  screw. 

23.  To  increase  the  accuracy  of  a  reading,  several  microscopes 
are  used,  having  a  fixed  position  relatively  to  each  other,  by 
which  the  fraction  of  a  division  in  the  reading  is  measured  at 
different  points  of  the  circle  and  the  mean  of  the  different  mea- 
sures is  taken.  Two  microscopes  are  placed  so  as  to  read  at 
opposite  points  of  the  circle,  that  is,  the  angular  distance  of  the 
microscopes  is  180*^,  or  differs  but  little  from  180*^  j  three  micro- 
scopes are  placed  at  120*^,  four  at  90*^,  &c. ;  or,  in  general,  whatr 
ever  the  number  of  microscope,  they  are  placed  so  as  to  divide 
the  circle  into  equal  portions.  The  whole  degrees  and  minutes 
are  read  only  at  one  of  the  microscopes.  In  large  instruments^ 
where  the  field  of  the  microscope  takes  in  but  a  part  of  a  degree, 
the  number  of  degrees  and  minutes  of  the  nearest  circle  division 
is  read  oft"  by  means  of  an  index  outside  the  microscope,  or, 
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indeed,  wholly  separate  from  it,   the  microscope  being  used 
excIosiTely  to  measure  the  fraction  of  a  division. 

24.  The  probable  error  of  a  reading  of  one  microscope  being  e, 

that  of  the  mean  of  m  microscopes  £,,,  we  have  (Appendix, 

Method  of  Least  Squares) 

1 


^"""mV'^"^ 


that  is,  the  probable  error  of  the  mean  varies  inversely  as  the 
square  root  of  the  number  of  microscopes.     For  example,  if  the 

probable  error  of  reading  of  one  microscope  is  1",  that  of  the 

1"  1" 

mean  of  two  will  be  — :  =  0".71 ;  that  of  four,  — -  =  0'^5 ;  that  of 

six,  —  =  0".41,  &c. ;  and  the  error  will  decrease  but  slowly  as 

the  number  of  microscopes  increases.  It  would  require  sixteen 
microscopes  to  reduce  the  error  to  0".26.  On  this  account,  the 
advantages  of  increasing  the  number  of  microscopes  beyond 
four,  except  in  instruments  of  the  largest  class,  are  usually 
regarded  as  outweighed  by  the  greater  liability  of  the  apparatus 
to  derangement. 

The  use  of  a  number  of  microscopes  or  verniers  is,  however, 
not  solely  to  increase  the  accuracy  of  reading,  but  also  to  elimi- 
nate the  errors  of  the  circle  itself,  as  will  be  seen  in  the  following 
articles. 

ECCENTRICITY   OF   GRADUATED   CIRCLES. 

25.  The  centre  of  the  alidade  is  seldom,  if  ever,  even  in  the 
best  instruments,  exactly  coincident  with  the  p.    j3 

centre  of  the  graduated  arc.  To  investigate 
the  effect  of  such  eccentricity,  let  (7 (Fig.  13) 
be  the  centre  of  the  alidade,  C"  that  of  the 
circle ;  CA  a  straight  line  joining  Cand  the 
centre  of  one  of  the  reading  microscopes ; 
C'A^  a  parallel  to  CA,  When  the  micro- 
scope reading  is  at  Ay  the  true  reading  is  at 
A\  Let  the  diameter  drawn  through  C  and  C  intersect  the 
gradaation  at  E,  and  let  0  be  the  zero  of  the  graduation,  which 
we  will  suppose  is  numbered  from  0  towards  A.    Put 

2  =  the  microscope  reading, 
s^  z=i  the  true  reading, 

e  =  the  eccentricity  CC\ 


i 
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It  is  to  be  assumed  that  such  care  has  been  bestowed  upon  the 
centring  of  the  instrument  that  e  is  very  small,  and,  therefore, 
that  the  arc  AA'  =z  z'—  z  may  be  regarded  as  equal  to  the  per- 
pendicular CP:  so  that  we  have,  since  the  angle  EC  A'  =  z'  +  j&, 

y— 2:  =  c8in(y+ ^)  (9) 

in  which  e  must  be  expressed  in  arc.  In  the  factor  sin  (^'  +  E) 
we  may  substitute  z  for  ^'  without  sensible  error. 

When  2'  +  jB  =  ±  90°,  we  have  2'  —  ^  =  ±  e:  so  that  e  is  the 
maximum  error  of  a  reading,  and  this  maximum  occurs  when 
the  reading  is  90°  from  E, 

26.  Now,  let  -4Cand  -4.'C  be  produced  to  meet  the  gradua- 
tion again  at  the  opposite  points  B  and  -B',  and  let  the  alidade 
carry  a  second  microscope  at  B.  The  degrees  and  minutes  may 
be  supposed  to  be  obtained  from  the  microscope  A,  while  B  is 
used  only  to  give  the  seconds.     Put 

z  =  the  division  of  the  circle  under  Aj 
A  and  B  =  the  readings  of  the  microscopes, 

j2i'  =  the  true  reading  correspondiDg  to  A, 

Then  the  whole  reading  given  by  -4  is  ^  +  -4,  and  by  (9)  we  have 

y  =  2  -f  -4.  +  c  sin  (2  +  j&) 

and  the  microscope  B  gives 

ISQo  4-  y  =  180°  +  2  +  ^  +  e  sin  (180°  J^  z  +  E) 

or 

y  =  z  +  ^  —  e  sin  (2:  +  ^) 

The  mean  of  the  two  microscopes  is  then 

Hence  the  eccentricity  is  fully  eliminated  by  taking  the  mean  of 
two  microscopes  180°  apart.  In  general,  an  even  number  of 
microscopes  are  employed,  which  are  arranged  in  pairs,  so  that 
the  mean  of  each  pair,  and,  consequently,  of  the  whole,  will  be 
free  from  the  eccentricity. 

27.  The  eccentricity  may  also  be  eliminated  by  three  micro- 
scopes or  -verniers,  whose  mutual  distance  is  120°.     If  2  +  -4, 


BCCENTBICITT   OF   QBABUATEB   CIRCLES. 


89 


120^  -{-  z  +  By  240®  +  ^  +  C  are  the   readings  of  the    three 
microscopes,  the  true  readmg  corresponding  to  A  will  be 

/  ==  j?  -f  A  —  e  s\n(z  +  E) 

/  =  z  +B  —  e  sinluO''  +  z  +  JS) 

s!=Z'\-  C—  t  sin  (240**  +  2:  +  ,B) 

and  since,  by  PI.  Trig.,  we  have 

sin  (120^  +  2  4.  £)  4.  Bin  (240*>  +  ^  +  J?)  =  —  sin  (^  +  ^) 

the  mean  of  these  three  equations  is 

Indeed,  it  will  readily  be  inferred  from  the  discussion  in  Arts. 
81  and  82  that  the  eccentricity  will  be  eliminated  by  taking  the 
mean  of  any  number  whatever  of  equidistant  microscopes. 

28.  To  find  the  eccentricity. — The  two  opposite  microscopes  may 
not  be  perfectly  adjusted  at  the  distance  of  ISO®,  and  hence  we 
shall  here  put 

180®  -f'  «^  =  ^be  angular  distance  of  the  microscope  B  from  A; 

and  then,  if  we  put,  as  before, 

z  =  the  division  under  the  microscope  A, 
A  and  B  =  the  readings  of  the  two  microscopes, 


the  true  readings  will  be 

j^=  z  -{-  A  -{-  e  B\n(z  +  E) 
180®  +  a  +  /==  180®  +  ^  +  ^  +  c  sin  (180®  +  z  +  E) 

for  the  second  of  which  we  take 

2^=  z  '{'  B  —  a  —  e  sin  (2:  -f-  ^) 


} 


(10) 


I^  therefore,  we  put 


B  —  A  =  n 


die  difference  of  the  two  equations  gives  the  equation  of  condition 

n  =  a  +  2«  sin  (2:  +  J^)  (11) 

in  which  *a,  e,  and  N  are  unknown.    Let  the  values  of  n  be 
obtained  from  the  readings  of  both  microscopes  at  four  equidistant 
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points  of  the  circle,  namely,  z^^  z^  +  90°,  z^  + 180,°  and  z^+  270®, 
and  denote  these  vaLaes  by  n^  n|,  n^  n^  respectively :  then,  by 

putting 

P  =  z,  +  E, 


we  have 


whence 


n^  =  a  +  2«  sin  P  r=  •  +  2«  sin  P 

n,  =  o  +  2e8in(P+  90°)=  a  +  2<j  cosP 
n,  =  a  +  2€  sin  (P+  180°)  =  •  —  U  sin  P 
n,  =  a-i-  2esin(P+  270°)=  a-^2«cosP 

4«sinP=:ii^  —  w. 


4ecosP  =  n. 


n. 


}   (12) 


which  determine  both  e  and  P,  after  which  we  have  E=  P — z^ 
The  value  of  a  is  evidently  the  mean  of  the  values  of  n. 

Example. 

The  readings  of  a  pair  of  opposite  microscopes  of  the  Hepsold 
Meridian  Circle  of  the  U.  S.  Naval  Academy  were  as  follows : 


t 

A 

B 

Valuea  otn-=B — A 

0° 

+  4".0 

—   6".7 

n,  =  —  10".7 

90 

+  6  .9 

—  13  .6 

n,  =  —  20  .5 

180 

+  5  .3 

—  16  .5 

n,  =  —  21  .8 

270 

—  1  .2 

—    1  .2 

n,  =        0  .0 

From  these  we  obtain 


4e  sin  P  —  +  ll'M 

log    1.0453 

4c  cos  P—       20".6 

log  nl.3118 

P  =  151°  34' 

log  tan  P  n9.7335 

e  =     6".83 

log4«          1.8676 

Hence,  since  2:^=0°,  we  have  J5=151°  34',  and  any  single 
reading  of  the  microscope  A  requires  the  correction  for  eccen- 
tricity 

+  5".83  sin  {z  +  151°  34') 

The  mean  of  the  values  of  n  gives  a  =  — 18".25,  and  the  angular 
distance  of  the  microscope  B  from  A  is  179°  59'  46".75. 

The  same  process  may  be  used  for  any  other  four  equidistant 
points  of  the  circle,  and  the  mean  of  the  various  results  may  be 
taken. 
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29.  With  three  nearly  equidistant  microscopes  the  eccentricitj 

can  be  found  from  two  complete  readings  at  points  180^  apart 

Liet  tlie  angular  distances  of  the  microscopes  B  and  C  from  A  be 

denoted  by  ^  and  y;  and,  z  being  the  division  under  A,  put 

P  =  z  -f  £;  then  we  have,  for  the  true  reading  at  Ay 

2:'=j8r-fil-f-€6inP 

z!  =  z  -{-  B  ---  fi  +  e  Bm(P  +  120**) 

2f=z+  C--r+€8]n(P  +  240**) 

Subtracting  the  first  equation  from  the  mean  of  the  other  two, 
and  putting 

we  find 

n  =  ^(r  +  fi)  +  ieBinP 

and  subtracting  the  second  from  the  third,  and  putting 

^((7— ^)  =  d 
we  find 

d  =  i(f  —  fi)  +  iy'i e COB  P 

If  we  read  a  second  time  with  the  microscope  A  over  the  division 
2  +  180°,  and  obtain  the  readings  A\  B\  C\  we  shall  have 

i(C'^^')  =  ^' 
and  aince  we  shall  have  180  +  P  instead  of  P,  we  shall  obtain 

n'=^Cr  +  /5)  — ^esinP 

cf'=  ^  (/  —  i9)  —  -i  >/3  e  cosP 

Hence 

e  BinP=  l(n  —  n') 

eco8P=i  |/S((i— O 

which  determine  e  and  P.    We  find  also 

fi  =  U^^A  +  B'^A') 
y  =  ^(C  — A+  C'  — A') 

30.  In  order  to  determine  the  eccentricity  with  greater  accu- 
racy, and  to  eliminate,  as  far  as  possible,  errors  in  reading  and 
icddental  errors  of  graduation,  the  circle  may  bfe  read  at  a  great 
nomber  of  equidistant  points.  Each  reading  of  a  pair  of  oppo- 
nte  verniers  or  microscopes  furnishes  an  equation  of  condition 
of  the  form  (11),  and  from  all  these  equations  the  most  probable 
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value  of  the  eccentricity  will  be  deduced  by  the  method  of  least 
squares.    The  computation  according  to  this  method  is  rendered 
extremely  simple  by  the  application  of  some  theorems  relating  . 
to  periodic  functions,  which,  on  account  of  their  utility  in  this 
and  similar  investigations,  will  be  here  demonstrated. 

31.  Periodic  Functions. — The  circumference  of  a  circle  being 
denoted  by  2;r,  any  commensurable  fractional  portion  of  it  may  be 

expressed  by  2;r  X  -  =  -^  p  and  q  being  whole  numbers ;  and 

the  successive  multiples  of  this  fractional  portion  by  m  •  -^  by 

supposing  m  to  take  successively  the  values  0,  1,  2,  3,  &c.  If 
now  we  consider  only  the  multiples  from  m  =  0,  tom  =  g  —  1, 
we  shall  have  the  following  theorems : 

Theorem  L — When  p  is  not  a  multiple  of  g, 

J8inm.?^  =  0  (13) 

Jco8m.?^  =  0  (14) 

Initj  when  p  is  a  multiple  of  g, 

J8inm.?^  =  0  (15) 

r  cos  m .  -^  =  q  (16) 

where  the  summation  sign  I  is  used  to  denote  the  sum  of  all 
the  quantities  of  the  given  form  between  the  given  limits^  namely, 
from  m  =  Otom  =  g  —  1. 
To  prove  this,  put 

eo8?^+l/"=^sin?^=r 
then,  by  Moivre's  formula  [PI.  Trig.  (440)], 


cos  m. 


2;>f    ,    ,/ 7    .  2;)7r 


Taking  the  sum  of  all  the  expressions  of  this  form  from  m  =  0, 
to  m  =  q  —  1,  we  have 

S  cos  m  •  "^ — h  y  —  1  J  sm  m .  -^—  =  -= — =-  (17) 

q      '  q  T —  1  ^    * 

But  we  have  agam,  by  Moivrb's  formula. 


r*=  cos  Zp-K  -f.  y^  — 1  sin  ^p-K  =  1 
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d,  consequently,  T*  — 1  =  0.  The  second  member  of  the 
ove  fbnunla,  therefore,  becomes  zero,  unless  the  denominator 
—  1  is  zero,  that  is,  unless  7=1.  Now,  we  can  have  T=l  only 

lien  sin  -^  =  0  and  cos^^  =  1,  that  is,  only  when  »  is  a  mul- 

pie  of  q.     In  all  other  cases  we  have,  therefore, 

-Tcosm.-^  +  i/  —  1  Tsin  m-'^  =  0 
2  2 

jid,  since  the  real  and  the  imaginary  terms  must  here  be  sepa- 
»tely  equal  to  zero,  the  first  part  of  our  theorem  is  established. 

When  r=  1,  the  second  member  of  (17)  becomes  ^»  but  is  not 

really  indeterminate ;  for,  going  back  to  the  geometric  progres- 
»on  of  which  this  is  the  sum,  we  have 

^5i  =  T*+r*+r«+ +  r'-»  =  sr 

and  hence,  when  pis  a  multiple  of  q,  we  have 

r cos m •  -^  4"  V  —I  2^ sin  m . -^  =  a 
9  2        ^ 

which  establishes  the  second  part  of  the  theorem. 
Theorem  n. —  When  2p  is  not  a  muUiple  ofq^ 

j(8inm.?|?J  =  J?  (18) 

j/co8m.5^y=}j  (19) 

hit^  when  2pi3  a  multiple  of  g. 


j/si 


sin  m.?^y=0  (20) 

ll COB  m>^\=q  (21) 

For  we  have,  for  any  angle  x, 

sin*  X  =  ^  —  J  cos  2  x 
md,  therefore, 

=  iq  —  l^cosm.-^ 
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which,  by  Theorem  L,  gives  either  (18)  or  (20).    Again 

^(»„».5f)"=.[.-(^.».5£f)"] 

=  2  —  J I  sin  m  •  -^—  I 

which  gives  either  (19)  or  (21). 

Theorem  m. — For  all  integral  values  of  p  and  q  we  have,  frovn  \ 
m  =  0  to  m  =  g  —  1,  \ 

rein  m.?^  cos  m.?^  =  0  (22) 

for  this  is  the  same  as  the  quantity 

AJsinm.l^snO 
q 

82.  Now,  let  the  circle  be  read  off  by  a  pair  of  opposite  micro- 
fioopes,  A  and  -B,  at  any  number  of  equidistant  points.  The  circle  ' 
is  thus  divided  into  a  number  of  equal  parts^  each  of  which  miqr  j 

be  denoted  by  — •    K  the  first  reading  corresponds  to  the  diid-  ?- 

sion  Zqj  the   subsequent  readings  will   correspond  to  ^^,  H ,  ^ 

2n  2;r  27r  ^ 

2p+  2  — »  2^0+  3 •  -T-'  &c.  to  z^+  {q  —  1)  — •    Each  reading  fiip* 

nishes  an  equation  of  condition  of  the  form  (11),  giving,  therefore, 
the  following  system,  where  P  =  2^+  J^.' 


lip  =  tt  +  2  e  sin  P 

n,=  a  +  2e8in(p+~j 


(I  ((      it 


which  are  all  included  in  the  general  form 

.   ^      .    /  ^      2m7:\ 
n^  =  a  +  2  e  sm  I  P  -| I 

m  being  taken  from  0  to  g  —  1. 

Developing  the  sine  in  the  second  member,  we  have 

,    ^      ,     ^        2miz    .    ^                     2m:r 
n^=a  +  2e  sm  Pcos 1-  2e  cosPsm  
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this  form,  the  three  unknown  quantities  are  a,  esin  P,  and 
►s  jP.  The  final  equation  in  each  unknown  quantity,  according 
the  method  of  least  squares,  is  to  be  found  by  multiplying 
^h  equation  of  condition  by  the  coefficient  of  the  unknown 
antity  in  that  equation,  and  adding  together  the  products, 
is  process  gives,  by  the  aid  of  the  theorems  of  the  preceding 
icle  (observing  that  here  -p  =  1), 


qe  sm 


in  P=j(n^ 


cos 


2m?r 


). 


qe  co8P=  -Tj  n^si 


2m>r\ 
Bin I 

2    / 


(23) 


rhese  formulae  embrace,  as  a  particular  case,  the  solution  already 
jiven  in  Art  28  for  y  =  4. 

Example. 

The  following  values  of  w  =  P  —  ^  were  obtained  from  the 
readings  of  two  opposite  microscopes  of  the  meridian  circle  of 
the  U.  8.  Naval  Academy: 


1 

1  » 

n 

2 

n 

i  ^" 

—  10".7 

90° 

—  20".5 

10 

11  .6 

100 

20  .7 

1,  20 

12  .8 

110 

21  .0 

30 

14  .7 

120 

21  .2 

'  40 

16  .3 

130 

22  .8 

50 

17  .3 

140 

24  .7 

.  60 

18  .5 

450 

23  .4 

>'70 

,  1 

18  .1 

160 

22  .5 

.  80 

19  .7 

170 

22  .3 

> 

n 

( 

n 

180» 

—  21".8 

270° 

—  0".0 

190 

18  .3 

280 

1  .3 

200 

16  .4 

290 

2  .4 

210 

11  .8 

300 

4  .5 

220 

7  .8 

310 

5  .1 

230 

4  .3 

320 

7  .4 

240 

1  .9 

330 

9  .4 

260 

—  2  .0 

340 

11  .7 

260 

+  0  .3 

850 

11  .6 

2jr 

WTe  have  here  q  =  36,  and  —  =  10<> 


so  that is  successively 


0°,  10**,  20°,  &c.     We  find,  first,  by  taking  the  sum  of  all  the 
values  of  w, 

36  a  =  —  476".2  a  =  —  13".23 

«id  hence  the   distance   of   the   microscope   B  from  A  was 
179^  59^  46".77. 

To  find  qe  sin  P,  we  multiply  each  n  by  the  cosine  of  the  angle 
to  which  it  belongs,  and  add  the  products.     In  like   manner, 
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qe  COS  P  is  found  by  multiplying  each  n  by  the  sine  of  the  ai 
to  which  it  belongs,  and  adding  the  products.*  We  thus  f 
the  following  table,  in  which,  for  brevity,  we  put  m 
and  nsinz  for  the  quantities  denoted  in  our  formulse  (23) 

n.  cos and  n^  sin • 


t 

n  COS  i 

n  sin  t 

0" 

— 10".70 

—     0".00 

10 

— 11  .42 

—  2  .01 

20 

— 12  .03 

—  4  .38 

80 

— 12  .73 

—  7  .35 

40 

—  12  .49 

—  10  .48 

50 

—  11  .12 

—  18  .25 

60 

—  9  .25 

—  16  .02 

70 

—  6  .19 

—  17  .01 

80 

—  3  .42 

—  19  .40 

90 

0  .00 

—  20  .50 

100 

+  3  .59 

20  .39 

110 

+  7  .18 

—  19  .73 

120 

+  10  .60 

—  18  .36 

130 

+  14  .66 

—  17  .47 

140 

+  18  .92 

—  15  .88 

150 

+  20  .26 

—  11  .70 

160 

4-  21  .14 

7  .70 

170 

+  21  .96 

—  3  .87 

Sams 

+  28  .96 

—  225  .50 

2 

n  cos  I 

n 

sin 

180^ 

+ 

21" 

.80 

+ 

0". 

190 

+ 

18 

.02 

+ 

3  . 

200 

+ 

15 

.41 

— 

5  . 

210 

+ 

10 

.22 

+ 

5  . 

220 

+ 

5 

.98 

-- 

5  . 

230 

+ 

2 

.76 

+ 

3  . 

240 

+ 

0 

.95 

+ 

1  . 

250 

+ 

0 

.68 

+ 

1  . 

260 

— 

0 

.05 

— 

0  . 

270 

0 

.00 

0  . 

280 

— 

0 

.23 

+ 

1 

290 

— 

0 

.82 

+ 

2 

300 

2 

.25 

3 

310 

— 

3 

.28 

+ 

3 

320 

5 

.67 

+ 

4 

330 

— 

8 

.14 

+ 

4 

340 

— 

10 

.09 

+ 

4 

350 

11 

.42 

1 
1 

+ 

32 

.97 

+ 

53  . 

36€  sin  P  =  +    28".96  +  32".97  =  +    6r'.93  log    1/ 

36e  eosP==  —  225  .50  +  53  .04  =  —  172  .46  log  n2.: 

P=160°  15'  logtanPw9J 

€=      5".09  log  36  e        2.! 

Then,  since  Zq=  0°,  we  have  U=^P,  and  each  reading  of 
microscope  A  requires  the  correction,  for  eccentricity, 

+  5".09  sin  (2  +  160^  15^ 


*  The  several  products  may  be  taken  by  inspection  from  a  traverse  table,  by  e 
ing  the  table  with  the  angle  2  as  a  **  bearing*'  and  with  n  as  a  'distance/'  and  ta 
out  the  corresponding  <*  difference  of  latitude"  and  *<  departure,**  which  wil 
respeotiTely,  the  products  required  in  forming  ge  sin  P  and  ge  cos  P, 
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ELLIPTICITY   OP   THE   PIVOT   OF   THE  ALIDADE, 

S3.  K  the  pivot  of  the  alidade   is  the  horizontal  axis  of  a 
vertical  circle,  as  in  the  case  of  some  meridian  circles,  or  if,  as 
in  other  cases,  the  alidade  is  fixed  to  a  pier  while  the  pivot  of 
the  horizontal  axis  of  the  circle  revolves  in  a  V,  then  any  defect 
in  the  pivot,  which  renders  a  section  at  right  angles  to  its  axis 
other  than  a  circle,  will  cause  the  centre  of  the  alidade  to  vary 
its  distance  from  the  centre  of  the  graduated  circle  during  a 
revolution  of  the  instrument.     If  the  section  of  the  pivot  is  any 
regular  figure,  the  variations  in  the  readings  of  a  single  micro- 
scope may  be  regarded  as  a  function  of  the  division  (^)  which  is 
under  the  microscope,  and  the  correction  of  this  reading  may  be 
denoted  by  tp  {z).     The  correction  of  the  reading  of  the  opposite 
microscope  must  be  —  tp  {z).    In  order  to  investigate  the  form  of 
the  pivot  without  involving  the  errors  of  eccentricity  or  of  gradua- 
tion, let  us  denote  the  correction  of  the  division  z  for  both  these 
errors  by  '^  {z\  and  that  of  the  division  180°  +  z,  which  is  under 
the  opposite  microscope,  by  '4/(180°  +  z).    Then,  A  and  B  being 
the  readings  of  the  microscopes,  and  180°  +  a  their  constant 
distance  from  each  other,  we  have 

z!  =  z  -{-  B  —  a   — ^(r)+4  (180°  +  z) 
whence 

0  =  -B  —  A  —  a  —  2^(z)  —  4'('2r)+4  (180°  +  z) 

Ifow,  let  the  division  180°  +  z  be  brought  under  the  microscope 
-A,  and  let  A'  and  B'  be  the  microscope  readings ;  then  we  have 
the  true  reading  z"  by  the  equations 

-"  =  180°  -^z  +  A'  4-  ^  (180°  +  -?)  +  4  (180°  +  z) 

r"=180   +^r  + J?'— a  —  sf'(180°+2)+ 4'('?) 

whence 

0  =  J5'  —  A'  —  a  —  2  ^(180°  -f  r)  +  4  (^)  —  4(180°  -f-  z) 

therefore,  if  we  put 

i(^  — ^  + -^'— ^')  =  w' 
we  have 

n'  ==  a  +  f»  (2)  -f  f»  (180°  +  z)  (25) 

the  errors  of  eccentricity  and  of  graduation  being  wholly  elimi- 
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nated.  The  form  of  the  function  f  is  yet  to  be  determined; 
since,  however,  it  necessarily  returns  to  the  same  value  after  one 
complete  revolution,  we  may  assume  for  it  a  general  periodic 
series,  namely : 

^  {z)  =  /'  sin  (z  +  F')  +  /"  sin  (2^  +  F")  +  /'"  sin  (82:  +  F"")  +  &a 

in  which/',  -P^/",  F",f"',  -P'",  &c.  are  constants.  Hence  also 

f(\^0''+z)=^--f%m{zJ^F')+f'Axi(2z+F'')'^^^^ 

and 

f(z)  +  f(180*>  +  ^)=2/"8in(22+J'")  +  2/^sin(4^  +  -P"^)+&<5-  (26) 

The  combination  of  two  readings  180°  apart  gives,  therefore, 
the  equation  of  condition 

n'  =  a  +  2/"  sin  (2z  +  F")  +  2/«^  sin  (4^  +  F"^  +  &c.      (27) 

If  we  have  read  the  circle  at  2q  equidistant  points,  so  that  th^ 
number  of  such  equations  is  y,  then  the  values  of  z  are  success- 
ively 0,  -.  — » a         ^^^  ^®  general  form  of  the  equation 

of  condition  is 

n'^===tt+2/''8in(m.  — +  J'''j  +  2/*^8in(m.— +i?'»^W&c.    (28) 

m  being  taken  from  0  to  y  —  1.  If  we  treat  these  equations  by 
the  method  of  least  squares,  we  shall  readily  find,  by  the  aid  of 
the  theorems  of  Art.  81, 


q  /"  sin  F"  =  l(  n'^  cos  m  •  —  j 
q  /"  cos  J"'  =  1/  n'^  sin  m .  —  \ 
q  /*^  sin  F^''  =  ll  n\  cos  m  ~  | 


(29) 


q  /*^  cos  F^"  =  l[  n\  sin  m .  —  j 

&c.  &c.  / 
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Example. 

To  investigate  the  form  of  the  alidade  pivot  of  the  meridian 
circle,  in  the  example  of  Art.  32,  the  readings  there  given  are 
combined  aa  follows : 


1    ' 

1 

£  —  A 

B'—A' 

n' 

O" 

1 

10".7 

—  21". 9, 

—  16".25 

|10 

11  .6 

18  .3 

14  .95 

> 

12  .8 

16  .4 

14.60 

\  30 

1 

14  .7 

11  .8 

13  .25 

V  40 

16  .8 

7  .8 

12.05 

SO 

17  .3 

4  .3 

10.80 

,60 

18  .5 

1  .9 

10.20 

^'-0 

18  .1 

—  2  .0 

10  .05 

80 

19  .7 

+  0  .8 

9.70 

t 

B  —  A 

B'  —  A' 

n' 

90" 

—  20".5 

—  0".0 

—  10".25 

100 

20  .7 

1  .3 

11  .00 

110 

21  .0 

2  .4 

11  .70 

120 

21  .2 

4.6 

12  .85 

130 

22  .8 

6  .1 

13  .95 

140 

24  .7 

7  .4 

16  .05 

150 

23  .4 

9  .4 

16  .40 

160 

22  .5 

11  .7 

17  .10 

170 

22  .3 

11  .6 

16  .95 

Since  here  q  =  18,  the  sum  of  the  values  of  n'  gives 


18a  =  — 238'MO 


a  =  — 13".28 


Then,  with  the  aid  of  a  traverse  table,  we  find  the  values  of 
n'  COB  2^  and  rt'  sin  2^,  as  below : 


' 

n'eosS* 

n'sin  2z 

0» 

— 16".25 

0".00 

10 

— 14  .05 

5  .12 

20 

— 11  .18 

—  9  .38 

1     30 

—  6  .68 

—  11  .48 

40 

—   2  .09 

— 11  .87 

I     50 

+   1  .88 

— 10  .64 

'     60 

+   5.10 

—   8  .83 

70 

+   7  .70 

—   6  .46 

80 
Sams 

+   9  .12 

—  3  .32 

—  26  .40 

—  67  .10 

X 

n'oos2> 

n'ain2z 

90" 

+  10".25 

+    0".00 

100 

+ 10  .34 

+    3  .76 

110 

+    8  .96 

+    7  .52 

120 

+    6  .48 

+ 11  .18 

130 

+    2  .42 

+  13  .74 

140 

—   2  .79 

+ 15  .81 

150 

—   8  .20 

+  14  .20 

160 

— 18  .10 

+ 10  .99 

170 

— 15  .93 

4-   5  .80 

—   1  .62 

+  82  .95 

18  r  Bin 

F"  = 



28" 

.02 

18/"coe 

F"  = 

+ 

15 

.85 

F"  — 

299"  80' 

/"  = 

1" 

.79 

T«uIL— 4 

log  nl.4475 

log    1.2000 

log  tan  F'  nO.2475 

log  18/"    1.5078 
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in  the  same  manner,  we  find,  from  the  sums  of  the  products 
•n!  cos  4?  and  n*  sin  4?, 

18  /»^  sin  JP^  =  +  0'M5 

18/»^eo8i?'»^=  +  2".00 

F'^  =      4^  \r 

/«^  =       (KMl 

Hence  we  have 

9  (-2^)+?  (180^+  2:)=3".58  sin  (2  z+299<>  30')+0".22  sin  (4^+4<>  170  (80) 

The  term  in  4z  is  so  small  that  we  may  suppose  that  it  proceeds 
from  the  accidental  errors  of  reading,  and  irregylarUies  of  the 
pivot,  and  we  may,  therefore,  disregard  it,  as  well  as  the  subse- 
quent terms  in  6z,  &c. 

Bessel  has  shown*  that  if  the  section  of  a  pivot  which  rests  in 
a  V  is  an  ellipse,  the  centre  of  this  ellipse  will,  as  the  instrument 
revolves,  move  in  the  arc  of  a  circle  the  centre  of  which  is  the 
angular  point  of  the  V;  that  during  a  complete  revolution  the 
centre  of  the  ellipse  describes  this  arc  four  times, — twice  forwards 
and  twice  backwards ;  and  that  the  effect  of  this  motion  upon 
the  reading  of  a  single  microscope  is  expressed  by  a  term  de- 
pending upon  2^. 

Hence,  the  last  term  of  (30)  being  neglected,  the  remaining 
term  may  be  regarded  as  the  effect  of  ellipticity  of  the  pivot,  and, 
since  we  must  then  have  {p[z)  =  ip  (180°  +2  ),  it  follows  that 

^  (z)  =  1".79  sin  (2z  +  299°  30')  (31) 

Upon  the  hypothesis  that  the  pivot  is  elliptical,  the  observed 
values  of  n'  should  satisfy  the  equation  (27),  which  in  the 
present  case  becomes 

n'=  —  13".23  +  3".58  sin  (2z  +  299°  30') 

at  least  within  the  errors  of  reading.  To  show  that  this 
hypothesis  explains  the  observations  in  the  present  case  suffi- 
ciently well,  the  following  comparison  is  made,  in  which  the 
value  of  n'  computed  by  the  preceding  formula  is  denoted  by 
C,  the  observed  value  by  0,  the  residual  error,  or  0  —  C7,  by  r. 

*  Aftnmomitehe  Beobaehtun^en  auf  der  Stemwarte  in  Konigtherg^  Vol.  I.  p.  xii. 
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,  I 


I 


lO 

;,  30 

:;40 

.!  ^^ 
J  70 

'80 


-  16''.25 
14  .95 
14  .60 
18  .25 
12  .05 
10  .80 
10  .20 
^O  .06 
9  .70 


16".  86 
15  .66 
14  .48 
18  .26 
12  .08 
10  .96 
10  .16 
9  .71 
9  .70 


-f-0".10 
-1-0  .60 

—  0  .12 
4-0  .01 

—  0  .02 
-f  0  .16 

—  0  .06 

—  0  .34 
0  .00 


rr 

B 

90* 

0 

C 

V 

w 

0.0100 

10".  26 

—  10".  11 

—  0".14 

0.0196 

.3600 

100 

11  .00 

10  .91 

—  0  .09 

.0081 

.0144 

110 

11  .70 

11  .98 

-fO  .28 

.0784 

.0001 

1120 

12  .86 

18  .20 

-1-0  .86 

.1226 

.0004 

jisa 

18  .96 

14  .48 

+  0  .48 

.2804 

.0226 

140 

16  .06 

16  .61 

0  .64 

.2916 

.0026 

150 

16  .40 

16  .81 

—  0  .09 

.0081 

.1166 

160 

17  .10 

16  .76 

0  .86 

.1226 

.0000 

|l70 

16  .96 

16  .76 

—  0  .19 

.0861 

If  we  denote  the  mean  error  of  a  single  observed  value  of  n' 
by  c,  i!«^e  have  (Appendix,  Method  of  Least  Squares),  q  being  the 
number  of  observations, 


=V(S')=V^'=-- 


and  this  quantity  also  expresses  the  mean  error  of  a  single 
reading  of  one  microscope  of  this  instrument.  This  mean  error 
of  a  reading  was  also  found  by  comparing  a  number  of  successive 
readings  of  the  same  microscope  on  the  same  division,  which 
gave  0".36 :  so  that  the  agreement  of  the  above  computed  and 
observed  values  of  w'  is  even  closer  than  is  necessary  to  sustain 
the  hypothesis  of  an  elliptical  form  of  the  pivot.  It  is  also  evi- 
dent that  the  addition  of  the  term  0".22  sin  (4^  +  4°  17')  of  (30) 
would  but  slightly  reduce  the  mean  error  of  n'. 

34.  The  error  introduced  by  the  ellipticity  of  the  pivot,  like 
that  produced  by  the  eccentricity  of  the  circle,  is  fully  eliminated 
by  taking  the  mean  of  the  readings  of  a  pair  of  opposite  micro- 
scopes. If,  however,  the  arms  of  the  alidade,  carrying  the 
microscopes,  do  not  preserve  a  constant  inclination  to  the  horizon 
during  a  revolution  of  the  instrument,  the  readings  of  both 
microscopes  will  be  increased  or  diminished  by  the  whole 
amonnt  of  the  change  of  inclination,  and,  consequently,  their 
mean  will  involve  the  same  error.  A  level  placed  on  the  alidade 
:i  usually  employed  to  determine  these  changes  of  inclination, 
and  the  readings  are  finally  corrected  according  to  its  indications. 

ERRORS   OF   GRADUATION. 

35.  Errors  of  graduation  of  a  divided  circle  may  be  either 
rfjular  or  accidental. 
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The  regular  or  periodic  errors  are  those  which  recur  at  regular 
intervals  according  to  some  law,  and  which  may,  therefore, 
be  eicpressed  as  functions  of  the  reading  itself.  Even  the  error 
of  eccentricity,  above  considered,  may  be  treated  aia  such  a 
periodic  error  of  graduation,  since  its  effect  upon  the  reading 
(^)  is  the  same  as  if  the  graduation  everywhere  required  the 
correction  e  sin  (z  +  E).  The  sum  of  all  the  corrections  for  such 
periodic  errors,  regarded  as  a  function  of  the  reading  (r),  and 
denoted  by  '^{z)^  must  have  the  general  form  • 

4  (-)  =  m'  sin  (2  +  U')  +  M"8in  (2z+  r")+  W"  sin  (3 ^  +  T"')  +  &c.   (32) 

in  which  w',  Z7',  w",  E7",  &c.  are  constants.  The  shorter  the 
period  of  any  error,  the  higher  is  the  multiple  of  z  in  the  term 
representing  it 

Now,  let  the  circle  be  read  by  q  microscopes  at  q  equidistant 
points,  namely,  at  all  the  points  expressed  by 

2ir 

^  =  2  +  m  •  — - 

m  being  taken  successively  0,  1,  2,  3 (g  —  1),  and  z  being 

the  reading  of  the  first  microscope ;  then  we  shall  have,  for  the 
correction  of  any  one  of  these  microscopes,  the  general  expression 

4(2j===w'8in|2+C;''+m.— \  +  ti''8in/22+Z7''+m.~j  +  &c. 

The  discussion  of  this  series  will  be  abridged  if  we  express  it 
under  the  following  general  form : 

^{zJ=I,u^^^\r\ipz-{-  C7>>+m.?^\ 

in  which  p  is  successively  1,  2,  3,  &c.,  and  -I*^  denotes  the  sum 
of  all  the  terms  thus  found.     Developing  the  sine,  this  gives 

4, (2j  =r  M^'> sin {pz  +  U^'^) cos m •  ^ -{-^^^^ Qo^{pz+  r^'>) sin m •  ?^ 

The  mean  of  the  q  microscopes  will,  therefore,  require  the  cor- 
rection 

q  n>o  q    \_  m-o  q  J 

+ 1  r  ru<'> cos {pz  +  Cr^'O .  v'* -  *8ln  m .  ?^1 
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But  we  have  (Art  81),  from  m  =  0  to  m  =  j  — 1, 1'sinm-^^^-O 
iu  all  cases ;  and  also  2'  cos  m  •  -^—  =  0,  except  when  j?  is  a  mul- 
tiple of  y,  or  ^  =  ry,  in  which  case  this  latter  sum  is  equal  to  q. 

Hence  all  the  terms  of  the  above  expression  which  do  not  vanish 

are  expressed  by  the  formula 

\  Y''\  (O  =  -r, ^'^'  8in  (rqz  +  Cr<t))  (33) 

r  being  successively  the  integers  1,  2,  3 ;  whence  the  fol- 
lowing important  theorem :  The  terms  of  the  j>eriodic  series  not 
elimijiatcd  by  taking  the  mean  of  q  equidistant  microscopes  are  those 
on/y  which  involve  the  multiples  ofqz. 

Thus,  the  mean  of  two  microscopes  requires  a  correction  of 
the  form 

ii"  sin  (2z  +  J7")  +  u'^  sin  (4z  +  U'^)  +  &c. ; 
the  mean  of  three  microscopes,  the  correction 

M'".sin  (32  +  U'')  +  u**  sin  (62  +  U"^)  +  &c. ; 

the  mean  of  four  microscopes,  the  correction 

w''  sin  (42  +  IP^)  -f  M^"  sin  (82  +  U^*")  +  &c. 
&c.  &c. 

36.  The  values  of  the  terms  of  the  periodic  series  which  are 
eliminated  by  means  of  a  number  of  microscopes  may  be  found 
from  the  readings  of  these  microscopes  themselves.  Thus,  for 
t%vo  microscopes,  the  readings  of  which  at  the  divisions  z  and 
-:  -4-  180*^  are  A  and  B^  and  whose  angular  distance  is  180®  +  a, 
ere  have 

2f=z  +  ^  +4(0  +9{z) 

2'=2  +  ^  —  a  +  4' (-2^+  180°)  —  if  (2) 

In  which  ip  {z)  is  the  correction  for  the  form  of  the  pivot  (Art.  33). 
Hence,  putting  B  —  -4  =  n,  we  have 

n  =  a  +  4  (-?)  —  4  (-?  +  180°)  +  2^  (2) 
But  we  have 

4  (2)  =  u'  sin  (2  +  U')  +  m"  Bin  (22  +  U")  +  u'^sin  (32  +  U'")  +  &o. 

and  hence,  substituting  z  +  180°  for  z, 

4(2+180°)=— tt'sin(2  +  l7')+w"  sin  (22+  C^")— u'"3in(32  +  CT'O+^c. 
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For  ip  {z)  we  have  already  found  the  form /"sin  (2^  +  -f  Oi  ^^^ 
therefore  the  value  of  n  becomes 

n=a+2u'8in(^+  l7')+2/"8in(2^+i?'")+2t«'"8m(32+Cr'")+&c.  (34) 

The  readings  being  made  for  successive  values  of  z  expressed 
generally  by 

2r 
2  =  m  •  — 

we  have  q  equations  of  condition  of  the  form 

n^  =  a  +  2ti'8in(m.  — -*-Cr')+2/"sin(m.  — +  -P")  +  &c.  (35) 

VI  being  taken  equal  to  0,  1,  2,  3 J  —  1,  successively.     The 

solution  of  these  equations  by  the  method  of  least  squares  gives 


^a  =  In^ 


qu 


'  Bin  V  =  I"!  n   cosm.  —  \=:  S  (n   cos   z ') 

\   "  9  1  " 

quf  cos  U'  =  lln^Hin  m I  =  -^ (^m ^in    z^ 

qf  sin  F"  =  lin^fiOB  m . —  \=  I  (n^  cos  2zJ 
qf"  cos  r'  =  2*/  n^  sin  m .  —  j  =  r  (n^ sin  2zJ 

qu'"  sin  U'''  =  j/  n^  cos  m .  —  \  =  J  (n^ cos  SzJ 

qu'''  cos  J7'"  =  j/  w^  sin  m .  —  )  =  J  (n,  sin  S^J 
&c.  &c.  &. 

Example. 

The  values  of  n  given  on  page  45  for  thirty-six  readings  of  the 
Meridian  Circle  of  the  Naval  Academy  give,  by  the  preceding 
formulae,  a  =  —  13".23  and 

U'  =  160°  15',  F"  =  299°  SCK,  U'"  =  68°  19' 

u'=      5".09,  /"=      1".79,  u"'=    0".69 

The  difference  of  the  readings  of  the  two  microscopes  A  and  B 
of  this  circle  is  therefore  represented  by  the  formula 

n  =  —  13".23  +  10".18  sin  (z  +  160°  15')  +  3".58  sin  (2^  +  299°  30') 

+  l".38  8in(32+    68°  19') 
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of  'which  the  terms  in  z  and  2z  of  course  agree  with  those  before 
found  for  the  eccentricity  and  for  the  ellipticity  of  the  pivot  of 
the  alidade. 

If  now  we  compute  the  values  of  n  by  this  formula  for  every 
10®,  ^we  shall  find  that  they  agree  with  the  observed  values  given 
on  page  45  within  quantities  which  in  almost  every  instance 
are  less  than  1".  From  this  agreement  we  may  presume  that 
thia  circle  is  very  accurately  graduated  throughout 

37.  In  a  similar  manner,  the  terms  of  the  periodic  series  which 
do  not  involve  the  multiples  of  Az  can  be  found  from  the  read- 
ings of  four  microscopes.  If  Ay  Q  JB,  D  are  these  readings  at 
the  divisions  Zy  z  +  90*^,  z  +  180*^,  z  +  270°  respectively,  and  if 
180°  H-  a  is  the  distance  of  the  microscope  B  from  A,  while 
180°  +  T'  is  that  of  D  from  C,  then  the  mean  of  the  readings  of 
A  and  £  gives 

2r=2  +  i(A  +  5)-  Ja  +  J[4(r)+  4(^  +  180O)] 

and,  consequently  (exchanging  z  for  z  +  90°),  the  mean  of  the 
readings  of  C  and  D  gives 

z'  =  z  -f  J  (C  +  D)  —  ir  — ««" «n  (2r  +  IT")  + 1««- sin  (4z  +  U'^)  — &a 
Taking  the  difference  of  these  equations,  and  putting 

/9  =  i(r-») 

we  have  the  equation  of  condition 

n  =±  /9  +  2u" sin  (2z  +  U")  +  2t«^»sin  (62:  +  V)  +  &e.      (36) 

and  from  the  q  equations  of  this  form  we  derive  /S,  w",  U"y  &c. 
by  the  process  already  employed. 

The  terras  in  z  and  3z  may  be  found  from  either  pair  of  micro- 
acopes  as  in  the  preceding  article. 

38.  The  accidenial  errors  of  graduation  are  those  which  follow 
no  regular  law,  and  may  with  equal  probability  occur  at  any 
given  division  with  either  the  positive  or  the  negative  sign.  An 
error  of  this  kind  in  any  division  is  to  be  regarded  as  peculiar  to 
that  division,  and,  therefore,  as  having  no  analytical  connection 
with  other  errors  of  the  same  kind.     The  use  of  a  number  of 
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microscopes  tends  to  reduce  tlie  effect  of  such  errors,  withocflfl 
entirely  eliminating  them ;  for  (as  in  Art.  24)  if  c  is  the  probabi^= 
accidental  error  of  a  division,  the  probable  accidental  error  iimm 

the  mean  of  m  microscopes  will  be  — — 

ytn 

The  general  character  of  the  graduation,  as  to  its  freedom 
from  accidental  errors,  may  be  judged  of  by  comparing  th^ 
values  of  the  n  of  the  preceding  articles,  computed  from  the 
terms  of  the  periodic  series,  with  their  observed  values.  The 
differences  will  be  composed  of  both  errors  of  reading  and  acci- 
dental errors,  which  may  be  separated  by  employing  an  iiide- 
pendent  determination  of  the  probable  error  of  Reading.  Thus, 
if  we  have  n  =  J3  —  Ay  and  have  found  the  probable  error  of  an 
observed  value  of  n  to  be  c,  and  then,  if  we  put 

Cj  =  the  probable  error  of  a  single  reading, 
e,=   "  «  «         "    division, 

the  probable  error  of  either  -4  or  -B  will  be  \/{s^^  +  €,*),  and  that 
o{  B  —  A  will  be  ]/2  (e^^  +  e,*),  whence 

which, will  determine  e,  when  e  and  s^  have  been  found. 

39.  The  accidental  error  of  any  division  of  the  circle  may  be 
directly  found  by  means  of  an  additional  microscope  wliich  can 
be  set  and  securely  clamped  at  any  given  distance  from  the 
regular  or  fixed  microscopes.  Let  us  denote  this  movable 
microscope  by  M,  and  let  it  be  proposed  to  determine  the  ^rror 
of  the  division  z.  Bring  the  division  0°  under  the  microscope 
A,  and  clamp  the  movable  microscope  M  over  the  division  z. 
Let  the  true  angular  distance  of  M  from  A  (which  is  as  yet 
unknown)  be  denoted  by  z  +  /i,  and  let  the  readings  of  the  two 
microscopes,  referred  to  the  divisions  0  and  z  respectively,  be 
called  A  and  Jtf,  then,  z  denoting  the  nominal  value  and  z'  the 
true  value  of  the  arc  from  0  to  e,  we  shall  have 

2  -\-  fi  =  ;^ -{-M  —  A 
and  the  correction  of  the  graduation  z  will  be 

or  rather,  since  every  division  (and,  therefore,  0°  included)  may 
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be  regarded  as  in  error,  this  will  be  the  difference  of  the  correc- 
tions of  the  graduations  0  and  Zj  and  we  may  write 

f  (^)  -  ^  (0)  =  /*  ~  (if- A)  (37) 

in  which  f  {z)  denotes  the  total  correction  of  a  division  for  both 
periodic  and  accidental  errors.  The  periodic  errors  being  known 
from  previous  investigation,  the  accidental  error  may  be  separated. 
Now,  to  find  the  constant  distance  //,  we  resort  to  the  well 
known  method  of  repetition.  First,  bring  any  arbitrarily  selected 
diviBion  Z  under  the  microscope  -4,  then  Z  ■■{'  z  will  be  under 
]I;  let  the  readings  of  the  two  microscopes  be  A'  and  M'  re- 
spectively. Then  bring  the  division  Z  +  z  under  Aj  and,  con- 
sequently, the  division  Z  +  2z  under  M^  and  let  the  readings  be 
i"  and  Jl".  In  this  way,  let  m  repetitions  be  made,  the  micro- 
scope A  being  successively  placed  upon  the  divisions  Z,  Z  +  z^ 

Z  +  2z, Z  +  {m  —  1)  ^,  and  M  successively  upon  Z  +  Zy 

Z+2z,  Z  +  Sz, Z  +  mz;  then  we  have,  as  in  (37), 

9{Z  +  z  )~-f(Z)  =)t^-(lf'  -4') 

f(^Z  +  2z)  —  ^(-^  +    z)  =  n  —  {M"  —  A"  ) 
fiZ  +  3^)  —  sp(Z  +  22)  =  /i  —  (Jtf '"  —  A"') 


fiZ  +  ntj)—  f  (-^  +  (m  —  1)  2)  =  Ai  -.  (Jf  <•>  — u4<-^) 
The  mean  of  all  these  equations  is 

l[^{Z-]-mz)-^{Z)1  =  i.^l^I{M^A) 

If  the  number  m  is  large,  the  rwth  part  of  the  difference  of  the 
accidental  errors  of  the  extreme  divisions  Z  and  Z  +  mz  may  be 
regarded  as  evanescent,  and  then,  if  we  regard  the  first  member 
as  composed  only  of  the  periodic  errors  already  found,  we  shall 
have 

At  =  ^S{M--A)  +  i  [+(^+  m^)- 4(^]  (38) 

where  the  function  i^  denotes  a  periodic  error,  as  in  Art.  35.  K 
this  process  be  repeated  a  number  of  times,  each  time  commencing 
at  a  different  division,  the  mean  of  all  the  values  of  /i  may  be 
regarded  as  entirely  free  from  the  effect  of  the  accidental  errors 
of  the  first  and  last  divisions.  Thus,  fx  being  found,  the  correc- 
tion of  the  division  (z)  becomes  known  by  (37). 

2?r 
If  r  is  an  aliquot  part  of  the  circumference  =  — »  we  shall  have 
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f{Z+  mz)  =  if  (Z)y  since* we  have  returned  to  the  same  divisiot  ; 
and  the  value  of  ;i  is  then  rigorously 

m  ' 

Thus,  the  fixed  microscopes  themselves,  whose  distance  is  — » 

may  be  at  once  employed  in  this  manner  (without  an  additional 
microscope)  to   determine  the   errors  of  the  divisions  whose 

mutual  distance  is  — •    K  then  we  have  four  fixed  microscopes 

and  one  movable  one  -Sf  placed  at  the  distance  z  from  Ay  we  shall 
be  able  to  find :  1st,  the  errors  of  the  four  cardinal  divisions  0*^, 
90°,  180°,  and  270°,  by  the  fixed  microscopes ;  2d,  the  errors  of 
the  divisions  z,  90°  +  2, 180°  +  z,  270°  +  z,  by  placing  the  micro- 
scope A  successfully  upon  0°,  90°,  180°,  and  270°,  and  reading  Jlf; 
8d,  the  errors  of  the  divisions  90°  —  2,  180°  —  r,  270°  —  z,  and 
860°  — z,  by  placing  JSf  successively  upon  90°,  180°,  270°,  and 
360°,  and  reading  A,  Thus,  after  the  errors  of  the  four  cardinal 
divisions  are  known,  the  operation  just  described  gives  the  errors 
of  eight  divisions.  A  second  operation  with  the  microscope  M 
at  the  distance  z^  from  A  gives  in  like  manner  the  errors  of  eight 
more  divisions,  ±  z^,  90°  ±  z^,  180°  ±  z„  270°  ±:  ^, ;  and,  more- 
over, the  errors  of  the  divisions  di  z  ±  z^  90°  zi=  ^  ±  Zj,  180°  ±  z 
d=  ^1,  270°  ±  z  zb  ^1,  by  placing  the  microscope  A  over  db  r, 
90°  ±  z^  &c.  successively  while  M  is  over  ±  z  +  z,,  90°  •±  z  -\-  z^^ 
&c.,  or  placing  3/ over  ±:  z,  90°  it  z,  &c.  successively  while  A  is 
over  dt  z  —  Zj,  90°  di  z  —  z,,  &c.  By  judiciously  combining  all 
the  observations  of  this  kind,  the  corrections  of  each  degree  of 
the  circle  may  be  found. 

In  order  to  eliminate  the  effect  of  changes  in  the  angular 
distance  of  the  fixed  and  movable  microscopes  occurring  during 
the  observations  and  produced  chiefly  by  changes  of  temperature, 
it  is  proper  to  repeat  each  series  of  observations  at  a  given  dis- 
tance z  backwards^  commencing  this  repetition  by  placing  the 
movable  microscope  M  over  the  last  division  Z  -{-  mz  and  the 
fixed  one  A  over  Z  -\-  {m  —  l)Zj  and  so  returning  to  the  first 
assumed  division  Z.  Also  the  readings  on  the  eight  divisions  to 
be  determined  should  be  made  several  times,  say,  once  before 
the  first  or  forward  repetition  series,  again,  between  the  two 
repetition  series,  and  finally,  after  the  second  or  backward  repe- 
tition series.     Thus,  the  whole  operation  will  embrace 
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Ist.  Observations  on  the  eight  divisions, 

2d.    Repetition  series /oru^arc/^, 

3d.    Observations  on  the  eight  divisions, 

4th.  Repetition  series  backwards, 

5th.  Observations  on  the  eight  divisions. 

By  this  symmetrical  arrangement,  the  mean  of  the  three  deter- 
minations of  the  errors  of  the  eight  divisions  corresponds  to  the 
mean  state  of  the  apparatus  as  found  from  the  mean  of  the  two 
repetition  series.* 

THE   FILAR   MICROMETER. 

40.  For  the  measurement  of  small  angles,  not  greater  than 
the  angular  breadth  of  the  field  of  the  telescope,  graduated  cir- 
cles may  be  wholly  dispensed  with,  and  ia  micrometer  attached 
to  theaeye  end  of  the  telescope  may  be  substituted  with  great 
advantage  both  in  respect  of  accuracy  and  facility  of  manipula- 
tion. Indeed,  for  many  purposes  to  which  the  micrometer  is 
adapted,  divided  circles  are  entirely  out  of  the  question;  for 
example,  the  measurement  of  the  angular  distance  between  the 
two  components  of  a  double  star. 

Micrometers,  however,  are  very  frequently  used  in  combina- 
tion with  graduated  circles ;  as  in  the  meridian  circle. 

41.  The  filar  micrometer  is  the  same  in  principle  as  the  micro- 
meter employed  in  the  reading  microscope  (Art.  21),  only  more 
elaborate  and  complete  when  intended  to  be  used  at  the  focus 
of  a  large  telescope.  It  is  variously  constructed,  according  to 
the  instrument  with  which  it  is  to  be  connected.  A  very  com- 
mon form  which  involves  the  essential  features  of  all  the  others 
19  sketched  in  Plate  II.  Fig.  3,  where  the  outside  plate  and  the 
eye  piece  are  removed  and  the  field  of  view  exhibited.  The 
plate  aa  is  permanently  attached  to  the  eye  end  of  the  telescope 
tube  at  right  angles  to  the  optical  axis.  The  plate  66,  carrj^ing 
the  thread  w»i,  slides  upon  aa,  and  is  moved  by  the  screw  B. 
The  plate  ce,  carrying  the  thread  7?n,  slides  upon  66,  and  is 
moved  by  the  screw  C.     The  threads  are  at  right  angles  to  the 

*  This  process,  irhich  is  due  to  Bissel,  will  bo  found  more  fully  discussed  in  the 
Kvnig$Ur^  Obtervafions^  Vol.  VII.,  and  in  the  Asfron.  Naeh.,  Nos.  481  and  482.  See 
Uso  C.  A.  F.  Piters,  Untertuehung  der  TheilungifehUr  det  ErteUehen  Vertiealkreiset 
i€r  Pulkomraer  StemwarU  (St.  Petersburg,  1848) ;  and  Hansen  in  the  Attron,  Nach., 
50.388. 
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direction  of  the  motion  produced  by  the  screws.  Their  dis- 
tance apart  is  changed  only  by  the  screw  (7,  which  carries  a  large 
graduated  head,  by  means  of  which  this  distance  is  measured. 
The  screw  B  merely  shifts  the  whole  apparatus  66,  so  that  the 
threads  may  be  carried  to  any  part  of  the  field  of  view.  A 
notched  scale  in  the  field  of  view,  the  notches  of  which  are  at 
the  same  distance  apart  as  the  threads  of  the  screw  (7,  is  at- 
tached either  to  the  plate  66,  or  to  the  plate  cc  (in  the  figure,  to 
the  latter) ;  in  either  case  the  number  of  notches  between  the 
threads  indicates  the  whole  number  of  revolutions  of  the  screw 
by  which  the  threads  are  separated,  while  the  graduated  head 
pf  C  indicates  the  fraction  of  a  revolution.  Finally,  at  least 
one  thread  is  stretched  across  the  middle  of  the  field  at  right 
angles  to  the  micrometer  threads:  sometimes  three  or  more 
equidistant  and  parallel  threads ;  these  are  usually  attached  to 
the  plate  66.  In  micrometer  measures  the  thread  mm  usually 
remains  fixed  while  nn  moves :  the  former  is  therefore  usually 
called  the  fixed  thread,  and  the  latter  the  movable  thread.  The 
threads  at  right  angles  to  these  are  called  transverse  threads; 
sometimes  transit  threads. 

That  portion  of  the  telescope  to  which  the  micrometer  is  im- 
mediately attached  is  a  tube  which  both  slides  and  revolves 
within  the  main  tube  of  the  telescope,  so  that  (by  sliding)  the 
plane  of  the  threads  may  be  accurately  placed  in  the  focus  of 
the  object  glass,  and  (by  revolving)  the  threads  may  be  made  to 
take  any  required  direction. 

To  measure  directly  the  angular  distance  between  two  objects 
whose  images  are  seen  in  the  field,  we  have  first  to  revolve  the 
whole  micrometer  until  the  middle  transverse  thread  passes 
through  the  two  objects ;  then,  bringing  the  fixed  thread  upon 
one  of  the  objects  and  the  movable  thread  upon  the  other,  the 
distance  is  at  once  obtained  in  revolutions  and  parts  of  a  revolu- 
tion of  the  micrometer  screw.  This  measure  is  then  to  be  re- 
duced to  seconds  of  arc,  for  which  purpose  the  angular  value 
of  a  revolution  of  the  screw  must  be  knowTi. 

42.  To  find  the  angidar  value  of  a  revolution  of  the  micrometer 
screw. — This  value  evidently  depends  not  only  upon  the  distance 
of  the  threads  of  the  screw,  but  also  upon  the  focal  length  of 
the  telescope,  since  the  greater  the  focal  length,  the  larger  will 
be  the  image  of  any  given  object. 
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A  FIRST  METHOD  of  finding  the  valne  of  the  screw  is,  there- 
fore, to  measure  the  focal  length,  F^  of  the  object  glass,  and  the 
distance,  m,  bet^^^een  the  threads  of  the  screw  (which  is  done  bv 
eounting  the  number  of  threads  to  an  inch) ;  then,  if  R  denotes 
the  angular  value  of  a  revolution,  we  have 

ifinhR=—  or  R=      ^  (89) 

F  JPsinl"  ^     ^ 

as  is  evident  from  Fig.  2,  p.  18,  where  we  may  suppose  dl,  at 
the  focus  of  the  lens  ABy  to  be  the  space  through  which  the 
micrometer  thread  is  moved  by  a  revolution  of  the  screw,  and 
the  angular  breadth  of  the  object  jDi,  of  which  dl  is  the  image, 
to  he  DCL  =  ICd,  and  Cm  =  Fjdl  =  m. 

43.  Second  Method. — ^Measure  with  the  micrometer  any  pre- 
viously known  angle  -4,  and  let  J!f  be  the  number  of  revolutions 
of  the  screw  in  the  measure ;  then,  assuming  that  the  middle 
point  of  A  is  observed  in  the  middle  of  the  field, 

^       _       2tan.}A  ,  -,       A  ..^. 

tan  R  = or,  nearly,  J?  =  —  (40) 

The  sun's  apparent  horizontal  diameter  (see  Vol.  I.  Art.  134) 
may  be  used  for  the  angle  A,  if  the  field  is  sufl[lciently  large  to 
embrace  the  whole  image  of  the  sun,  which,  however,  is  the 
case  only  with  small  instruments,  or  with  low  magnifying  powers. 

The  constellation  of  the  Pleiades  furnishes  pairs  of  stars  at 
various  distances,  suited  to  instruments  of  various  capacities : 
and  Bessel  determined  their  distances  with  very  great  accuracy 
with  a  view  to  this  as  well  as  other  applications.* 

The  angle  A  in  (40)  is  the  apparent  angular  distance  measured, 
so  that,  when  two  stars  are  employed,  their  apparent  distance 
mast  be  computed  by  subtracting  the  correction  for  refraction, 
for  which  see  Chapter  X. 

44.  Third  Method. — ^Point  the  telescope  at  a  star,  and  let  the 
micrometer  be  revolved  so  that  the  transverse  thread  will  coin- 
cide with  the  apparent  path  of  the  star  in  its  diurnal  movement, 
and  the  fixed  micrometer  thread  will  represent  a  declination 
circle.    Place  the  movable  thread  at  any  number  M  of  revolutions 

*  Bbsbsl^s  'Aftronotninhe  Unterfuchunyen,  Vol.  I.  p.  209. 
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from  the  fixed  thread,  and  note  the  times  of  transit  of  the  star 
over  those  tlireads  by  the  sidereal  clock,  the  telescope  remaining  ^ 
fixed  during  the  whole  observation.  Denote  the  sidereal  in- 
terval between  these  times  by  /,  the  declination  of  the  star  by 
5,  the  true  angular  interval  of  the  threads  by  i;  then  (as  will  be 
proved  in  the  theory  of  the  transit  instrument)  we  shall  find  i  by 
the  formula 

sin  I  =  sin  7  cos  d  (41) 

or,  when  the  star  is  not  within  10®  of  the  pole, 

i  =  7  cos  a  (41*) 

after  which  the  value  of  a  revolution  of  the  screw  in  seconds  of 
arc  is  found  by  the  formula 

^U{^15J^  (42) 

For  extreme  precision,  the  correction  for  refraction  should  be 
applied  to  i;  but  if  the  observations  are  made  near  the  meridian 
the  correction  will  rarely  be  appreciable. 

We  may  in  this  process  dispense  with  the  use  of  the  fixed 
thread  by  setting  the  movable  thread  successively  at  different 
points  in  the  field,  and  noting  the  times  of  transit  of  the  star 
over  it  together  with  the  number  of  revolutions  of  the  screw 
between  the  successive  positions.  In  this  way  the  regularity  of 
the  screw  may  be  tested  throughout  its  whole  length.  If  the 
star  is  very  near  the  pole,  each  observation  should  be  compared 
with  that  made  near  the  middle  of  the  field,  and  the  true  inter- 
vals computed  by  the  formula  sin  i  =  sin  I  cos  3. 

This  method  is  applicable  in  all  cases  where  the  micrometer 
can  be  revolved  so  as  to  place  the  fixed  and  movable  threads  in 
the  direction  of  a  declination  circle.  If  the  telescope  is  equa- 
torially  mounted,  this  can  be  done  ni  all  positions  of  the  instru- 
ment, and  the  star  may  be  in  any  part  of  the  heavens ;  but  a 
slow  moving  star  near  the  meridian  is  to  be  preferred,  if  we 
wish  to  avoid  the  correction  for  refraction. 

The  times  of  transit  are  supposed  to  be  observed  by  a  sidereal 
clock,  the  rate  of  which  if  it  is  large  should  be  allowed  for.  If 
the  time  is  noted  by  a  mean  time  clock,  the  mean  intervals  are 
to  be  converted  into  sidereal  intervals  (Vol.  I.  Art.  49). 
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45.  If  the  micrometer  is  attached  to  an  instrument  designed 
only  for  the  measurement  of  zenith  distances,  or  difterences  of 
zenith  distance  (as  in  the  case  of  the  Zenith  Telescope),  the 
movable  threads  being  always  perpendicular  to  a  vertical  circle^ 
we  can  still  employ  this  method  of  transits,  by  observing  the 
pole  star,  or  any  star  near  the  pole,  at  the  time  of  its  greatest 
elongation.  At  this  time  the  vertical  circle  of  the  star  is  tangent 
to  its  diurnal  circle,  and,  consequently,  the  micrometer  thread 
will  coincide  in  direction  with  this  declination  circle,  as  required 
in  the  preceding  method.  If  the  instrument  is  not  moved  in 
E^imuth  during  the  star's  transit  through  the  field,  the  formula 
for  computing  the  interval  i  from  the  sidereal  interval  /  is  still, 
Eis  in  the  transit  instrument,  sini  =  sin /cos  5;  but  it  must  be 
observed  that  this  formula  here  applies  strictly  only  to  the  case 
where  the  thread  is  at  one  time  at  the  point  of  greatest  elonga- 
tion, and  therefore  each  observation  should  be  compared  with 
that  taken  nearest  the  computed  time  of  elongation.  To  find 
this  time,  we  first  find  the  hour  angle  t  of  the  star  by  the  for- 
mula (Vol.  L  Art.  18) 

cos  t  =  cot  d  tan  ip 

in  which  (p  is  the  latitude  of  the  place   of  observation;    and 
then,  a  being  the  star's  right  ascension,  we  have 

Sid.  T.  of  gr.  elongation  =  a  ±  ^ 

the  lower  sign  for  the  eastern  elongation. 

K  the  instrument  is  slowly  moved  in  azimuth  as  the  star 
crosses  the  field,  so  as  to  make  each  observation  of  a  transit  in 
the  middle  of  the  field,  the  vertical  distances  between  the  difter- 
ent  positions  of  the  movable  thread  are,  rigorously,  diflferences 
of  zenith  distance,  and  the  formula  for  the  transit  instrument  is 
no  longer  strictly  applicable.  I  shall  show,  however,  that  it  is 
practically  sufiiciently  exact.  Let  the  zenith  distance,  hour 
angle,  and  azimuth  of  the  star  at  the  elongation  be  denoted  by 
z^  /^,  and  A^  respectively ;  those  for  any  observation  by  2,  /,  A  ; 
and  let  A^  and  A  be  reckoned  from  the  elevated  pole.  At  the 
time  of  the  observation,  the  star,  the  zenith,  and  the  pole  form 
an  oblique  spherical  triangle,  and  we  have  the  general  relations 

cos  ^  cos  t  ==  cos  f  cos  z  —  sin  ^  sin  z  cos  J. 
cos  ^  sin  ^  =  sin  z  sin^i 
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At  the  elongation  the  triangle  becomes  right  angled  at  the  star, 
and  we  have 

cos  f,  =  COS  z^  sin  A^ 

.    ^       sin  jr.      cosjr.coSiL 
sm  L  = 2  = ^ 3 

*       cos  ^  Bin  f 

From  these  we  dedace 

cos  S  sin  /^cos  t  =  sin  r^cos  z  —  cos  r^sin  z  cosA^oo&A 
cos  d  cos  t^  sin  t  =  cos  z^  sin  z  sin  A^  sin  A 

the  diflference  of  which  gives 

cos  d  sin  (<  —  <o)=  —  sin  2:^ cos  z  +  cos  z^sin  r  cos  (A,  —  -4) 

=  sin  (z  —  z^)  —  2  cos  z^  sin  z  sin* }  (A^  — A) 

where,  if  we  neglect  the  last  term  and  denote  t  —  t^hy  ly  and 
z  —  z^hj  I,  we  have  the  formula  for  the  transit  instrument.  To 
obtain  an  expression  for  this  last  term,  we  take  the  relations 

sin  z  cosil  =  cos  ^  %\u  d  —  sin  f  cos  d  cost 
sin  z  sin  ^  =  cos  d  sin  t 

and  combine  them  with 

cos  A^  =  sin  d  sin  L 
0  0 

.        cos  d       sin  d  cos  L 

sm  A.  = =  — ; 

®      cos  f  sm  ^ 

whence 

sin  z  sin  (A^  —  ^)=  sin  ^  <?08  ^  —  sin  ^  cos  d  cos  (f  —  f^) 

=  sin  2dB\n*i(t  —  t^) 

Thus  8in(^j, — A)  is  very  nearly  proportional  to  the  square  of 
sin  ^  {t  —  Qy  and  is,  consequently,  so  small  that  we  may  put 
sin  J  {Aq  — A)  =  ^  sin  (-4,,  —  A)  in  the  last  term  of  the  above  for- 
mula. We  may  also  in  so  small  a  term  put  z^  for  z.  Making  these 
substitutions,  and  writing  /  and  i  for  <  —  t^  and  2  —  Zq^  we  find 

sin  I  =  sin  I  cos  ^  +  J  cot  z^  sin'  2  ^  sin* }  I  (43) 

Since  not  only  sin  ^  J  is  a  small  quantity,  but  also  sin  2i,  it  is 
evident  that  the  last  term  will  be  inappreciable  in  all  practical 
cases.  Thus,  for  the  pole  star,  d  =  88°  30'  and  /  =  30-  =  7°  30', 
this  term  is  only  0".0052cot^<^ 
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For  either  method  of  observation,  therefore,  we  can  regard 
the  formula  sin  i  =  sin  /cos  d  as  entirely  rigorous. 

But  in  either  method  we  must  correct  the  computed  interval  i 
for  refraction.  This  computed  interval  is  the  difterence  of  tho 
tme  zenith  distances  at  the  two  instants  of  transit,  and  the 
micrometer  interval  M  represents  the  difference  of  the  apparent 
zenith  distances  at  these  instants ;  hence,  if  r  and  Tq  are  the  re- 
fractions for  the  zenith  distances  z  and  ^o,  we  shall  have 

ff  ^  »  —  (^  —  r^)  ^  g  —  -gp  ~  (r  —  r^) 
M  M 

If  we  put 

^r  =■  the  difference  of  refraction  for  1'  of  zenith  distance, 

Tre  shall  have 


or,  very  nearly, 
and,  consequently, 


r  — ro  =  (r  —  z,)Ar 


r  —  ro=  MR  ^r 


E  =  ^^E.t.r  (44) 


The  value  of  Ar  may  he  taken  from  the  refraction  tahle  for  the 
zenith   distance  at  the  elongation,  which  will  he  found  by  the 

formula 

sin  tp 


cos  -?.  =    .     , 
*      sm  d 


An  example  of  this  method  will  be  given  in  the  chapter  on 
the  Zenith  Telescope. 

46.  Fourth  Method. — The  angular  distance  of  two  threads  in 
the  focus  of  a  telescope  may  be  directly  measured  with  a  theodo- 
lite. We  have  seen  (Art.  4)  that  the  rays  which  diverge  from 
the  focus  and  fall  upon  the  object  glass  emerge  from  this  glass 
in  parallel  lines.  If  then  these  emerging  rays  be  received  by 
the  lens  of  another  telescope,  they  Avill  be  converged  by  the 
latter  lens  to  its  principal  focus,  where  they  will  form  an  image 
of  the  point  from  which  they  diverged.  Hence,  if  two  telescopes 
are  placed  with  their  optical  axes  in  the  same  straight  line  and 
with  their  objectives  turned  towards  each  other,  we  may  in 
either  telescope  see  the  images  of  threads  at  the  principal  focus 
of  the   other.     K  our  second   telescope  is  connected  with  a 

Vol.  IL— 5 
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vertical  or  horizontal  circle,  as  in  the  theodolite,  the  circle  irmiij 
be  used  to  measure  the  angular  distance  of  the  threads  in  Ibtie 
first. 

First— If  the  micrometer  threads  are  horizontal,  that  is,  per- 
pendicular to  the  vertical  plane  (as  in  the  meridian  circle  when 
the  micrometer  is  arranged  to  measure  differences  of  zenitii 
distance  or  of  declination),  the  telescopes  may  have  any  inclina- 
tion to  the  fiorizon,  and  the  angular  distance  of  two  threads  will 
be  directly  measured  by  moving  the  theodolite  telescope  in  the 
vertical  plane  and  bringing  its  cross-thread  successively  into 
coincidence  with  the  images  of  the  two  micrometer  threads- 
Denoting  the  difference  of  readings  of  the  vertical  circle  in  the 
two  positions  by  A,  and  the  number  of  revolutions  of  the  micro- 
meter screw  between  the  threads  by  M.  we  have  tan  It  = =7 — » 

A  ^ 

or,  very  nearly,  i2  =  p* 

Secondly. — If  the  micrometer  threads  are  parallel  to  a  vertica^  * 
plane  (as  in  the  meridian  circle  when  the  micrometer  is  arrange 
to  measure  differences  of  right  ascension),  the  theodolite  is  place 
as  before,  and  the  angular  distance  of  the  threads  is  measured 
with  the  horizontal  circle.  But,  in  this  case,  if  the  telescopes- 
are  inclined  to  the  horizon  by  the  angle  ;*  (which  is  obtained 
from  the  vertical  circle  of  the  theodolite),  the  angular  distance  Ay 
read  on  the  horizontal  circle,  wnll  exceed  that  of  the  threads  in 
the  ratio  1 :  cos  y  (see  the  theory  of  the  altitude  and  azimuth 

instrument) :  so  that  we  shall  then  have  R  =  — — — 

This  ingenious  method  was  suggested  by  Gauss.* 

47.  Fifth  Method. — When  the  telescope  is  connected  with  a 
graduated  vertical  circle  and  its  micrometer  is  arranged  to  mea- 
sure differences  of  zenith  distance,  the  value  of  the  screw  may 
be  found  by  means  of  this  vertical  circle  as  follows.  Let  the  tele- 
scope be  directed  towards  the  nadir  and  looking  into  a  basin  of 
mercury  immediately  under  it.  The  rays  which  diverge  from  a 
thread  in  the  focus  of  a  telescope  emerge  from  the  objective  in 
parallel  lines;  they  are  therefore  reflected  by  the  mercury  in 

♦  In  1828,  Attron,  JVach.,  Vol.  II.  p.  871.  Rittenhou8B  had  preyiously  (in  1785) 
pointed  out  the  practicability  of  observing  the  threads  of  ono  telescope  through 
another  directed  towards  the  objective  of  the  first,  in  the  TrantacfiotM  of  the  American 
PhUowphical  Society,  Vol.  II.  p.  181. 
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parallel  lines,  so  that  tliey  must  be  converged  by  the  objective 
again  to  the  focus,  where  they  form  an  image  of  the  thread.  It 
is  evident  that  the  distance  of  the  reflected  images  of 
two  micrometer  threads  will  be  the  same  as  that  of 
the  threads  themselves.  Let  then  UO,  Fig.  14,  be  a 
vertical  line  drawn  through  the  centre  0  of  the  ob- 
jective, and  suppose  the  fixed  and  movable  threads  n 
and  m  to  be  at  the  same  angular  distance  from  UO, 
on  opposite  sides  of  it,  or  EChi  =  EOm..  Then  the 
Fays  from  n,  after  passing  through  the  objective,  form 
a  system  of  rays  parallel  to  nO,  and,  after  reflection 
from  the  mercury  (the  surface  of  which  is  perpen- 
dicular to  -BO),  form  a  system  of  rays  parallel  to  Om, 
and  therefore  the  reflected  image  of  7i  is  seen  at  m. 
For  the  same  reason,  the  reflected  image  of  m  is  seen  at  n.  Now 
let  the  telescope  be  revolved  through  an  angle  equal  to  UOn,  so 
as  to  make  the  line  nO  a  vertical  line ;  then  the  image  of  n  will 
be  found  in  the  vertical  line,  and  will,  consequently,  be  seen  in 
coincidence  with  n  itself.  And  if  the  telescope  is  revolved  in  the 
opposite  direction  through  an  angle  equal  to  UOrriy  the  image  of  m 
will  be  brought  into  coincidence  with  itself.  Hence  the  whole 
angular  motion  {A)  of  the  telescope,  as  measured  by  the  vertical 
circle,  between  the  two  positions  in  which  n  and  m  are  seen  in 
coincidence  with  their  own  reflected  images,  respectively,  is  the 
required  angular  distance  of  the  threads ;  and,  the  number  of 
revolutions  of  the  micrometer  screw  between  them  being  M^  we 

have,  as  in  other  cases,  i2  =  -g^- 

We  may,  however,  dispense  with  the  use  of  the  fixed  thread 
in  this  process.  Let  the  movable  thread  be  placed  in  any  part 
of  the  field,  bring  it  into  coincidence  with  its  reflected  image  by 
revolving  the  telescope,  and  read  the  circle.  Then  place  it  in 
any  other  part  of  the  field,  bring  it  i.ito  coincidence  with  its 
reflected  image,  and  read  the  circle.  The  thread  having  been 
moved  through  M  revolutions,  and  the  difference  of  the  circle 
resCdiugs  being  Ay  we  find  H  as  before. 

In  order  that  the  reflected  images  of  the  threads  may  be 
risible,  it  is  found  necessary  to  throw  light  down  the  tube,  that 
is,  from  the  ocular.  For  this  purpose,  one  of  the  eye  pieces 
jcalled  a  coVlimating  or  ncdir  eye  piece)  is  furnished  with  a  reflector, 
placed  at  an  angle  of  45°  with  the  optical  axis,  which  receives 
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light  from  a  lamp  held  on  one  side  and  reflects  it  down  the  tnbe. 
This  reflector  is  sometimes  placed  within  the  eye  piece,  between 
the  two  lenses ;  tlie  light  is  then  received  through  an  aperture 
in  the  side  of  the  eye  tube,  and  the  reflector,  if  made  of  metal, 
is  perforated  in  the  centre  in  order  that  the  field  may  be  visible. 
A  better  plan  is  to  place  a  small  piece  of  very  thin  mica  outside 
the  eye  piece,  between  the  outer  lens  and  the  eye,  and  at  an 
angle  of  45°  with  the  axis.  The  mica,  being  transparent,  does 
not  interfere  with  the  view  of  the  field,  and  is  at  the  same  time 
a  very  perfect  reflector.  This  plan  has  the  advantage  that  the 
mica  reflector  may  be  temporarily  applied  to  any  of  the  eye  pieces 
in  actual  use. 

* 

A  mercury  reflector  used,  as  in  this  case,  to  give  reflected 
images  of  the  threads,  we  shall  hereafter  designate  as  a  mercury 
collimator.* 

48.  Uffect  of  temperature  upon   the  value  of  a  revolution  of  the 
micrometer  screw. — Changes   of  temperature  affect  the  angular 
value  of  a  revolution  of  the  screw  in  two  wayB :  firsty  by  changing 
the  absolute  length  of  the  screw  itself;  secondly^  by  changing  the 
figure  of  the  objective,  and  thereby  also  the  focal  length.     Per- 
haps we  should  add,  also,  the  almost  evanescent  change  in  the 
focal  length  resulting  from  a  change  in  the  refractive  power  o^ 
the  glass.     The  whole  effect,  however,  is  very  small,  and  may  V:>^ 
assumed  to  be  proportional  to  the  change  of  temperature :    ^^ 
that,  if  Rq  is  the  value   of  a  revolution   of  the   screw  for 
assumed  temperature  r^,  E  the  value  for  any  given  temperatu    ^^^ 
r,  we  have 

in  which  x  is  to  be  determined  so  as  to  satisfy  the  observed  valu 
of  R  at  different  temperatures  as  nearly  as  possible,  which 
done  by  the  method  of  least  squares. 


w 


Example. — Suppose   the  following   values   of  R  have  bee 
observed : 

E  ==  26".557,       26".532,       2G".529,       2C".500,         26''.498, 
for  T  =     10°  30°  40°  G2°  75°  (Fahr^  J? 

« 

*  Tlie  use  of  the  mercury  collimator  iu  connection  with  the  nadir  eye  piece  w»^ 
introduced  by  Bounenberoer  in  1825:  v.  Astron.  Nach.^  Vol.  IV.  p.  327. 


J 
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and  it  is  proposed  to  determine  i?^  for  Tq  =  50°.     We  shall  have 

the  equations 

i?,=  26"  657(1— 40  a;) 
B^  =  26  .532  (1  —  20  x) 
i?^c=26  .529(1  —  10  x) 
i?o=26  .500(1  +  12x) 
i?o=26  .498(1  +  25  a;) 

Let  us  assume  iZo=  26.5  +  y  ;  these  equations  become 

1062  X  +  y  —  0".057  =  0 
531x +  3/ —  0  .032  =  0 
265  j;  +  y  —  O  .029  =  0 

—  318x  +  y  +  0  .000  =  0 

—  662x  +  y  +  0  .002  =  0 

Hence,  by  the  usual  process  in  the  method  of  least  squares,  we 
find  the  normal  equations 

2019398  X  +  878  y  —  86".535  =  0 

878x-f      5]/—    0  .116  =  0 

whence 

X  =  +  0.0000355  y  =  +  0".017 

and,  consequently,  B^  =  26".517,  and 

26".517 


R  = 


1  _|_  0.0000355  (r  —  50°) 
As  the  coefficient  of  r  —  50°  is  so  small,  we  may  take 

R  =  26".517  [1  —  0.0000355  (r  —  50°)] 
=  26".517  +  0".000941  (50°  —  r) 

This  gives  for  the  values  of  R  at  the  observed  temperatures, 

R  =  26".555,        26".536,        26".526,        26".504,        26".493 
forT=      10°  30°  40°  62°  75° 

which  agree  with  the  observed  values  within  the  probable  errors 
of  such  determinations. 

49.  The  position  filar  micrometer. — ^When  a  filar  micrometer  is 
attached  to  an  equatorially  mounted  telescope,  there  is  usually 
combined  with  it  a  small  graduated  circle,  the  plane  of  which  is 
parallel  to  that  of  the  micrometer  threads,  by  means  of  which 
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the  angle  which  these  threads,  or  the  transverse  threads,  make 
with  a  declination  circle  may  be  ascertained.  The  micrometer 
then  serves  to  measure  not  only  the  distance  between  two  stars, 
but  also  their  angle  of  posi'lon  ;  that  is,  the  angle  which  the  arc 
joining  the  two  stars  makes  with  a  declination  circle. 

The  index  error  of  the  circle,  or  its  reading  for  the  position 
angle  zero,  is  best  obtained  with  the  telescope  in  the  meridian. 
Let  the  micrometer  be  revolved  until  the  movable  thread  is  per- 
pendicular to  the  meridian,  which  will  be  the  case  when  a  star 
of  pmall  declination  remains  upon  the  thread  throughout  its 
passage  across  the  iield.  The  transverse  thread  will  then  repre- 
sent the  meridian,  and  in  all  other  positions  of  the  telescope,  if 
the  equatorial  adjustment  is  good,  will  represent  a  declination 
circle.*  If  the  reading  of  the  position  circle  is  then  P^j  and 
the  micrometer  is  afterwards  revolved  so  that  its  transverse 
thread  passes  through  two  stars  in  the  field,  and  the  reading 
becomes  P,  the  apparent  position  angle  of  the  stars  is 

p  =  F-P,  (46) 

All  position  angles  should  be  read  from  0  to  360°  in  the  same 
direction.  I  shall  always  suppose  them  to  be  reckoned  from  the 
north  through  the  east. 

50.  I  shall  briefly  notice  some  other  micrometers  hereafter 
(Chapter  X.).  What  has  been  given  in  relation  to  the  filar  micro- 
meter was  necessary  in  this  place  on  account  of  the  connection 
of  this  instrument  with  nearly  eveiy  form  of  telescope. 


THE    LEVEL. 

51.  The  spirit  level  may  here  be  classed  among  the  instru- 
ments for  measuring  small  angles,  inasmuch  as  its  use  in  astro- 
nomy is  not  so  much  to  make  a  given  line  absolutely  level  as  to 
measure  the  small  inclination  of  the  line  to  the  horizon.  It 
consists  of  a  glass  tube,  ground  on  the  interior  to  a  curve  of 
large  radius,  and  nearly  filled  with  alcohol  or  sulphuric  ether. 
(AVater  would  freeze  tuid  burst  the  tube).  The  bubble  of  air 
occupying  the  space  left  by  the  fluid  will  always  stand  at  the 

*  See,  Iiowever,  Chapter  X.  in  case  the  adjustment  of  the  equatorial  telescope  is 
not  quite  exact. 
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highest  point  of  the  curve  of  the  tube;  and  therefore  any 
cliange  of  the  relative  elevation  of  the  two  ends  of  the  tube 
must  be  followed  by  a  corresponding  change  in  the  position  of 
the  bubble.  This  position  of  the  bubble,  therefore,  which  is 
read  off  by  means  of  a  scale,  or  by  graduations  marked  on  the 
tube  itself,  serves  to  measure  all  changes  of  inclination  within 
the  extreme  ranges  of  the  arc  of  the  curve  employed.  The 
larger  the  radius  of  the  curve,  the  more  sensitive  will  the  level 
he.  There  is,  however,  obviously  a  practical  limit  to  the  radius, 
which  is  determined  by  the  kind  of  instrument  to  which  the 
level  is  to  be  applied  and  the  degree  of  accuracy  aimed  at. 

In  order  to  apply  the  level  to  the  horizontal  axis  of  an  instru- 
ment, it  is  either  mounted  upon  two  legs,  the  distance  apart  of 
which  is  nearly  equal  to  the  length  of  the  axis ;  and  tEese  legs 
terminate  in  Vs,  so  that  the  level  bears  only  at  two  points  of  the 
cylindrical  pivots  of  the  axis,  in  which  case  it  is  called  a  striding 
level:  or  it  hangs  from  the  axis  by  arms,  which  are  recurved 
and  terminate  in  inverted  Vs;  and  it  is  then  called  a  hanging 
level. 

Plate  n..  Fig.  4,  represents  a  common  form  of  the  striding 
level,  and  Fig.  5  is  an  end  view  of  the  legs.  The  tube  ef  is  in 
this  level  covered  by  a  larger  glass  tube  abcd^  to  protect  the  fluid 
from  sudden  changes  of  temperature.  These-  are  secured  to  a 
bar  AB^  usually  a  hollow  brass  cylinder,  which  is  connected 
with  the  legs  by  screws  s  and  /,  which  serve  to  adjust  the  rela- 
tion of  the  level  tube  to  the  line  of  bearing  of  the  Vs  of  the 
feet,  as  will  be  explained  hereafter. 

52.  In  order  to  investigate  the  method  of  using  the  level,  let 
us  first  suppose  J&TT,  Fig.  15,  to  be 
a  truly  horizontal  line  on  which 
the  level  AB  rests.  Let  0  be  the 
zero  of  the  graduations ;  e  and  w 
the  ends  of  the  bubble.  Let  the 
length  of  the  bubble  be  21  K 
the  legs  AE  and  BW  were  per- 
fectly  equal,  and  0  were  in  the 

middle  of  AB^  the  readings  of  w?  and  e  from  0  w^ould  be  exactly 
the  same,  and  each  equal  to  l.  But,  if  J5  W  is  the  longer  leg. 
the  bubble  will  stand  nearer  to  B  b}-  a  number  x  of  divisions ; 
and  if  at  the  same  time  the  zero  0  stands  nearer  to  A  than  to  jB, 
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at  a  distance  of  y  divisions  from  the  middle,  then  the  readin 

will  be 

at  M?,  i  +  X  +  y, 

at  e,  I  —  X  —  y. 

If  now  Wis  raised  so  that  EW  becomes  inclined  to  the  horizo 

by  the  angle  6,  the  bubble  will  stand  nearer  to  the  end  Bhj  ^ 

number  z  of  divisions,  so  that  the  whole  readings  at  w  and     ^ 

will  be 

w  =  l  +  x  +  y  +  z  )      ,^^^ 

e  =  l  —  X  —  y  —  z  ) 

To  eliminate  the  errors  z  and  y,  let  the  level  now  be  reversed-^ 
so  that  the  end  A  stands  over  W  and  J5  over  U.  The  errors  :^ 
and  y  will  both  change  sign ;  but,  the  line  UW  being  incline<^ 
as  before,  the  readings  of  the  ends  of  the  bubble  towards  Waxi^ 
E^  respectively,  will  be 


tt/=  I  —  X  —  y  -\-  z 
«'=  I  -\-  X  -{-  y  —  z 

From  the  equations  (47)  and  (48)  we  deduce 

i(M?  —  e)=x  +  y  +  z 

whence 

or 

^—  4 


}      (48) 
}      (49) 


(50) 


whence  the  practical  rule :  Place  the  level  on  the  line  whose  inclina' 
Hon  is  to  be  measured^  and  read  the  divisions  at  the  ends  of  the  bubble  ; 
reverse  the  levels  and  read  again.  Add  together  the  two  readings  lying 
towards  one  etui  of  the  line^  and  also  the  two  readings  lyitig  towards  the 
other  end  of  the  line.  One-fourth  the  difference  of  these  sums  is  ike 
measure  of  the  inclination.  The  line  is  elevated  at  that  end  which 
gives  the  greatest  sum  of  readings. 

This  gives  the  inclination  expressed  in  divisions  of  the  level ; 
the  value  of  the  angle  b  corresponding  to  z  divisions  is  known 
when  the  angular  value  rf  of  a  division  is  known,  so  that 

b  =  dz  (51) 

53.  The  errors  x  and  y  are  inseparable ;  we  can  only  find  their 
iium,  which  is 


LEVEL.  73 

.^^^(jo-ey-O^-^  (52) 

If  the  errors  of  the  level  could  be  regarded  as  constant,  the 
value  of  X  +  y  thus  found  would  enable  us  to  dispense  with  the 
reversal  of  the  level,  since  either  of  the  equations  (49)  would 
then  determine  z;  but  such  constancy  is  never  to  be  assumed. 

54.  For  greater  accuracy,  the  level  may  be  read  a  number  of 
times  in  each  position,  taking  care  to  lift  it  up  after  each  read- 
ing, 80  that  each  observation  may  be  independent  of  the  others. 
The  sums  of  all  the  readings  at  each  end  of  the  bubble  are  to  be 
formed,  and  the  difference  of  these  suras  divided  by  the  whole 
number  of  readings.  The  number  of  readings  in  the  two  posi- 
tions must  be  equal. 

Example  1. 

nent  was  read  as 


A  level 

on  the 

axis  of  a 

transit  instr 

follows : 

w. 

E, 

w  —  e 

1st  Position 

29.1 

31.2 

—    2.1 

2d       " 

35.4 

24.9 

+  10.5 

64.5 

56.1 

4) —12.6 

56.1 

X 

+  y 

—        3.1 

4)   8.4 

z=    2.1 
The  value  of  a  division  was  d=  1".25 ;  and  hence 

b  =  dz  =  2".63 
rhich  is  the  elevation  of  the  west  end  of  the  axis. 

Example  2. 

The  following  readings  were  obtained  with  the  same  instru- 
ment: 


w. 

E, 

Ist  Position 

29.0 

81.3 

2d        '' 

35.4 

24.9 

2d        " 

85.6 

24.6 

Ist       " 

29.2 

81.0 

.129.2 

111.8 

111.8       ' 

8)    17.4 

z  =      2.18  b  =  2".72 
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By  taking  the  first  and  last  observations  in  the  same  position 
of  the  level,  as  in  this  example,  any  small  change  in  the  level 
itself,  occuring  durmg  the  observations,  is  eliminated. 

55.  The  zero  of  the  level  is,  however,  not  always  placed  near 
the  middle  of  the  tube ;  it  may  be  at  one  end  and  the  divisions 
numbered  consecutively  through  the  whole  length  of  the  tube. 
In  this  case,  we  have  only  to  find  the  reading  corresponding  to 
the  middle  of  the  bubble  in  each  position  of  the  level :  the  half 
difference  of  these  readings  will  evidently  be  the  required  incli- 
nation. It  will  be  necessary,  in  the  record  of  the  observation, 
to  note  the  position  of  the  ends  of  the  level,  or  to  indicate  in 
some  manner  the  direction  in  which  the  divisions  increase,  which 
is  usually  effected  most  readily  by  a  conventional  use  of  the 
algebraic  sign,  as  in  the  following 

Example. 

A  level  which  is  graduated  from  the  end  A  towards  the  end  B 
reads  as  follows  when  placed  on  the  axis  of  a  transit  instrument: 


or  thus ; 


w. 

E. 

Reading  of 
middle  of 
bubble. 

+  64.0 
—  10.1 

+  13.5 
—  60.7 

+  38.75 
35.40 

z 

2)  +  3.35 

—  + 1.675 

A  east     +  64.0       + 13.5       +  38.75  +  77.5 

B    "        —10.1       —60.7       —35.40  —70.8 

4)  +  6.7 
2r  =  + 1.675 

Since  in  the  case  of  a  transit  instrument  we  wish  to  find  the 
elevation  of  the  ivest  end  (a  negative  elevation  being  interpreted  as 
a  depression),  we  here  mark  the  level  readings  with  the  positive 
sign  when  they  increase  towards  the  west,  and  with  the  negative 
sign  when  they  increase  towards  the  east.  The  value  of  z  \\ill 
then  be  obtained,  with  its  proper  sign,  by  simply  taking  the 
mean  of  all  the  readings,  as  in  the  last  column  above. 

56.  In  the  above  examples,  the  diameters  of  the  two  pivots  of 
the  axis  on  which  the  level  rests  are  avssumed  to  be  the  same. 
When  this  is  not  the  case,  a  correction  becomes  necessary,  which 
will  be  considered  in  its  place  under  "Transit  Instrument," 
Chapter  V. 
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57.  To  find  the  value  of  a  division  of  (he  level, — This  is  most  readily 
done  by  means  of  a  simple  instrument  called  a  level-trier.  A 
horizontal  bar  is  supported  by  two  feet  at  one  end  and  by  a 
single  foot-screw  at  the  other.  The  level  is  placed  on  the  bar, 
and  the  number  of  turns  of  the  foot-screw  necessary  to  carry  the 
babble  over  any  given  number  of  divisions  is  observed.  The 
angalarvalu^  of  a  turn  of  the  foot-screw  is  known  from  the 
distance  of  its  threads  and  the  length  of  the  bar.  The  head  of 
the  screw  is  graduated  so  that  a  fraction  of  a  turn  may  be  noted. 

We  can  also  determine  the  value  of  a  division  by  attaching 
the  level  tube  to  a  vertical  circle  and  noting  the  number  of 
seconds  on  the  circle  corresponding  to  a  motion  (of  the  circle 
and  level  together)  which  carries  the  bubble  over  a  given  number 
of  divisions.  Thus,  suppose  we  read  the  ends  A  and  J5  of  a  level 
thus  attached  to  a  circle,  and  also  read  the  circle  itself,  as  follows: 


A 

B 

Circle. 

5.0 

40.2 

0*^  0'  40".       • 

41.3 

8.8 

0    1  25  .3 

36.3  36.4  45  .3 

(mean)  36.35  <i==45".3 

d=    r.246 

"When  the  level  is  applied  to  a  telescope  which  is  provided 
with  a  micrometer,  the  value  of  the  divisions  of  the  level  may 
be  found  from  those  of  the  micrometer.  An  example  of  this 
method  will  be  given  in  connection  with  the  Zenith  Telescope, 
Chapter  Vm. 

58.  To  find  the  radius  of  curvature  of  a  level.— Jj^X  n  be  the  length 
of  a  division  in  linear  units,  d  the  value  of  a  division  in  arc, 
fband  as  above ;  then  the  radius  will  be 

n 

r  = 


d  sin  1" 


Suppose  that  in  the  level  of  the  preceding  article  we  have 
n  =  0.103  inch,  then  we  find,  for  this  level,  r  =  17051  inches,  or 
1421  feet. 

59.  The  value  of  a  division  of  a  level  way  be  affected  by  changes  of 
tmperature. — This  will  be  discovered  by  taking  observations  for 
determining  this  value  at  two  temperatures  as  difterent  as  pos- 
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sible.     The  proper  value  to  be  used  for  any  intermec 
perature  will  then  be  found  by  interpolation. 

60.  It  is  also  possible  that  the  radius  of  curvature  of  dr(, 
tions  of  the  tube  may  be  different. — This,  of  course,  is  a  radi 
in  the  construction  of  the  instrument :  its  effect  is  tc 
ferent  angular  values  to  divisions  of  equal  absolute 
different  portions  of  the  tube.  The  existence  of  sue! 
will  be  discovered  by  determining  the  value  of  a  divi: 
pendently  at  various  points;  and  it  is  proper  to  exanii 
levels  in  this  manner.  A  level  thus  defective  should  b< 
as  unfit  for  any  refined  observation ;  but,  if  no  other  ca 
a  careful  investigation  might  determine  a  system  of  c< 
to  be  applied  to  the  different  readings. 

61.  It  remains  to  be' shown  how  to  effect  the  mechanic 
ment  of  .the  level.  1st.  The  bubble  should  stand  neo 
middle  of  the  tube  when  the  level  stands  upon  any  1 
line.  This  is  quickly  brought  about  by  finding  the  en 
level  =  X  +  y,  (as  in  Example  1,  Art.  54)  and  then  tu 
screws  t,  t%  Plate  EL  Fig.  5,  until  the  bubble  has  movec 
this  quantity  in  the  proper  direction.  2d.  The  axis  o1 
should  be  parallel  to  the  line  joining  the  angle  of  the 
feet,  and,  consequently,  parallel  to  the  axis  of  an  instr 
which  it  rests.  This  is  tested  by  slightly  revolving  o 
the  level  on  the  axis  of  the  instrument,  so  that  the 
thrown  out  of  a  perpendicular  on  either  side.  If  the  a: 
level  tube  is  not  parallel  to  the  line  joining  the  fee 
cross-wise  with  respect  to  that  line,  this  revolution  will  < 
bubble  to  change  its  position,  and  it  will  be  easy  to  se 
direction  the  correction  must  be  made.  The  adjustmen 
by  the  screws  s,  s^. 
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CHAPTER  III. 

INSTRUMENTS  FOR  MEASURING  TIME. 

62.  Chronometers. — The  chronometer  is  merely  a  very  perfect 
watch,  in  which  the  balance  wheel  is  so  constructed  that  changes 
of  temperature  have  the  least  possible  effect  upon  the  time  of  its 
oscillation.  Such  a  balance  is  called  a  compensation  balance.  A 
chronometer  may  be  well  compensated  for  temperature  and  yet 
its  rate  may  be  gaining  or  losing  on  the  time  it  is  intended  to 
keep:  the  compensation  is  good  when  changes  of  temperature  do 
not  affect  the  rate.  It  is  not  necessary  that  a  chronometer's  rate 
should  be  zero  (or  even  very  small,  except  that  a  small  rate  is 
practically  convenient);  it  is  sufficient  if  the  rate,  whatever  it  is, 
remains  constant.  The  indications  of  a  chronometer  at  any 
instant  require  a  correction  for  the  whole  accumulated  error  up 
to  that  instant.  If  the  correction  is  known  for  any  given  time, 
together  with  the  rate,  the  correction  for  any  subsequent  time  is 
known.  The  methods  of  finding  these  qijantities  are  given  in 
Vol.  L,  Chapter  V. 

63.  Winding. — ^Most  chronometers  are  now  made  to  run  either 
^ight  days  or  two  days.  The  former  are  wound  every  seventh 
day,  the  latter  daily,  so  that  in  case  the  winding  should  be  for- 
gotten for  twenty-four  hours  the  chronometers  will  still  be  found 
I'unuing.  But  it  is  of  importance  that  they  should  be  wound  regu- 
'^rly  at  stated  intervals ;  otherwise  an  unused  part  of  the  spring 
<^omes  into  action,  and  an  irregularity  in  the  rate  may  result. 

Clironometers  are  wound  with  a  given  number  of  half  turns  of 
|he  key.  It  is  well  to  know  this  number,  and  to  count  in  winding, 
nj  order  to  avoid  a  sudden  jerk  at  the  last  turn:  still  the  chro- 
Jiometer  should  always  be  wound  as  far  as  it  will  gOy  that  is,  until 
^t  resists  further  winding.  This  resistance  is  produced  not  by 
^'le  end  of  the  chain,  but  by  a  catch  provided  to  act  at  the  proper 
time  and  thus  protect  the  chain. 
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Wlien  a  chronometer  has  stopped,  it  does  not  again  start 
immediately  after  being  wound  up.  It  is  necessary  to  give  tlie 
wliole  instrument  a  quick  rotatory  movement,  by  which  the 
balance  wheel  is  set  in  motion.  This  must  be  done  with  care» 
however,  and  with  little  more  force  than  is  necessary  to  produce 
the  result;  afterwards  the  chronometer  must  be  guarded  from  all 
sudden  motions. 

The  hands  of  a  chronometer  can  be  moved  without  injury  to 
the  instrument,  so  that  it  may  be  set  proximately  to  the  true 
time.     It  is,  however,  not  advisable  to  do  this  often. 

64.  Transporting. — Chronometers  transported  on  board  ship 
should  be  placed  as  near  the  centre  of  motion  as  possible,  and 
allowed  to  swing  freely  in  their  gimbals,  so  that  they  may  pre- 
serve a  horizontal  position.  They  should  also  be  kept  as  nearly 
as  possible  in  a  uniform  temperature. 

AVlien  transported  by  land,  the  chronometer  should  no  longer 
be  allowed  to  swing  in  its  gimbals,  but  is  to  be  fastened  by  a 
clamp  provided  for  the  puq)Osc ;  for  the  sudden  motions  which 
it  is  then  liable  to  receive  w^ould  set  it  in  violent  oscillation 
in  the  gimbals,  and  produce  more  eftect  than  if  allowed  to  act 
directly. 

Pocket  chronometers  should  be  kept  at  all  times  in  the  same 
position :  consequently,  if  actually  carried  in  the  pocket  during 
the  day,  they  should  ha  suspended  vertically  at  night. 

It  has  been  found  that  the  rates  of  chronometers  have  been 
affected  by  masses  of  iron  in  their  vicinity,  indicating  a  magnetic 
polarity  of  their  balances.    Such  polarity  may  exist  in  the  balance 
when  it  first  comes  from  the  hands  of  the  maker,  or  it  mav  ^^ 
acquired  by  the  chronometer  standing  a  long  time  in  the  sa^f^^ 
position  with  respect  to  the  magnetic  meridian.      In  order  ^^ 
avoid  any  error  that  flight  result  from  this  polarity  (whoth^^ 
known  or  unknown),  it  will  be  well  to  keep  the  chronomctd^ 
always  in  the  same  position.     ITence,  they  should  not  be  remor^'"^ 
from  the  ship  to  be  rated;  but  their  rates  should  be  found  aft<^'^ 
they  are  placed  in  the  position  they  are  to  occupy. 

The  rate  of  a  chronometer  when  transported  is  seldom  tl^^ 
same  as  when  at  rest.     The  travelling  rate  is  found  by  comparir*^ 
the  observations  taken  at  the  same  place  before  and  after  tl*^ 
iournev,  or  from  observations  at  two  places  whose  difference  c*^ 
longitude  is  perfectly  well  known.     A  list  of  well  determine^ 
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"differences  of  longitude"  is  given  in  Raper's  Practice  of  Nam- 
futhn,  for  the  use  of  navigators  in  finding  the  sea  rates  of  their 
chronometers.     (See  Vol.  I.  Art.  258). 

65.  Correction  far  temperature. — ^An  absolutely  perfect  compensa- 
tion for  temperature  in  chronometers  is  hardly  to  be  expected. 
It  has  been  found*  that  the  average  temperature  compensation 
of  chronometers  is  of  such  a  nature  a«  to  cause  the  instrument  to 
lose  on  its  daily  rate  when  exposed  to  a  temperature  either  above 
or  below  a  certain  point  for  which  the  compensation  is  most 
perfect  Professor  Bond  found  for  a  large  number  of  chronome- 
ters that  if  ^^  be  the  temperature  of  best  compensation,  t>  that  of 
actual  exposure,  the  rate  may  be  expressed  for  a  range  of  20° 
above  and  below  <?oby  the  formula 

m  =  m^+k  (»)  —  ^\y  (53) 

in  which  /:  is  a  constant,  and  has,  with  rare  exceptions,  a  positive 
sign,  and  m^  and  m  are  the  rates  at  the  temperatures  t?^  and  «?, 
respectively ;  losing  rates  being  positive. 

M.  LiEUSSOX,  from  a  very  extended  examination  of  the  per- 
formance of  chronometers  on  trial  at  the  Observatories  of  Green- 
wich and  Paris,  finds  that  the  rate  varies  both  with  the  tempe- 
rature and  with  the  age  of  the  oil  with  w^hich  the  pivots  are 
lubricated.  The  thickening  of  the  oil  tends  to  diminish  the 
amplitude  of  the  vibration  of  the  balance,  and  thus  produces  an 
acceleration  of  the  chronometer.  This  acceleration  is  almost 
exactly  proportional  to  the  time,  so  that  for  any  time  i  the  rate 
may  be  found  by  the  complete  formula 

m  =  7n^+  k  (.>  —  \y  —  k't  (54) 

in  which  k'  is  the  daily  change  of  rate  resulting  from  the  gradual 
thickening  of  the  oil.  The  constants  k  and  k^  wdll  be  different 
for  every  chronometer,  and  are  determined  by  experiment  for 
each  instrument. 

66.  Comparison  of  Chronometers. — ^TVTien   one  or   more   chro- 
nometers are  to  be  regulated  by  means  of  astronomical  observa- 


*  Liiirssoy,  R^cherches  Bur  les  Tariations  de  la  marche  des  pcndules  et  des  chro-  * 
MB^res;  Paris,  lSd4.     G.  P.  Bond,  in  his  report  on  the  longitude  ih  the  Report  of 
tbe  Saperinlendent  U.  S.  Coast  Survey  for  1S54,  App.  p.  141. 
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tfons,  these  obsen^ations  are  made  with  but  one  of  them,  and  the 
corrections  of  all  the  others  are  found  by  comparing  them  with 
this.  On  board  ship  the  chronometers  are  never  brought  on 
deck;  but  the  observations  are  made  with  a  watch  (often  called  a 
"hack-watch**),  which  is  compared  with  the  chronometer  either 
before  or  after,  or  both  before  and  after,  the  observations.  The 
double  comparison  is  necessary  where  extreme  precision  is  re* 
quired,  in  order  to  eliminate  any  difference  of  the  rates  of  the 
watch  and  chronometer. 

Example. 

An  observation  is  recorded  by  a  hack-watch  at  the  time 
10*  12"*  13\3,  and  the  following  comparisons  are  made  with  the 
chronometer.  Required  the  time  of  the  observation  by  the 
chronometer. 

Chron.  8*  17«  0*.  8*  27«  0*. 

Watch  10     8    9.5  10   18   8.0 

Reduction  —  1   61    9 .5  —  1   61   8.0 

Here  the  watch  loses  r.5  in  10^:  hence,  in  4"',  the  time  from  the 
first  comparison  to  the  obser\'ation,  it  loses  1'.5  X  t^  or  O'.G,  so 
that  the  difference  at  the  time  of  the  ob8cr\^ation  is  1*  51*  8*.9: 
therefore  we  have 

Watch  time  of  obs.  =       10*  12-  13*.3 
Reduction  to  chron.  =  —    1   51      8  .9 

Chron.  time  of  obs.   =         8   21      4.4 

Comparison  bj  coincident  beats, — A\nicn  two  chronometers  ^'^^ 
compared  which  keep  the  flame  kind  of  time,  and  both  of  whi^^ 
bent  half  seconds,  it  will  mostly  happen  that  the  beats  of  the  t'^'^ 
instrinncnts  are  not  synchronous,  but  one  will  fall  after  the  otb^^ 
by  a  certain  fraction  of  a  beat,  which  will  be  pretty  nearly  qo^' 
stant,  and  must  be  estimated  by  the  ear.     Tliis  estimate  may  ^J 
made  within  half  a  beat,  or  a  quarter  of  a  second,  without  dif^' 
culty,  but  it  requires  much   practice  to  estimate  the   fracti^^ 
within  O'.l  with  certainty.     But  if  a  mean  time  or  sohr  chr*^' 
nonietcr   is    compared   with   a  sidereal  chronometer,  their  di*' 
ference   may  be    obtained  with   ease    within    one-fweyitieth   of     ^ 
^  second.    Since  V  sidereal  time  is  less  than  1'  mean  time,  the  host^^ 
of  the  sidereal  chronometer  will  not  remain  at  a  constant  fractio^ 
behind  those  of  the  solar  chronometer,  but  will  gradually  gai^ 
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m  them,  bo  that  at  certain  times  thej  will  be  coincident.    Kow, 
f  the  comparison  is  made  at  the  time  this  coincidence  occurs, 
here  will  be  no  fraction  for  the  ear  to  estimate,  and  the  differ- 
mee  of  the  two  instruments  ai  this  time  will  be  obtained  exactly. 
The  only  error  will  be  that  which  arises  from  judging  the  beats 
;o  be  in  coincidence  when  they  are  really  separated  by  a  small 
Taction ;  and  it  is  found  that  the  ear  will  easily  distinguish  the 
3eats  as  not  synchronous  so  long  as  they  differ  by  as  much  as 
[)'.05;  consequently  the  comparison  is  accurately  obtained  within 
that  quantity.     Indeed,  with  practice  it  is  obtained  within  fr-OS, 
or  even  0'.02.     Now,  since  1'  sidereal  time  =  0*.99727  mean  time, 
the  sidereal  chronometer  gains  C. 00273  on  the  solar  chronometer 
in  !•;  and  therefore  it  gains  0*.5  in  183*,  or  very  nearly  in  3*. 
Hence,  once  every  three  minutes  the  two  chronometers  will  beat 
together.*     When  this  is  about  to  occur,  the  observer  begins  to 
count  the  seconds  of  one  chronometer,  while  he  directs  his  eye  to 
the  other;  when  he  no  longer  perceives  any  difference  in  the 
beats,  he  notes  the  corresponding  half  seconds  of  the  two  instru- 
ments. 

Example. 

A  solar  and  a  sidereal  chronometer  were  compared  by  coinci* 
dent  beats,  as  follows: 

Solar  chron.    4*  16-    0'.  4*  19-  10*. 

Sidereal  «        1     8    11.5  1     6    22 . 

Difference        3   12    48.5  3   12    48. 

Here  the  interval  between  the  two  comparisons  being  about  8*, 
the  sidereal  chronometer  has  gained  a  beat.  In  order  to  judge 
of  the  accuracy  of  the  comparisons,  let  us  reduce  the  second  to 
the  time  of  the  first.  The  solar  interval  is,  by  the  solar  chro- 
nometer, 8*10*;  the  corresponding  sidereal  interval  is,  by  the 
tables,  3*  10'.52;  the  second  comparison  reduced  to  the  time  of 
&e  first  stands  as  follows : 

Solar  chron.    4»  16-    0*. 
Sid.        ''         1     3    11.48 

Difference        3   12    48.52 

*  They  win  eitker  beat  together,  or  at  leait  their  heats  will  both  fall  within  a 
>9«flt  of  Ume  equal  to  OM-half  of  O'.O027S. 
VoL.n.-^ 


82  CHROKOMBTERS. 

that  is,  it  agrees  with  the  first  comparison  within  0'.02.  Suppo^^-e 
that  at  the  second  comparison  the  time  when  the  beats  weirr^ 
coincident  was  mistaken,  and  the  observer  made  his  comparis<:^-  ^ 
lO*  later;  he  would  have  had  10*  more  on  each  chronometer,  an  — < 
consequently  would  have  put  down  the  comparison  thus: 

Solar  chron.    4*  19-  20*. 
Sid.        *'  1     6    82. 

The  mean  interval  between  the  comparisons  would  have  beei 
S"*  20*,  and  the  equivalent  sidereal  interval  is  S"*  20'.65,  so  thi 
this  second  comparison  reduced  to  the  time  of  the  first  woul< 
have  stood  thus : 

Solar  chron.    4*  IB*    0*. 

Sid.        «         1     3    11.45 

Difference        1   12    48.55 

that  is,  the  tw^o  comparisons  would  still  have  agreed  within  0*.05^ 
The  obsei'ver  can  in  this  way  satisfy  himself  by  a  few  trials  that^ 
the  two  chronometers  can  really  be  compared  within  O'.OS  with, 
certainty. 

When  two  solar  chronometers  are  to  be  compared  together,  it 
will  be  most  accurately  done  by  comparing  each  with  a  sidereal 
chronometer  by  coincident  beats,  and  reducing  the  comparisons 
as  follows : 

Example. 

Two  solar  chronometers  A  and  B  are  compared  with  a  sidereal 
chronometer  C,  as  below : 

C    6*  13"  20*. 
C    6   15    15. 

Sid.  interval  1    55  . 

B  reduced  to  time  of  ^  =  5   19    18  .31 
Difference  of  il  and  ^    =  0  39      7  .81 

The  intermediate  chronometer  used  for  comparison  is  not 
,  necessarily  a  sidereal  one.  It  may  be  a  mean  time  chronometer 
which  does  not  beat  half  seconds;  for  example,  a  pocket  chro- 
nometer which  beats  13  times  in  6  seconds.  In  this  ease  each 
beat  of  the  pocket  chronometer  is  worth  f^,  and  therefore  differs 
from  that  of  a  chronometer  beating  half  seconds  by  ^  of  a  second. 


A 

4» 

40- 

10'.5 

B 

5 

21 

13. 

: 

1 

54  .69  solar 
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The  inaccuracy  of  a  coincidence  cannot  exceed  this  quantity,  and 
the  comparison  may,  therefore,  also  be  made  within  5'g  of  a  second. 

67.  Probable  error  of  an  interpolated  value  of  a  chronometer  cor- 
reetim. — ^When  the  corrections  a  7"  and  aT'  for  the  times  IT  and  T' 
are  given,  the  correction  for  any  other  time  T  +  t=  T'—  t'  is 
found  by  interpolation.  Denoting  the  rate  by  ST,  and  the 
required  correction  by  x,  we  have 

either  X  =  i^T+t,dT  or  Xz=  ^T  —  f.dT 

Now,  granting  that  the  given  quantities  A^and  aT'  are  perfectly 
correct,  the  interpolated  values  of  x  will  also  be  correct  if  there 
are  no  accidental  irregularities  in  the  going  of  the  chronometer. 
But  such  accidental  irregularities  certainly  exist,  and  tend  to 
diminish  the  weight  to  be  assigned  to  any  interpolated  value  of 
the  correction.  If  the  mean  (accidental)  error  in  a  unit  of  time 
18  e,  the  mean  error  in  the  interval  /  is,  by  the  theory  of  least 
squares,  e|/7,  and  the  weight  is  inversely  proportional  to  the 
square  of  this  error,  that  is,  inversely  proportional  to  i.  We  shall 
have  then 

x=  /^T  +t.dT  with  the  weight  - 

x  =  £^T  —  f.dT    '*       "        «      I 

t 

in  which  k  is  an  undetermined  constant. 

Multiplying  each  value  by  its  weight,  and  dividing  the  sum  by 
the  sum  of  the  weights  (according  to  the  usual  process  in  the 
method  of  least  squares),  we  have 

x  = j-^ ,  with  the  weight  =  hi  —^—  \ 

_^  (65) 

or  with  the  mean  error  =  e  \/- -j 

This  error  is  zero  either  for  <  =  0  or  t'  =  0,  and  is  a  maximum 
for  t  =  t\  that  is,  when  the  correction  is  found  for  the  middle 
time  between  the  two  given  times  T  and  T^. 

68.  If,  however,  the  chronometer  has  accelerated  or  retarded 
oniformly,  the  error  will  obtain  a  different  expression.     Let  the 
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Tate  at  the  time  T  he  8T  and  at  the  time  7"  be  d'T.  The 
acceleration  in  a  unit  of  time  is 

The  rate  at  the  middle  instant  between  T  and  T  +  t  ]b  iT 
+  it.d'^T;  and  at  the  middle  instant  between  T'  and  T'—f 
it  is  d'  T—  J  v.  d"  T;  hence  we  have 

Multiplying  the  first  by  <',  the  second  by  ^,  and  dividing  the  sum 
of  the  products  by  t  +  t'y  we  have 

or 

^^f.Ar  +  rAr_^^^,y  (57) 

whence  it  appears  that  the  error  of  the  value  obtained  by  simple 
interpolation,  or  upon  the  supposition   of  a  uniform  rate,    i* 
\it'.  d"T^  and  this  error  is  also  a  maximum  for  the  middle  instai^^ 
between  T'and  T',  when  t  =  V^  and  vanishes  for  t  =  (}  or  i'=  ^' 

69.  Every  chronometer  has,  moreover,  its  own  peculiariti^^ 
which  render  the  application  of  any  formula  for  weight  more  C^ 
less  uncertain.     Struve  found  that,  for  the  greater  number  o^ 
the  chronometers  which  he  tried,  the  mean  error  of  an  interpc^ 

lated  value  of  their  corrections  could  be  expressed  by  the  empii 

tf        ,       , 
cal  formula  e ;•  difFerins:  from  the  above  theoretical  formula 

t  +  f  ^ 

by  the  omission  of  the  radical  sign.     {Expedition  Chronomctrique^ 
p.  101.) 

70.  Chcks. — The  astronomical  clock  is  provided  with  a  com- 
pensation pendulum,  by  which  the  effect  of  temperature  is  even 
more  completely  eliminated  than  in  chronometers.  The  only 
forms  in  use  are  the  Harrison  (the  gridiron)  and  the  mercurial 
pendulum. 

In  the  gridiron  pendulum  the  rod  is  composed  (in  part)  of  a 
number  of  parallel  bars  of  steel  and  brass,  so  connected  together 
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that  the  expansion  of  the  steel  bars  produced  by  an  increase  of 
temperature  tends  to  depress  the  "-bob"  of  the  pendulum,  the 
greater  expansion  of  the  brass  bars  tends  to  raise  it,  so  that  when 
the  total  lengths  of  the  steel  and  brass  bars  have  been  properly 
adjusted  a  perfect  compensation  occurs,  and  the  centre  of  oscil- 
.  lation  remains  at  a  constant  distance  from  the  point  of  suspen- 
•ion.  The  rate  of  the  clock,  so  far  as  it  depends  upon  the  length 
of  the  pendulum,  will  therefore  be  constant 

In  the  mercurial  pendulum,  the  weight  which  forms  the  bob 
IB  other  cases  is  replaced  by  a  cylindrical  glass  vessel  nearly 
filled  with  mercury.  With  an  increase  of  temperature  the  rod 
lengthens,  but  the  mercury  expanding  must  rise  in  the  cylinder, 
ao  that  when  the  quantity  of  mercury  is  properly  proportioned 
to  the  length  of  the  rod  the  centre  of  oscillation  remains  at  the 
same  distance  from  the  point  of  suspension.  K  a  clock  is  to  be 
exposed  to  sudden  changes  of  temperature,  the  gridiron  pendulum 
^11  be  preferable  to  the  mercurial,  as  the  large  body  of  mercury 
'Will  obtain  the  temperature  of  the  air  more  slowly  than  the 
tUn  metal  rods. 

In  setting  up  the  clock  the  chief  point  to  be  observed  is  that 

its  alternate  beats  are  exactly  equal.     The  pendulum  usually 

carries  a  pointer  at  its  lower  extremity  which  indicates  upon  an 

arc  below  the  pendulum  the  extent  of  a  vibration.      Let  the 

pendulum  be  drawn  towards  one  side  gently,  until  a  tooth  of  the 

escapement  wheel  is  just  freed,  and  mark  the  point  of  the  arc  at 

which  tliis  occurs;  then  let  the  pendulum  be  drawn  towards  the 

other  side,  and  mark  the  point  of  the  arc  at  which  a  tooth  escapes. 

Find  the  middle  point  A  of  the  included  arc.     Then  let  the 

pendulum  come  to  rest  in  a  vertical  position:  if  the  pointer  is  on 

A  the  adjustment  is  correct,  and  the  vibrations  on  each  side  will 

be  isochronous ;  if  not,  the  clock  case  must  be  moved  until  the 

vertical  pendulum  is  directed  exactly  towards  A.     The  equality 

of  the  vibrations  may  also  be  tested  by  the  electro-chronograph, 

hereafter  described. 

What  has  been  said  above  respecting  the  comparison  of  chro- 
nometers will  apply,  with  scarcely  any  modification,  to  that  of 
docks,  or  of  a  clock  with  a  chronometer. 

In  the  observatory,  a  clock  regulated  to  sidereal  time  is  the 
indispensable  companion  of  the  transit  instrument.  The  standard 
or  normal  clock  of  an  observatory  is  carefully  mounted  upon  a 
rtone  pier  which  is  disconnected  from  the  walls  or  floors  of  the 
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building,  and  also  protected  as  much  as  possible  from  ehang< 
of  temperature.  For  the  latter  purpose  it  is  sometimes  imbedded 
in  a  stone  pier,  in  an  air-tight  compa^ment  below  the  surface 
of  the  ground.  Struve  found  that  the  changes  of  barometric 
pressure,  by  varying  the  resistance  which  the  air  opposes  to  the 
motions  of  the  pendulum,  caused  a  variation  in  the  rate  of  the 
normal  clock  of  the  Pulkowa  Observatory  of  0'.32  for  a  variation 
of  one  English  inch  of  the  barometer.* 

71.  The  ekctrchchronograph, — This  contrivance  may  be  regarded 
as  an  appendage  of  the  astronomical  clock,  and  bearing  the  same 
relation  to  it  that  the  reading  microscope. bears  to  a  divided 
circle  ;  for  its  chief  use  is  to  subdivide  the  seconds  of  the  clock, 
and  thus  to  measure  micrometrically  the  smallest  fractions  of 
time.  In  order  to  effect  this  micrometric  subdivision,  the  clock 
beats  are  converted  from  audible  into  visible  signals,  which  are 
recorded  on  paper  by  means  of  an  electro-magnet.  The  instant 
of  the  occurrence  of  any  phenomenon  is  also  registered  by  a 
visible  signal  on  the  same  paper,  and  thus  referred  to  the  pre- 
ceding clock  beat  with  great  precision.  This  general  statement 
covers  a  great  variety  of  special  contrivances  leading  to  the  same 
end.  We  shall  here  treat  only  of  those  which,  thus  far,  have 
been  most  used. 

72.  The  simplest  form  of  register  is  that  known  on  our  tele- 
graphic lines  as  Morse's,  in  which  a  fillet  of  paper  is  reeled  off 
at  a  uniform  velocity  by  means  of  a  train  of  wheels  moved  by  a 
weight.  The  fillet  passes  over  a  small  cylinder  and  just  under 
a  hard  steel  point,  or  pen  (as  it  is  called,  for  brevity),  which  is  so 
connected  with  the  armature  of  an  electro-magnet  that  whenever 
the  electric  circuit  of  the  galvanic  batterj'  is  established,  the  pen 
is  pressed  upon  the  paper  and  leaves  a  visible  mark.  The  wire 
from  one  pole  of  the  battery  which  passes  around  the  electro- 
magnet does  not  return  directly  to  the  other  pole,  but  first  passes 
through  the  clock,  where,  by  a  contrivance  presently  to  be 
described,  the  circuit  is  broken  and  restored  at  every  second. 
The  Morse  fillet  in  running  oft',  therefore,  receives  an  impression 
every  second,  and  thus  becomes  graduated  into  spaces  represent- 
ing seconds.     These  spaces  are  greater  or  less  according  to  the 

*  Description  de  Vobtervatoire  aitronomique  central  de  Foulkova,  p.  220. 
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velocity  with  which  the  paper  runs  off;  an  inch  per  second  is 
even  more  than  sufficient,  as  it  is  easy  to  divide  an  inch  into  fifty 
parts  by  a  scale,  even  without  the  aid  of  a  magnifier. 

It  is  of  importance  that  the  paper  should  run  off  with  a  uni- 
fonn  velocity;  at  least,  no  sudden  changes  of  velocity  should 
occur.  In  the  Morse  register  this  regularity  is  maintained  by  an 
ordinary  fly-wheel.  In  the  spring-governor ^  invented  by  the 
Messrs.  Bond,  a  fly-wheel  and  pendulum  are  both  used.  The 
pendulum  sechres  the  condition  that  the  seconds  shall  be  of  the 
8ame  length,  while  the  fly  is  supposed  to  maintain  a  uniform 
motion  during  the  second.  In  this  and  in  other  chronographic 
instruments  there  is  substituted  for  the  fillet  a  sheet  of  papeir 
wrapped  about  a  cylinder  which  makes  one  revolution  per  minute. 
As  the  cylinder  revolves,  a  fine  screw  causes  it  to  move  also  in 
the  direction  of  its  length,  so  that  the  pen  records  in  a  perpetual 
spiral,  and  when  the  paper  is  removed  from  the  cylinder  the 
successive  minutes  are  found  recorded  in  successive  parallel 
lines.  One  such  sheet  will  contain  the  record  of  upwards  of 
two  hours'  work.  This  cylindrical  register  is 'preferable  to  the 
Morse  fillet  for  most  chronographic  purposes,  on  account  of  the 
convenience  with  which  the  sheets  may  be  read  oft*  and  filed 
away  for  subsequent  reference. 

hi  Saxton's  cylindrical  register  the  movement  is  regulated  by 
a  combination  of  the  crank  motion  with  the  vibration  of  two 
pendulums. 

Professor  Mitchel  employed  a  circular  disc  upon  which  the 
successive  minutes  occupied  concentric  circles,  each  of  which 
was  graduated  into  seconds  with  great  precision  by  connection 
with  the  clock. 

73.  The  connection  of  the  clock  with  the  register  is  made  in 
one  of  two  ways ;  either  so  as  to  break  the  circuit  every  second, 
or  so  as  to  make  it. 

The  method  most  used  of  causing  the  clock  to  break  the 
circuit  is  that  suggested  by  Mr.  Saxton,  of  the  Coast  Survey. 
ACB^  Fig.  16,  is  a  small  and  very  light  "  tilt-hammer,'*  usually 
made  of  platinum  wire,  mounted  upon  a  pivot  C,  so  that  the  end 
A  shall  slightly  preponderate  and  rest  upon  a  platinum  plate  JE. 
The  end  B  is  bent  into  an  obtuse  angle.  The  wire  -Pfrom  one 
pole  of  the  galvanic  battery  is  constantly  connected  with  the  tilt- 
hammer  through  the  metallic  support  -D.     Another  wire  G  is 
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connected  with  the  plate  JE^  and  gc 

first  to  the  eiectro-magtiet  of  the  regisl 

and  thence  to  the  other  pole  of  the  bi 

tery.     This  apparatus  is  placed  in  t 

clock  case  in  front  of  the  pendulum  Pj 

with  the  vertex  of  the  angle  £  in  a  v< 

tical  line  below  the  point  of  saspensi) 

P.    A  small  pin  N  projecting  from  t: 

pendulum  rod  passes  over  the  angle 

r       I'l        "^ \\  at  each  vibration  of  the  pendulum,  an 

)^       t'^  \\         by  thus  depressing  the  end  B  of  the  ti 

^  \  \\        hammer,  raises  the  end  A  from  the  pla 

^and  breaks  the  circuit,  which  oth< 
wise  is  complete  through  the  connecti' 
of  the  portion  AC  of  the  tilt-hamra 
with  both  the  wires  F  and  G.  The  i 
terval  of  time  during  which  the  circi 
is  broken  will  be  longer  or  shorter  accoi 
ing  as  the  pin  iV"  Strikes  the  sides  of  the  angle  B  farther  from 
nearer  to  its  vertex.  It  may  be  adjusted  so  that  the  break  shi 
last  but  one-tWentieth  of  a  second,  or  for  a  shorter  time 
required. 

Now,  if  the  pen  of  the  register  is  kept  pressed  upon  the  pap 
by  the  attraction  of  the  electro-magnet,  it  is  clear  that  the  brea 
produced  by  the  clock  will  produce  corresponding  breaks  in  t 
continuous  line  made  by  the  pen,  and  the  paper  will^  be  grad 
ated  into  seconds,  thus : 


But  if  the  pen  is  pressed  upon  the  paper  by  a  spring  actii 
against  the  attraction  of  the  magnet,  then  each  break  produc 
by  the  clock  will  give  a  corresponding  short  mark  on  the  pap 
with  an  intervening  blank,  so  that  the  paper  will  be  graduat 
into  seconds,  thus: 


The  first  of  these  methods  is  commonly  preferred. 

In  the  cylindrical  registers  a  pen  carrjing  ink  is  used,  and  tl 
breaking  of  the  circuit  by  the  clock  does  not  cause  the  pen 
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rise  from  the  paper,  but  moveB  it  laterally ;  in  this  case  the  paper 
is  graduated  into  seconds,  thus: 


Dr.  Locks  also  employed  a  tilt-hammer  for  breaking  the  cir- 
cuit; but  the  hammer  was  worked  by  the  teeth  of  a  wheel  placed 
on  the  axis  of  the  escapement  wheel  of  the  clock. 

At  the  Washington  Observatory,  the  record  on  the  paper  of 
the  cylindrical  registers  has  also  been  made  by  fine  punctures 
produced  by  a  needle  point.  The  needle  has  a  little  play  which 
prevents  its  resisting  the  motion  of  the  cylinder  during  the  time 
required  for  the  needle  to  enter  and  leave  the  paper. 


74.  The  most  simple  method  by  which  the  pendulum  makes 
the  circuit'  at  each  beat  is  also  the  suggestion  of  Mr.  Saxton. 
A  small  globule  of  mercury  is  placed  just  below  the  pendulum, 
as  at  ^,  Fig.  17,  upon  a  metallic  support  which  by 
the  wire  F  is  in  connection  with  one  pole  of  the 
battery.  Another  wire  G  is  connected  with  the 
metallic  support  of  the  pendulum  rod  at  P,  and  is 
connected  with  the  other  pole  of  the  battery  through 
the  electro-magnet.  A  fine  point  m  upon  the  ex- 
tremity of  the  pendulum  passes  through  the  globule 
it  each  vibration  and  establishes  the  electric  cir- 
cuit, for  a  small  fraction  of  a  second,  through  the 
pendulum  itself.  The  effect  will  be  to  graduate 
the  paper  in  one  of  the  above  mentioned  ways 
accordhig  to  the  arrangement  of  the  register. 

75.  Having  thus  obtained  a  graduated  visible 
time-scale,  its  application  to  the  exact  recording  of 
an  astronomical  observation  is  very  simple.  We 
have  only  to  let  one  of  the  wires  in  connection  with 
the  magnet  pass,  on  its  way  to  the  battery,  ihrovgh 
tk  hand  of  tlie  observer^  where  the  circuit  may  be 
broken  and  restored  at  pleasure.  A  small  piece 
of  apparatus  called  a  signaUktff  is  used  for  this  purpose.  It  con- 
iists  of  a  piece  of  wood,  five  or  six  inches  in  length,  Fig  18,  on 
which  is  fastened  a  metallic  spring  AB^  which  by  a  very  slight 
pressure  of  the  finger  can  be  brought  into  contact  with  a  metallic 
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Fig.  18. 


plate  at  C     Conceive  the  wire  in  its  circuit  from  the  magnet  to 

the  battery  to  be  severed  at  the  key;  let 
one  end  Fhe  connected  with  the  spring 
ABy  the  other  end  G  with  the  plate  C. 
The  continuity  of  the  wire  may  be  re- 
garded as  restored  whenever  the  spring 
is  pressed  into  contact  with  the  plate  C 
This  constitutes  a  make-^ircuU  key.  It  is  easy  to  see  how  the 
arrangement  may  be  reversed,  so  that  by  pressing  the  spring  the 
continuity  of  the  wire  is  interrupted,  constituting  a  break-circuU 
key,  Now,  whenever  the  observer  taps  on  his  key  he  will  pro- 
duce upon  his  graduated  time  scale  a  mark  similar  to  that  of  the 
clock,  but  mostly  distinguishable  from  it.  For  example,  on  a 
Morse-fillet,  and  with  a  break-circuit  key,  we  have 


2&« 


26* 


27» 


28* 


29« 


30* 


Sl« 


9» 


Here,  at  Ay  is  a  record  of  an  astronomical  observation  occurring 
between  the  30th  and  31st  second.  By  a  scale  of  equal  partB,  we 
find  the  distance  of  A  from  30*  is  0.61  of  the  distance  from  30* 
to  31',  and  hence  the  instant  of  the  observation  is  30'.61. 

In  order  to  identify  the  seconds  on  the  register,  a  peculiar 
mechanical  contrivance  (which  need  not  be  described  here)  is 
employed,  by  means  of  which  one  of  the  breaks  is  omitted  at 
the  beginning  of  each  minute  of  the  clock ;  thus,  for  example : 


56* 


f)7« 


f)8« 


50« 


(6*  13«) 


2« 


,?• 


The  observer  has  only  to  identify  the  minute  and  write  it  on  the 
fillet,  as  in  this  example.  For  greater  security,  sometimes,  every 
fifth  minute  is  also  distinguished  by  the  omission  of  two  consecu- 
tive breaks,  thus : 


67* 


68* 


09* 


(11*  25«) 
0" 


A  record  on  a  cylindrical  register  stands  thus: 


40* 


41» 


42* 


43* 


45* 


4e« 


47» 


A 


AS* 


where  the  observ^ation  A  occurs  at  44*.71.  The  observer's  signal 
is  generally  distinguishable  from  the  clock  signals,  as  in  this 
example,  by  its  form. 
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In  all  the  forms  of  recording  it  must  be  observed  that  the 
beginning  of  the  break,  or  dot,  marks  the  point  of  time  recorded. 

In  order  to  read  off  the  record  with  the  greatest  convenience,  a 
glass  scale  is  used,  on  which  are  etched  eleven  equidistant  parallel 
lines,  dividing  the  second  of  the  chronograph  into  tenths;  the 
hundredths  are  obtained  by  estimation.     (Plate  L  Fig.  3.) 

When  the  length  of  a  second  on  the  register  is  greater  than 
the  perpendicular  distance  of  the  extreme  lines  of  the  scale,  we 
have  only  to  place  the  scale  obliquely  on  the  line  of  seconds, 
always  causing  their  extreijae  lines  to  pass  through  two  consecu- 
tive second  dots.  Sometimes  the  lines  on  the  scale  are  made 
divergent;  it  is  then  always  applied  so  that  the  line  of  seconds 
shall  be  perpendicular  to  tlie  middle  line  of  the  scale,  and  at  the 
point  where  the  distance  of  the  extreme  lines  is  equal  to  the 
length  of  the  second.     (Plate  I.  Fig.  2.) 

76.  When  the  pen  of  the  chronograph  is  made  to  press  upon  the 
paper  by  the  attraction  of  the  electro-magnet  upon  its  armature, 
a  certain  small  fraction  of  time  elapses  after  the  closing  of  the 
circuit  (by  the  clock  or  by  the  observer)  before  the  signal  is 
actually  impressed  upon  the  paper.  This  time  is  called  the 
ernuUure  time.  If  it  were  certainly  constant,  and  the  same  for  the 
dock,  signals  and  for  those  of  the  observer,  it  would  have  no 
effect  upon  the  difference  of  time  between  any  two  recorded 
phenomena.  But  the  armature  time  probably  varies  both  with 
the  strength  of  the  battery  and  the  length  of  the  wire  through 
which  the  electric  current  passes.  The  variable  error  which 
would  thus  be  introduced  into  our  results  is  avoided,  or  at  least 
very  much  reduced  in  magnitude,  by  employing  break-circuit 
agnals  exclusively ;  for  the  interval  of  time  between  the  breaking 
of  the  circuit  and  the  cessation  of  the  action  of  the  magnet  is  pro- 
Vably  smaller  and  more  constant  than  that  between  the  making 
of  the  circuit  and  the  commencement  of  the  action  of  the  magnet. 

77.  To  give  the  reader  a  just  appreciation  of  the  degree  of 
lecuracy  attained  in  the  recording  of  time  by  the  chronograph, 
fall  size  specimens  of  the  records  on  three  different  kinds  of 
registers  are  given  in  Plate  I.  Figs.  4  and  5  are  specimens  of 
dodc  sisals  as  recorded  on  a  Morse-Fillet  and  Saxton*s  Cylin- 
drical Register  used  on  the  United  States  Coast  Survey.  Fig. 
(  is  a  specimen  *of  clock    signals   and    a   number  of   actual 
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observationB  of  stars'  transits  recorded  on  Boin>*8  Bpring-OoTe^ 
nor  Register,  which  has  been  obligingly  furnished  bj  ProfesBor 
G.  P.  BoxD.  Figs.  2  and  8  exhibit  in  fiill  mze  the  manner  in 
which  the  glass  scales  for  reading  these  records  are  ruled.  Kg. 
1  exhibits  the  reticule  of  a  transit  instrument,  provided  with 
twenty*five  transit  threads,  for  determining  the  longitude  hj  the 
electric  telegraph.    (Vol.  L,  p.  844). 


CHAPTER  IV, 

THK  SEXTANT,  AND  OTHER  REFLECTING  IKSTRUXENTS. 

78.  The  sextant,  of  all  astronomical  instruments,  is  the  most 
especially  adapted  to  the  purposes  of  the  navigator  and  the 
scientific  explorer,  as  it  is  at  once  portable  and  extremely  simple 
of  manipulation,  requires  no  fixed  support,  and  furnishes  its  data 
with  the  least  expenditure  of  the  time  of  the  observer.  Beiag 
held  in  the  hand,  and  having  small  dimensions,  the  extreme 
accuracy  of  fixed  inetnimcnts  is  not  to  be  expected  from  it,  bnt 
in  the  IuiikIs  of  a  practised  observer  the  precision  of  the  results 
obtained  with  it  is  often  surprising.* 

79.  The  optical  principle  upon  which  the  sextant  and  other 
refloctin*?  instruments  are  founded  is  the  following:  "If  a  ray  of 
light  suffers  two  successive  rcfiections  in  the  same  plane  by  two 
plane  mirrors,  the  angle  between  the  first  and  last  directions 
of  the  ray  is  twice  the  angle  of  the  mirrors." 

Let  iWand  m,  Fig.  19,  be  the  two  mirrors.  Since  the  direct 
and  reflected  rays  are  always  found  in  a  plane  perpendicular 
to  the  reflecting  surface, — called  the  platie  of  reflection^ — it  follows 
that,  after  two  successive  reflections  from  two  surfaces,  the  last 
direction  of  the  ray  will  be  found  in  the  same  plane  as  the  first 
only  when  the  plane  of  reflection  is  perpendicular  to  both  mirrors. 
In  the  diagram,  let  the  plane  of  reflection  be  that  of  the  paper, 

*  The  first  inventor  of  the  eeztant  (or  quadrant)  was  Newton,  among  whose  papers 
a  description  of  such  an  instrument  was  found  after  his  death;  not,  however,  until 
after  its  re-invention  by  Thomas  Godfrey,  of  Philadelphia,  in  1730,  and,  perhaps, 
by  Hadlbt,  in  1781. 
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the  lines  M  and  m  being  the  intersections  of  this  plane  with  the 
surfaces  of  the  minx)rs.    Let  AM 
be  the  direct  ray  falling  upon  the  x^  **"  ^  * 

mirror  My  which  we  shall  first  sup- 
pose to  lie  in  the  direction  MC; 
let  Mm  be  the  direction  of  the  ray 
after  the  first  reflection,  and  mE 
its  direction  after  the  second  re- 
flection. Draw  MB  parallel  to 
Enij  MP  perpendicular  to  MCy 
and  Mp  pei*pendicular  to  the  mir- 
ror m.  The  angle  AMB  is  the 
difference  of  the  first  and  last  di- 
rections of  the  ray.  The  angle 
PMp  is  the  same  as  the  angle 
contained  by  the  mirrors,  being  obviously  equal  to  MCm.  We 
have,  therefore,  to  prove  that  AMB  =  2PMp. 

If  we  conceive  a  perpendicular  drawn  at  m,  parallel  to  JWp,  we 
easily  see  that  pMm  is  equal  to  the  angle  of  incidence  of  the  ray 
JUm  falling  upon  m,  and  pMB  is  equal  to  the  angle  of  reflection 
of  the  same  "ray ;  and  since  these  angles,  by  a  principle  of  Optics, 
are  equal,  we  have 

pMm  =  pMB  =  PMp  +  PMB 

But,  on  the  same  principle,  we  have 

PMm  =  PMA  =AMB  +  PMB 

The  diflerence  of  these  two  equations  gives 

PMp  =  AMB  —  PMp 
whence 

AMB  =  2PMp 

80.  In  order  to  apply  this  principle,  let  the  mirror  M  be  at- 
tached to  an  index  arm  MCIy  which  revolves  upon  a  pivot  at 
M  in  the  centre  of  a  graduated  arc  OIN,  and  let  m  be  perma- 
nently secured  in  a  fixed  position  at  right  angles  to  the  plane  of 
this  arc.  Let  MO  be  the  direction  of  the  central  mirror  and  of 
the  mdex  arm  when  it  is  parallel  to  the  fixed  mirror  m,  and  let 
the  graduation  of  the  arc  commence  at  0.  In  this  position,  an 
incident  ray  5-3f  from  a  distant  object  5  will  be  reflected  first  to 
m  and  then  in  the  direction  mE,  which  will  be  parallel  to  the 
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first  direction  BM.  If  then  the  object  is  so  distant  that  two  rays 
from  it,  jBJ/and  6/yj,  falling  upon  the  two  mirrors,  will  be  sensibly 
parallel,  an  obserN'^ers  eye  at  J&will  receive  both  the  direct  ray 
brn  and  the  reflected  ray  mU  at  the  same  time.  Hence  the  ob> 
6er\'er  will  sec  two  images  of  the  same  object — a  direct  and  % 
reflected  imago — in  coincidence. 

In  the  next  place,  let  the  mirror  M  be  revolved  into  the  posi- 
tion MCI  J  in  which  a  ray  AM  from  a  second  object  A  is  reflected 
finally  into  the  line  mE.  The  observer  now  sees  the  direct  image 
of  the  object  B  in  apparent  coincidence  with  the  reflected  image 
of  the  object  A.  The  angular  distance  AMB  of  the  two  objects 
is  then  equal  to  twice  the  angle  of  the  mirrors,  that  is,  to  twice 
MCm  or  to  t^ice  OML  The  arc  0/,  which  measures  this  angle, 
is  then  the  measure  of  one-half  the  angular  distance  of  the 
objects.  If  the  arm  3// carries  a  vernier  at  /,  the  exact  valae 
of  the  arc  will  be  obtained.  In  order  to  avoid  the  noeessitv  of 
doubling  this  value  after  reading,  a  half  degree  of  the  arc  is 
numbered  as  a  whole  degree :  thus,  an  arc  of  60®  is  divided  into 
120  equal  parts,  each  of  which  is  reckoned  as  a  degree.  As  the 
index  arm  3// cannot  pass  beyond  the  position  MnxN^  where  it 
comes  against  the  fixed  mirror,  it  is  not  found  practicable,  in  this 
form  of  the  instrument,  to  extend  the  arc  OD  much  beyond  60®, 
and  it  is  from  this  circumstance  that  the  instrument  derives  its 
name. 

81.  Plate  ni.  Fig.  1  represents  the  most  common  form  of  the 
sextant  constructed  upon  these  principles. 

The  frame  is  of  brass,  constructed  so  as  to  combine  strength 
with  lightness ;  the  graduated  are,  inlaid  in  the  brass,  is  usually 
of  silver,  sometimes  of  gold,  or  platinum.  The  divisions  of  the 
arc  arc  usually  10'  each,  which  are  subdivided  by  the  vernier  to 
10".  The  handle  H^  by  which  it  is  held  in  the  hand,  is  of 
wood.  The  mirrors  J/ and  m  are  of  plate  glass,  silvered.  The 
upper  half  of  the  glass  m  is  left  without  silvering,  in  order  that 
the  direct  rays  from  a  distant  object  may  not  be  intercepted.  To 
give  greater  distinctness  to  the  images,  a  small  tglescope  E  is 
l>laced  in  the  line  of  sight  mE.  It  is  supported  in  a  ring  KK^ 
which  can  be  moved  by  means  of  a  screw  in  a  direction  at  right 
angles  to  the  plane  of  the  sextant,  whereby  the  axis  of  the  tele- 
scope can  be  directed  either  towards  the  silvered  or  the  trans- 
parent part  of  the  mirror.     This  motion  changes  the  plane  of 
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reflection,  which,  however,  remains  always  parallel  to  the  plane 
of  the  sextant :  the  use  of  the  motion  being  merely  to  regulate 
the  relative  brightness  of  the  direct  and  reflected  images. 

The  vernier  is  read  with  the  aid  of  a  glass  i2  attached  to  an 
arm  which  turns  upon  a  pivot  S,  and  is  carried  upon  the  index 
bar. 

The  index  glass  M^  or  central  mirror,  is  secured  in  a  brass 
frame,  which  is  firmly  attached  to  the  head  of  the  index  bar  by 
screws  a,  a,  a.  This  glass  is  generally  set  perpendicular  to  the 
plane  of  the  sextant  by  the  jnaker,  and  there  are  no  adjusting 
screws  connected  with  it. 

TJie  fixed  mirror  m  is  usually  called  the  horizon  glass^  being 
that  through  which  the  horizon  is  observed  in  taking  altitudes. 
It  is  usually  provided  with  screws  by  which  its  position  with 
respect  to  the  plane  of  the  sextant  may  be  rectified. 

At  P  and  Q  are  colored  glasses  of  diflferent  shades,  which  may 
be  used  separately  or  in  combination,  to  defend  the  eye  from 
the  intensje  light  of  the  sun. 

I  shall  first  treat  of  those  common  adjustments  of  the  sextant 
which  the  observer  is  obliged  to  attend  to  in  the  ordinary  use 
of  the  instrument,  and  shall  afterwards  treat  fully  of  its  mathe- 
matical theory. 

82.  Adjustment  of  the  index  glass. — The  reflecting  surface  of  the 
glass  must  be  perpendicular  to  the  plane  of  the  sextant.  The 
simplest  test  of  its  perpendicularity  is  the  following.  Set  the 
index  near  the  middle  of  the  arc ;  then,  placing  the  eye  very 
nearly  in  the  plane  of  the  sextant,  and  near  the  index  glass, 
observe  whether  the  arc  seen  directly  and  its  reflected  image  in 
the  glass  appear  to  form  one  continuous  arc,  which  will  be  the 
case  only  when  the  glass  is  perpendicular.  The  glass  leans  for- 
loard  or  bciekward  according  as  the  reflected  image  appears  too 
high  or  too  low.  It  may  be  corrected  by  putting  a  piece  of  paper 
under  one  edge  of  the  plate  by  which  the  glass  is  secured  to  the 
index  arm,  first  loosening  the  screws  a,  a,  a  (PI.  lEL  Fig.  1)  for 
that  purpose.  Or  we  may  make  the  adjustment,  as  it  is  done 
by  the  instrument  makers,  by  removing  the  glass  and  filing 
down  one  of  the  metallic  points  against  which  the  glass  bears 
when  secured  in  its  frame. 

83.  AdjusimerU  of  the  horizon  glass. — ^This  must  also  be  perpen- 
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dicular  to  the  plane  of  the  sextant.  The  index  glass  havmg 
been  previou8ly  ac^usted,  if  by  revolving  it  (by  means  of  the 
index  arm)  there  is  found  one  position  in  which  it  is  paimllei 
to  the  horizon  glass  the  latter  must  also  be  perpendicular  to  the 
plane  of  the  sextant  The  test  of  this  parallelism  is  the  following. 
Put  in  tlie  telescope,  and  direct  it  towards  a  star.  Move  the 
iudex  until  the  reflected  image  of  the  star  appears  to  pass  the 
direct  image.  If  one  image  passes  exactly  over  the  other,  it 
will  be  possible  to  bring  botli  into  exact  coincidence,  so  as  to 
form  but  a  single  image ;  and  it  is  evident  that  when  tUs  coin- 
cidence takes  place  the  mirrors  must  be  parallel:  If  one  image 
passes  on  either  side  of  the  other,  the  horizon  glass  needs  ^ad- 
justment. 

The  perpendicularity  of  the  horizon  glass  may  also  be  tested 
as  follows.  Hold  the  instrument  so  that  its  plane  shall  be  nearly 
vertical,  and  bring  the  direct  and  reflected  images  of  the  sea 
horizon  into  coincidence.  Then  incline  the  instrument  until  its 
plane  makes  but  a  small  angle  with  the  horizon  ;.  if  the  imageB 
still  coincide,  the  two  glasses  are  parallel :  consequently,  if  the 
index  glass  is  pcipendicular  to  the  plane  of  the  sextant,  the 
horizon  glass  is  also  in  adjustment 

Any  distant  and  well  defined  terrestrial  object  may  be  substi- 
tuted for  the  Htar  or  the  sea  horizon.  A  star,  however,  is  to  be 
preferred ;  and  ,one  of  the  tliird  magnitude  will  afford  greater 
precision  than  the  brighter  ones. 

84.  Adjmiment  of  the  telesrope. — The  sight-line  of  the  telescope 
must  be  parallel  to  the  plane  of  the  sextant.  Two  parallel  wires 
or  threads  are  placed  in  the  telescope,  which  are  to  be  made 
parallel  to  the  plane  of  the  sextant  by  revolving  the  sliding 
tube  containing  them;  then  all  contacts  or  coincidences  of 
images  are  to  bo  made  midway  between  these  two  wires.  The 
sight-line  of  the  sextant  telescope  is,  therefore,  a  line  drawn 
through  the  optical  centre  of  the  object  lens  and  the  middle 
point  between  these  parallel  threads. 

Select  two  objects  from  100°  to  120°  apart,  as  the  sun  and 
moon,  and  bring  the  reflected  image  of  one  into  contact  with 
the  direct  image  of  the  other,  at  the  thread  nearest  the  plane  of 
the  instrument ;  then  move  the  instrument  so  as  to  throw  the 
images  upon  the  other  thread;  if  the  contact  remains  perfect, 
the  line  of  sight  midway  between  the  threads  is  parallel  to  the 
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plane  of  the  sextant.  K  the  limbs  of  the  two  objects  appear  to 
separate  on  the  thread  farthest  from  the  instrument,  the  object 
end  of  the  telescope  droops  towards  the  sextant ;   otherwise  it 

It  is  to  be  observed  that  when  the  telescope  is  adjusted  and 
two  images  are  bi-ought  into  contact  at  either  thread,  they  will 
not  be  in  contact  in  the  middle  of  the  field,  but  will  there  over- 
lap; consequently,  the  reading  of  the  sextant  will  be  less  for  a 
contact  in  the  true  sight-line  in  the  middle  of  the  field  than 
for  one  on  either  side.  If  the  telescope  is  out  of  adjustment,  the 
middle  of  the  field  is  no  longer  in  the  true  sight-line,  and  the 
contacts  observed  there  give  angles  which  are  too  great.  The 
correction  for  a  given  inclination  of  the  telescope  will  be  inves- 
^gated  in  a  subsequent  article. 

This  adjustment  may  also  be  examined  as  follows.     Place  the 
sextant  horizontally  on  a  table,  and  place  two  small  metallic 
lights  -4,  A  (Fig.  20)  on  the  arc.     At 
a  distance  of  at  least  15  or  20  feet,  let  **     \>^ 

a  well  defined  mark  be  placed  so  as 
to  be  in  the  same  straight  line  with 
the  npper  edges  of  ilie  sights,  and  in 
SQch  a  position  that  it  may  also  be  seen  through  the  telescope. 
The  top  edges  of  the  sights  should  be  at  the  same  distance  from 
the  plane  of  the  sextant  as  the  axis  of  the  telescope.  The 
threads  of  the  telescope  being  made  parallel  to  the  plane  of  the 
sextant,  the  mark  should  be  seen  in  the  middle  between  them. 

Tlie  adjustment  of  the  telescope  when  necessary  is  eflTected 
by  means  of  two  small  opposing  screws  in  the  ring  which 
carries  it. 

85.  l^he  index  correction. — ^Having  made  the  preceding  adjust- 
ments, it  is  necessary  to  find  the  point  of  the  graduated  arc  at 
which  the  zero  of  the  vernier  falls  when  the  two  mirrors  are 
parallel;  for  all  angles  measured  by  the  instrument  are  reckoned 
from  this  point  (Art.  80).  If  this  point  is  to  the  left  of  the 
actual  zero  of  the  scale  by  a  quantity  r,  all  readings  in  the  arc 
will  be  too  great  by  r;  if  it  is  to  the  right  of  the  actual  zero,  all 
readings  will  be  too  small  by  the  same  quantity.  If  we  wish 
the  reading  to  be  zero  when  the  mirrors  are  parallel,  we  must 
place  the  zero  of  the  vernier  on  the  zero  of  the  arc,  and  then 
revolve  the  horizon  glass  about  a  vertical  line,  until  the  direct 
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and  reflected  imageB  of  the  same  object  eoineide^  Some  ioBbi- 
ments  are  provided  with  a  pair  of  opposing  ecrewa  by  whidi  ilut 
revolution  can  be  effected ;  but  in  others  no  snch  a^iostment  k 
po^ible.  In  fact,  the  a^jnstment  is  onneceseaiy,  as  we  en 
always  detennine  the  correction  to  be  applied  to  onr  readings  to 
reduce  them  to  what  they  would  be  if  the  a^justmait 
made.    This  mUx  correetkm  is  found  as  follows ; 

1st  Bjf  a  ^ter.—- Bring  the  direct  and  reflected  images  of  a 
into  coincidence,  and  read  off  the  arc.  The  index  correetion  ii 
numerically  equal  to  this  reading,  and  is  positiTe  or  negstite 
according  as  the  reading  is  on  the  right  or  this  left  of  the  mo. 
For  example,  the  direct  and  reflected  images  of  a  star  bong  in 
coincidence,  we  read  on  the  arc  6^  SO^^;  then,  calling  the  indei 
correction  x,  we  have 

In  another  sextant  the  direct  and  reflected  images  of  a  star 
being  in  coincidence,  we  read  on  the  extra  are  2'  40" ;  then 

This  method  may  be  used  with  the  sea-horizon  instead  of  a 
Btar,  but  not  with  ^eat  precision. 

2d.  Bj/  the  sun. — Measure  the  apparent  diameter  of  the  sun  by 
first  bringing  the  upper  limb  of  the  reflected  image  to  teach  the 
lower  limb  of  the  direct  image ;  and  again  by  bringing  the  lower 
limb  of  the  reflected  image  to  touch  the  upper  limb  of  the  direct 
image.  Denote  the  readings  in  the  two  cases  by  r  and  r';  then, 
if  5  =  the  apparent  diameter  of  the  sun  and  J?  is  the  reading  of 
the  sextant  when  the  two  images  are  in  coincidence,  we  have 

r  =zR  +  8 

f=R^B 

whence 

and  the  index  correction  is  a:  =  —  i?.  The  practical  rule  derived 
from  this  is  as  follows.  If  the  reading  in  either  case  is  on  the 
arc,  mark  it  with  the  negative  sign ;  if  off  the  arc  (f.  e.  on  the  extra 
arc),  mark  it  with  the  positive  sign ;  then  the  index  correction  is 
one-half  the  algebraic  sum  of  the  two  readings.  For  example, 
we  have  read  as  follows : 
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On  the  arc  —  31'  20" 
Oflf  the  arc  -J-  33   10 

+     1   60 

x  =  +    0'65" 

TTe  have  s  =  i{r  —  r'):  hence,  if  the  observations  are  good,  we 
ought  to  find  that  half  the  algebraic  difference  of  the  readings  is 
€qual  to  the  sun's  diameter  as  given  in  the  Ephemeris  on  the  day 
of  the  observation.  -But,  in  order  that  this  comparison  may  be  a 
good  criterion,  we  should  measure  the  sun's  horizontal  diameter, 
vhich  is  not  sensibly  affected  by  refraction.     (Vol.  I.  Art.  134.) 

In  order  to  obtain  the  index  correction  with  the  greatest  pre- 
cision, the  mean  of  a  number  of  measures  of  the  sun's  diameter 
ehould  be  taken. 

Example. — March  15,  1858,  the  following  measures  of  the 
sun's  horizontal  diameter  were  taken : 


On  the  arc. 

Off  the  are. 

~  81'  20" 

+ 

33'  10" 

«     10 

"      0 

"     15 

'*    20 

«    25 

"    15 

«    20 

"    10 

"    20 

"    10 

Means       31   18.3 

+ 

33  10  .8 

— 

31  18  .3 

ar  =  +  56".3 
Obserred  sun's  diameter,  $  =  32'  14". 6 
By  the  Ephemeris,  5  =  32    13  .3 

86.  To  measure  the  angular  distance  of  two  objects  with  the  sextant, — 

Place  the  threads  of  the  telescope  parallel  to  the  plane  of  the 

instrument.     Direct  the  telescope  towards  the  fainter  of  the  two 

objects,  and  revolve  the  sextant  about  the  sight-line  until  its 

plane  produced  passes  through  the  other  object,  observing  to 

have  the  index  glass  on  the  side  towards  this  object.     Then 

move  the  index  until  the  reflected  image  of  the  second  object  is 

nearly  in  contact  with  the  direct  image  of  the  first ;  clamp  the 

index,  and  make  an  exact  contact  (at  the  middle  point  between 

the  threads)  by  means  of  the  tangent  screw.     The  reading  of  the 

arc  will  be  the  instrumental  distance:  applying  to  this  the  index 

correction  according  to  its  sign,  the  result  will  be  the  observed 

distance. 


4991^5  ^^ 
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In  order  to  make  a  good  observation,  it  is  important  that  ih0 
two  images  whose  contact  is  observed  should  be  equally  bright 
Hence,  we  direct  the  telescope  towards  the  fainter  object,  so  that 
it  may  be  the  brighter  one  >vhich  suffers  the  double  reflection. 
But  in  observing  tlie  distance  of  the  moon  from  a  star  it  Mill 
generally  be  found  that,  even  after  the  double  reflection,  the  image 
of  the  moon  is  so  bright  that  the  star  will  appear  very  indistinct 
unless  the  telescope  is  raised  (by  the  screw  for  that  purpose)  so 
that  the  sight-line  is  directed  through  the  transparent  part  of  the 
horizon  glass ;  for  then,  a  portion  of  the  reflected  rays  from  the 
moon  being  lost,  the  intensity  of  its  light  is  rendered  more 
nearly  equal  to  that  of  the  star.     When  the  distance  of  the  sua 
and  moon  is  observed,  the  telescope  is  usually  directed  towards 
the  moon,  and  the  intensity  of  the  sun's  rays  is  diminished  by 
putting  one  or  more  of  the  colored  shades  between  the  index  and 
horizon  glasses.     It  will  be  found  liecessary  in  this  case  also  to 
regulate  the  distance  of  the  telescope  from  the  plane  of  the 
instrument,  in  order  to  give  the  image  of  the  moon  the  same 
intensity  as  that  of  the  sun.     It  is  a  common  error  of  inexpe- 
rienced observers  with  the  sextant  to  have  the  images  too  bright. 
It  is  essential  to  a  good  observation,  Ist,  that  the  images  be  well 
defined  by  carefully  adjusting  the  focus  of  the  telescope;  2d,  that 
they  be  so  faint  as  not  in  the  least  to  fatigue  the  eye,  yet  perfectly 
distinct;  3d,  that  their  intensities  should  be  as  nearly  as  possible 
equal. 

In  the  case  of  the  moon  and  a  star,  we  observe  the  distance  of 
the  star  from  that  point  of  the  moon's  bright  limb  which  lies  in 
the  great  circle  joining  the  star  and  the  moon's  centre.  To 
ascertain  that  this  point  has  actually  been  brought  into  contact 
with  the  star,  the  sextant  must  be  slightly  revolved  or  vibrated 
about  the  sight-line  (which  is  directed  towards  the  star),  thus 
causing  the  moon  to  sweep  by  the  star;  the  limb  of  the  moon 
should  appear  to  graze  the  star  as  it  passes,  or,  rather,  the  limb 
should  pass  through  the  centre  of  the  star's  light,  for  in  the 
feeble  telescope  of  the  sextant  the  star  does  not  appear  as  a  well 
defined  point. 

In  the  case  of  the  moon  and  a  planet  we  bring  the  reflected 
image  of  the  moon's  limb  to  the  estimated  centre  of  the  planet. 

In  the  case  of  the  moon  and  the  sun,  the  contact  of  the  nearest 
limbs  is  observed,  vibrating  the  instrument  as  above  stated,  and 
Oiaking  the  limbs  just  touch  as  they  pass  each  other. 
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It  facilitates  the  observation  of  lunar  distances  to  set  the  index 

approximately  upon   the   angular  distance  before  commencing 

the  observation.     The  approximate  distance  for  a  given  time 

may  be  found  from  the  Ephemeris  (see  Vol.  I.  Art  65) ;  the  dis- 

lauce  thus  found  is  in  the  case  of  the  sun  and  moon  to  be 

diminished  by  the  sum  of  the  semidiameters  of  the  two  bodies 

(say  32'),  and  in  the  case  of  the  moon  and  a  star  or  planet  it  is 

to  be  diminished  or  increased  by  the  moon's  semidiameter  (say 

16'),  according  as  the  bright  limb  is  nearer  to  or  farther  from  the 

rtar  than  the  moon's  centre.     This  proceeding  is  also  a  check 

against  the  mistake  of  employing  the  wrong  star. 

87.   To  observe  the  altitude  of  a  celestial  body  with  the  sextant  and 
artificial  horizon. — The  artificial  horizon  is  a  small  rectangular 
shallow*  basin  of  mercury,  over  which  is  placed  a  roof,  consisting 
of  two  plates  of  glass  at  right  angles  to  each  other,  to  protect  the 
mercury  from  agitation  by  the  wind.     The  mercury  affords  a 
perfectly  horizontal  surface  which  is  at  the  same  time  an  excel- 
lent mirror.*     If  MN  (Fig.  21)  is  the  horizontal 
surface  of  the  mercury,  SB  a  ray  of  light  from  a 
star,  incident  upon  the  surface  at  J3,  BA  the  re- 
flected ray,  then  an  observer  at  A  will  receive 
the  ray  BA  as  if  it  proceeded  from  a  point  S' 
whose  angular  depression  MBS'  below  the  hori- 
zontal plane  is  equal  to  the  altitude  SBM  of  the 
star  above  that  plane.     If  then  SA  is  a  direct  ray 
from  the  star,  parallel  to  &B,  an  observer  at  A 
can    measure  with  the   sextant  the  angle  SAS' 
=  SBS'=2SBM,  by  bringing  the  image  of  the 
gtar  reflected  by  the  index  glass  into  coincidence 
with  the  image  5'  reflected  by  the  mercury  and  seen  through 
theliorizon  glass.     The   instrumental   measure,   corrected   for 
index  error,  will  be  double  the  apparent  altitude  of  the  star. 

The  sun's  altitude  will  be  measured   by  bringing  the  lower 

*  Obflerrere  are  sometimes  annoyed  by  impurities  in  the  mercury  which  float  on 
Iti  Bmrfmee,  and  imagine  that  it  is  important  to  have  very  pure  distiUed  mercury. 
I  hmwe  foand  it  preferable  to  use  mercury  amalgamated  with  tin  (a  few  square 
Micfcca  of  tin  foil  added  to  the  mercury  of  an  ordinary  horizon  will  answer).  When 
ibe  Bicreurj  is  poured  out,  a  scum  of  amalgam  will  cover  its  surface :  this  scum  can 
W  drmwii  to  one  side  of  the  basin  with  a  card  or  the  smooth  edge  of  a  folded  piece 
of  paper,  leaving  a  perfectly  bright  reflecting  surface,  entirely  free  even  from  the 
miaotest  particles  of  dust. 


102  SEXTANT. 

limb  of  one  image  to  touch  the  upper  limb  of  the  other.  Half 
the  corrected  instrumental  reading  will  be  the  apparent  altitude 
of  the  sun's  loicer  or  upper  limb,  according  as  the  nearest  or 
farthest  limbs  of  the  direct  and  reflected  suns  were  brought  into 
contact.     For  examples,  see  Vol.  I.  Arts.  145,  151,  &c. 

Li  observations  of  the  sun  with  the  artificial  horizon,  the  eye 
is  protected  by  a  single  dark  glass  over  the  eye  piece  of  the 
telescope,  thereby  avoiding  the  errors  that  might  possibly  exist 
in  the  dark  glasses  attached  to  the  frame  of  the  sextant. 

The  glasses  in  the  roof  placed  over  the  mercury  should  be 
made  of  plate  glass  with  perfectly  parallel  faces.  If  they  are  at 
all  prismatic,  the  observed  altitude  will  be  erroneous.  The  error 
may  be  removed  by  observing  a  second  altitude  with  the  roof  in 
reversed  position,  and,  in  general,  by  taking  one-half  of  a  set 
of  altitudes  with  the  roof  in  one  position  and  the  other  half  with 
the  roof  in  the  reverse  position.  It  is  easily  proved  that  the 
error  in  the  altitude  produced  by  the  glass  will  have  diflTerent 
signs  for  the  two  positions :  so  that  the  mean  of  all  the  altitudes 
will  be  free  from  this  error. 

Instead  of  the  mercurial  horizon,  a  glass  plate  is  sometimes 
used,  standing  upon  three  screws,  by  means  of  which  it  is  levelled, 
a  small  spirit  level  being  applied  to  the  surface  to  test  its  hori- 
zontality.  The  lower  surface  of  the  plate  is  blackened,  so  that 
the  reflexion  of  the  celestial  object  takes  place  only  at  the  upper 
surface. 

88.  In  the  observation  of  the  altitude  of  a  star  with  the  arti- 
ficial horizon,  it  requires  some  practice  to  find  the  image  of  the 
star  reflected  from  the  sextant  mirrors;  and  sometimes,  when 
two  bright  stars  stand  near  each  other,  there  is  danger  of  em- 
ploying the  reflected  image  of  one  of  them  for  that  of  the  other. 
A  very  simple  method  of  avoiding  this  danger,  by  which  the 
observation  is  also  facilitated,  has  been  suggested  by  Professor 
Knorre,  of  Russia.*  From  very  simple  geometrical  considera- 
tions it  is  readily  shown  that  at  the  instant  when  the  two  images 
of  the  same  star— one  reflected  from  the  artificial  horizon,  the 
other  from  the  sextant  mirrors — are  in  coincidence,  the  inclina- 
tion of  the  index  glass  to  the  horizon  is  equal  to  the  inclination 
of  the  sight-line  of  the  telescope  to  the  horizon  glass,  and  is, 

♦  Astron.  yach..  Vol.  VII.  p.  262. 
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therefore,  a  constant  angle^  which  is  the  same  for  all  stars.  If, 
therefore,  we  attach  a  si^pall  spirit  level  to  the  index  arm,  so  as  to 
make  with  the  index  glass  an  angle  equal  to  this  constant  angle, 
the  bubble  of  this  level  will  play  when  the  two  images  of  the 
star  are  in  coincidence  in  the  middle  of  the  field  of  view.  With 
a  sextant  thus  furnished,  we  begin  by  directing  the  sight  line 
towards  the  image  in  the  mercury;  we  then  move  the  index 
until  tlie  bubble  plays,  taking  care  not  to  lose  the  image  in  the 
mercury ;  the  reflected  image  from  the  sextant  mirrors  will  then 
be  found  in  the  field,  or  will  be  brought  there  by  a  slight 
vibratory  motion  of  the  instrument  about  the  sight  line. 

It  is  found  most  convenient  to  attach  the  level  to  the  stem 
which  carries  the  reading  glass,  as  it  can  then  be  arranged  so  as 
to  revolve  about  an  axis  which  stands  at  right  angles  to  the  plane 
of  the  sextant,  and  thus  be  easily  adjusted.  This  ifdjustment  is 
effected  by  bringing  the  two  images  of  a  known  star,  or  of  the 
sun,  into  coincidence,  then,  without  changing  the  position  of 
the  instrument,  revolving  the  level  until  the  bubble  plays. 

89.  Observations  on  shore  may  be  rendered  more  accurate  by 
means  of  a  stand  to  which  the  sextant  can  be  attached,  and 
which  is  so  arranged  that  the  sextant  can  be  placed  in  any 
required  plane  and  there  firmly  held.  The  manipulation  must  be 
learned  from  the  examination  of  the  stands  themselves,  which 
are  made  in  various  forms. 

90.  On  account  of  the  feeble  power  of  the  sextant  telescope 
and  consequent  imperfect  definition  of  the  sun's  limb,  the 
apparent  diameter  of  the  sun  is  somewhat  increased.  This  error, 
however,  may  be  removed  by  taking  the  mean  of  two  sets  of 
altitudes,  one  of  the  lower  limb  and  one  of  the  upper  limb. 

91.  To  measure  an  altitude  of  a  celestial  object  from  the  sea  horizon. 
— Direct  the  telescope  towards  that  part  of  the  horizon  which  is 
beneath  tlie  object.  Move  the  index  until  the  image  of  the 
object  reflected  in  the  sextant  mirrors  is  brought  to  touch  the 
horizon  at  the  point  immediately  under  it.  To  determine  this 
point,  the  observer  should  move  the  instrument  round  to  the 
right  and  left  (by  a  swinging  motion  of  the  body,  as  if  turning 
on  his  heel),  and  at  the  same  time  vibrate  it  about  the  sight  line, 
taking"  care  to  keep  the  object  in  the  middle  of  the  field  of  view ; 
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the  object  will  appear  to  sweep  in  an  arc  the  lowest  point  of 
which  must  be  made  to  touch  the  horizon,  by  a  suitable  motion 
of  the  tangent  screw. 

In  general,  altitudes  for  determining  the  time  should  be  taken 
when  the  altitude  varies  most  rapidly ;  and  this  is  near  the  prime 
vertical  (See  Vol.  I.  Arts.  143  and  149.)  If  the  object  is  the 
sun,  the  lower  limb  is  usually  brought  to  touch  the  horizon ;  if 
the  moon,  the  bright  limb. 

The  apparent  altitude  of  the  point  observed  is  found  by  cor- 
recting the  sextant  reading  for  the  index  error,  and  subtracting 
the  dip  of  the  horizon.  (Vol.  I.  Art.  127.)  To  obtain  the  ap- 
parent altitude  of  the  sun's  or  moon's  centre,  we  must  also  add 
or  subtract  the  apparent  semidiameter.    (Vol.  I.  Art  135.) 

92.  As  the  sea  horizon  is  often  enveloped  in  mist,  even  when 
the  celestial  bodies  are  visible,  various  attempts  have  been  made 
to  obtain  an  artificial  horizon  adapted  for  use  on  shipboard. 
The  simplest  apparatus  heretofore  proposed  for  the  purpose  is 
that  of  Capt.  Bkcher,  of  the  English  Navy.  "  Outside  the  horizon 
glass  of  the  sextant  is  a  small  pendulum  about  an  inch  and  a 
half  long,  suspended  in  oil  (in  order  to  check  its  sudden  oscilUr 
tions) ;  to  the  pendulum  is  attached  a  horizontal  arm,  carrying 
at  the  inner  end  a  slip  of  metal  which  is  seen  in  the  field  of  the 
telescope  at  the  usual  focus,  and  whose  upper  edge  when  it  coin- 
cides with  a  given  line  is  the  true  horizon.  The  error  is  easily 
determined  bv  a  known  altitude,  and  is  the  same  for  all  altitudes. 
The  apparatus,  which  is  in  a  very  compact  form,  is  easily  attached 
to  any  reflecting  instrument,  and  is  shipped  and  unshipped  at 
pleasure.  A  lamp  is  attached  for  observing  at  night"*  With 
this  apparatus,  when  the  motion  of  the  ship  is  not  too  great,  an 
altitude  can  be  obtained  withm  5'  by  a  practised  observer ;  and 
this  is  often  sufficient. 

93.  Method  of  observing  equal  allitudes  with  the  sextant. — Some 
observers  set  the  sextant  at  pleasure,  and  note  two  instants, 
namely,  the  contact  of  the  nearest  and  farthest  limbs  of  the  two 
images  of  the  sun  (one  from  the  sextant,  and  the  other  from  the 
mercurial  horizon),  both  morning  and  evening,  without  touching 

♦  Raper's  Practice  of  Navigadoity  2d  edition,  p.  151.  It  does  not  appear,  how« 
fever,  how  the  slip  of  metal  behind  the  horizon  glass  could  be  distinctly  seen  in  th« 
^eld  of  the  teUscope.     A  plain  tube  must  be  used. 
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the  index  in  the  mean  time.  With  a  star  they  obtain  but  one 
obsen'ation  on  each  side  of  the  meridian.  This  practice  is  de- 
signed to  secure  the  condition  that  the  altitudes  observed  before 
and  after  meridian  shall  be  absolutely  identical,  which  may  not 
be  the  case  of  the  index  if  the  sextant  is  moved  and  brought 
back  again  to  the  same  reading.  The  errors  to  be  feared,  how- 
ever, from  not  setting  the  index  correctly  on  a  given  reading, 
are,  in  general,  so  much  less  than  errors  of  observation,  that  it 
in  better  to  saciifice  this  merely  theoretical  consideration  for  the 
sake  of  multiplying  the  observations.  The  following  method 
will  be  found  convenient  in  practice. 

Ist.  For  (he  sun. — In  the  morning,  bring  the  lower  limb  of  the 

sun,  reflected  from  the  sextant  mirrors,  and  the  upper  limb  of 

that   reflected  from  the  mercurj',   into    approximate   contact; 

move  the  0  of  the  vernier  forward  (say  about  10'  or  20')  and  set 

•  it  on  a  division  of  the  Uuib;  the  images  will  now  appear  over- 

lapped^  and  will  be  separating;  wait  for  the  instant  of  contact: 

note  it  by  the  chronometer,  and  immediately  set  the  vernier  on 

the  next  division  of  the  limb,  that  is,  10'  in  advance ;  note  the 

instant  of  contact  again,  and  proceed  in  the  same  manner  for  as 

many  observations  as  are  thought  necessary.     If  the  sun  rises 

too-  rapidly,  let  the  intervals  on  the  limb  be  20'. 

Now,  find  (roughly)  the  time  when  the  sun  will  be  at  the  same 
altitude  in  the  aftenioon,  and  just  before  that  time  set  the  vernier 
on  the  last  altitude  noted  in  the  morning  (of  course  employing 
the  same  sextant) ;  the  images  will  be  separated^  but  will  be  ap- 
pntachmg ;  wait  for  the  instant  of  contact;  note  it  by  the  chro- 
nometer ;  set  the  vernier  back  to  the  next  division  of  the  limb 
(10'  or  20%  as  the  case  may  be);  note  the  contact  again,  and  so 
proceed  until  all  the  A.M.  altitudes  have  been  again  noted  as 
P.M.  altitudes. 

If,  instead  of  noting  the  times  directly  by  the  chronometer,  a 
watch  is  employed  (compared  with  the  chronometer  both  before 
and  after  each  observation),  it  will  generally  be  found  necessary 
to  allow  for  its  gain  or  loss  on  the  chronometer,  so  as  to  obtain 
the  eicact  difference  between  the  two  at  the  instant  of  observation. 
The  mean  of  all  the  A.M.  chronometer  times  and  the  mean  of 
aU  the  corresponding  P.M.  times  are  regarded  as  two  simple  obser- 
vations of  the  same  altitude^  and  the  computation  proceeds  from 
these  according  to  the  method  and  example  of  Vol.  I.  Art.  140. 
2d.  For  a  star. — Set  the  sextant,  and  note  the  coincidences  of  tiie 
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two  imagcB  of  the  Btar  in  the  eame  manner  as  the  contacts  of  th^ 
sun's  limbs  are  oberved. 

In  selecting  stars  for  this  observation,  it  is  to  be  observed  thaC 
the  nearer  the  zenith  the  star  passes,  the  less  may  the  elapseiC 
time  be ;  and  when  the  star  passes  exactly  through  the  zenith, 
the  two  altitudes  may  be  taken  within  a  few  minutes  of  each 
other.  But  with  the  ordinary  sextants  altitudes  near  90®  cannot 
be  taken  with  the  artificial  horizon,  as  the  double  altitude  is  then 
nearly  180°.  The  prismatic  sextants  and  circles  of  Pistor  and 
Martins  are  adapted  for  measuring  angles  of  all  magnitudes  up 
to  180°,  and  are,  therefore,  especially  suitable  for  these  observa- 
tions. 

94.  To  examine  the  colored  glasses. — The  two  faces  of  any  one  of 
the  colored  glasses,  or  shades,  may  not  be  parallel.  The  glasses 
then  act  like  prisms  with  small  refracting  angles,  which  change- 
the  direction  of  the  rays  passing  through  them,  and,  consequently, 
vitiate  the  angles  measured.  To  examine  them,  measure  the 
sun's  diameter  with  a  suitable  combination  of  shades ;  then  in- 
vert one  of  the  shades,  turning  it  ibout  on  an  axis  perpendicular 
to  the  plane  of  the  sextant,  and  repeat  the  measure ;  the  half " 
difference  of  the  two  measures  will  be  the  error  produced  by 
that  shade.  A  number  of  measures  must,  of  course,  be  taken  in 
both  positions  of  the  shade,  in  order  to  eliminate  accidental 
errors  of  observation. 

In  order  to  save  the  necessity  of  this  examination,  the  shades 
are  so  aiTanged  in  Pistor  and  Martins'  sextants  that  they  may 
be  instantaneously  reversed.  We  have  then  only  to  take  one-half 
of  a  set  of  observations  with  one  position  of  the  shades,  and  the 
other  half  with  the  reverse  position,  and  take  the  mean  of  all  the 
measures,  in  order  fully  to  eliminate  the  errors  of  these  glasses. 

95.  To  find  the  constant  angle  between  the  sight  line  and  the  per* 
pendicular  to  tlie  horizon  glass, — A  knowledge  of  the  value  of 
this  angle  will  be  useful  in  following  out  the  theory  of  the 
errors  of  the  sextant  in  the  subsequent  articles.  It  varies  in 
different  instruments,  and  must  be  found  for  each  by  a  special 
examination.  Let  the  sextant  be  placed  on  a  firm  horizontal 
support ;  direct  the  sight  line  towards  a  distant  object  B,  Fig. 
22,  and  bring  the  two  images  of  the  object  into  coincidence. 
The  mirrors  M  and  m  are  then  parallel ;  and,  if  we  put 
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f  =  the  angle  between  the  sight  line  and  the  perpendicular 
to  the  horizon  giasSi 


we  have 


£Mm  =  MmE=2fi 


Fig.  22. 


We  have,  therefore,  only  to  find  some  means  of  measuring  the 
angle  ^if 771.  Leaving  the  sextant  in 
it8  present  position,  place  a  theodolite 
in  the  line  Mm  produced,  with  its  tele- 
scope TN  on  a  level  with  the  sextant 
mirrors  and  looking  into  the  index 
glass;  adjust  it  so  that  the  image  of 
B  reflected  from  M  shall  be  seen  upon 
the  cross-wire  w  in  the  focus.  Rays 
from  w  passing  through  the  object  glass 
N  emerge  in  parallel  lines,  as  if  from 
tti  infinitely  distant  object  lying  in  the 
direction  MNT.  Bring  the  sextant  tele- 
Kope  to  look  into  the  theodolite  tele- 
scope, and  reflect  the  image  of  B  to  the  cross-wire :  the  reading 
of  the  sextant  corrected  for  the  index  error  is  the  measure  of  the 
angle  BMm^  or  of  2^.  K  the  object  is  not  very  distant,  the 
angle  subtended  by  the  distance  Mm  at  the  object  may  be  ap- 
preciable. This  angle  may  be  called  the  sextant  parallax^  and 
denoted  by  p.    We  shall  have 

BMm  ==  2/9  —  p 

When  the  object  and  its  reflected  image  are  in  coincidence,  let 
Ae  reading  be  J2,  and  let  x  be  the  true  index  correction  for  an 
infinitely  distant  object;  then  wo  have 

It  +  x  =  —p  (58) 

and  when  the  object  is  reflected  to  the  cross-wire  of  the  theodo- 
Kte,  let  the  sextant  reading  be  JB';  then  we  have 


JR'+x=2fi 


V 


(69) 


and  from  these  two  equations, 


I^^R=2^ 


(60) 


Br  this  method  I  found  for  one  of  Troughton's  sextants,  at 
the  Naval  Academy,  2/3  =  33°  6'. 
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96.  The  sextant  parallax  for  an  object  at  a  known  distance 
found  with  the  aid  of  tlie  angle  ^.     Let 

/  =  the  distance  of  the  index  and  horizon  glasses, 
d  =  the  distance  of  the  object  from  the  index  glass. 

The  perpendicular  drawn  from  3f  upon  mE  is  equal  to /sin  2 
and  for  the  angle  77  at  the  object,  subtended  by  this  perpendicul; 
we  have 


Binp  = 


/sin  2fi 


or 


P  = 


/sin  2^ 
dHinr 


(^ 


From  this  formula  we  may  find  a  rough  value  of  fi  when  p  h 
been  determined  for  a  near  object  by  means  of  (58)  and/  and 
are  carefully  measured. 

The  distance  of  an  object  for  which  the  sextant  parallax  w 
be  1"  will  be  found  by  the  equation  d  =/8in2/?cosec  1".  '. 
the  sextant  mentioned  in  the  preceding  article  we  have/  = 
inches,  whence  d  =  6.83  miles. 

In  measuring  horizontal  angles  between  terrestrial  objec 
the  effect  of  the  sextant  parallax  may  be  eliminated  by  det 
mining  the  index  correction  from  the  object  w^hich  is  se 
directly  through  the  horizon  glass.  This  index  correction  \i 
involve  the  paraUax,  and,  when  applied  to  the  sextant  readi 
of  the  angular  distance  between  the  objects,  will  give  the  anj 
subtended  by  the  objects  at  the  centre  of  the  sextant.  The  8< 
tant  must,  of  course,  remain  in  the  same  position  in  the  measi 
of  the  angle  and  the  determination  of  the  index  correction. 


Fig.  23. 

p,         p 


97.  To  determine  titc  error  produced  b)/  a  prismatic  form  of  the  inc 

glass, — Let  us  first  consider  the  case  o: 

glass  with  parallel  faces.   Let  MM\  Nl 

Fig.  23,  be  the  parallel  faces,  of  whi 

NN'  is  silvered.    Au  incident  ray  AB 

refracted  by  the  glass  at  B,  and  takes  t 

^  direction  BC;   at  C  it  is   reflected  ii 

k   CB' ;  and  at  B'  it  is  refracted  into  B. 

-^  If  we  put 


m  = 

9  = 
d  = 

&  = 


the  index  of  refraction  for  glass, 
the  angle  of  incidence  ABP^ 
the  angle  of  refraction  DBC^ 
A'B'P\ 
lyB'C, 
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we  have,  by  Optics, 


sin  f  =  m  Hin  •) 
sin  ^'=  m  sin  »>' 


Bnt  when  the  faces  MM'  and  AW  are  parallel,  the  normals  BD 
aod  B'ly  are  also  parallel ;  moreover,  the  incident  ray  ^Cnpon 
iVJ',  and  the  reflected  ray  CB'j  make  equal  angles  with  DD': 
kence,  also  9  =  &\  and,  consequently,  f  =  <p\  Jf  AB  and  .4'J5' 
are  produced  to  meet  in  C,  we  see  that  A'B'  has  the  same  direc- 
tion that  it  would  have  had  if  it  had  been  reflected  directly  from 
the  plane  surface  mC'm'  parallel  to  MM'  or  to  NN'.  The  re- 
fraction which  the  ray  suffers  in  passing  through  the  glass,  there- 
fore, produces  no  error  wh^n  the  surfaces  of  the  glass  are  parallel. 
It  may  here  be  remarked,  also,  that  it  is  not  necessarj'  that  the 
reflecting  surface  of  the  mirror  should  stand  exactly  over  the 
centre  of  the  arc  of  the  sextant. 

Let  us  next  consider  the  case  of  a  glass  whose  faces  are  not 
parallel,  as  M'B,  N'D,  Fig. 
24,  which,  produced  to  meet 
in  My  form  a  prism  MM'N'. 
LetQs  assume  that  these  faces 
are  perpendicular  to  the  plane 
of  the  sextant,   and,   conse- 
quently,  that  the    refracting 
edge  of  the  prism  is  also  per- 
pendicular to  this  plane.     The  incident  and  reflected  rays  will 
be  found  in  a  plane  parallel  to  that  of  the  sextant.     The  ray 
being  traced  through  the  glass,  we  shall  have,  as  before,  employ- 
ing the  same  notation, 

sin  ^  =  m  sin  d 
sin  (p'  =  m  sin  ^ 

bnt  here  d  and  ^  are  no  longer  equal.     If  we  put 

M  =  the  angle  of  the  prism  =  M^MN' 


] 


(62) 


we  shall  evidently  have 


90^  — i^' 


CBB'=BCD  +  M 
CB'B=B'CU—M 


and,  since  BCD  =  B'CD'^  the  diflference  of  these  equations  gives 


*'  —  d  =  2Jf 


(63) 
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From  (62)  and  (63),  f ,  m,  and  M  being  given,  we  can  determit^  ^ 
f ',  or  the  diflference  ^'  —  (p.    From  (62)  we  deduce 

cos  }  (sp  +  f  0  sin  }  (f '—  f )  =  m  cos  }  (t^  +  ^')  sin  }  (*'  —  d) 

whence,  by  (63), 

sm  \(f  —  f )  =  m  sm  jf ^^ — ■ ^ 

cos  i  (f  +  f ') 

As  M  is  always  a  very  small  angle,  approximate  values  may  be 
employed  in  the  second  member  of  this  equation :  it  will  be  suffi- 
cient to  take 

sm  }  (f'  —  ^)  =  m  sm  M» 

cos  ^ 

or  

<p' — f  =  2mJf  sec  f^l ~ 

'which  may  be  reduced  to  the  form 

^'—ip  =  2M  i/l+(m«  — l)secV 

or,  finally,  by  putting 

jr*  ==  m'  —  1 
to  the  form 

^-.^  =  23fi/l  +  j«secV  (**) 

The  error  varies  with  ^,  and  consequently  with  the  angle  mea- 
sured.   If 

Y  =  the  angle  given  by  the  sextant, 

we  have,  in  Fig.  19,  PMm  =  PMp  +  pMrn^  or 

9  =  \r  +  ?  (65) 

The  whole  error  in  the  measured  angle  will  be  the  difference  of 
the  errors  produced  at  the  reading  y  and  at  the  zero  point  of  the 
sextant;  and  at  the  zero  point  we  have  ^  =  ^.  Hence  the  error 
will  be  the  difference  of  the  values  of  (64)  for  ^  =  J;-  +  ^  and 
^  =  ^,  so  that,  if  y'  denotes  the  true  value  of  the  angle,  we  shall 
have 

Y  —  '/=2M  [l/l+5»8ec*(J;'  +  /9)  —  l/l+^'secvl         (66) 

For  glass  we  have  usually  m  =  1.55,  and  hence  5''=  1.4025.  If 
M=  10",  ^  =  10^  and  y  =  120^  we  shall  find  y  —  f=^V'. 
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The  effect  of  the  error  in  the  glass  is  evidently  less  for  small 
values  of  ^  than  for  large  ones.  Moreover,  the  smaller  the  angle 
^,  the  larger  the  angle  which  can  be  measured  with  the  sextant, 
for  all  reflection  from  the  index  glass  ceases  when  ^  =  90°,  and 
this  value  gives  by  (65)  y  =  180°  —  2^  as  the  limit  of  possible 
measures  with  the  instrument. 

The  preceding  investigation  is  confined  to  the  case  in  which 
both  faces  of  the  glass  are  perpendicular  to  the  sextant  plane ; 
but  it  suffices  to  show  the  nature  of  the  effect  produced.  This 
case  is,  moreover,  that  in  which  the  effect  is  greatest. 

The  glass  reflects  from  its  outer  face  as  well  as  from  its  silvered 
face,  though  in  a  less  degree.  K  the  faces  are  parallel,  the  rays 
from  a  distant  object  reflected  from  the  two  faces  will  be  parallel 
after  leaving  the  glass ;  they  will,  therefore,  be  converged  to  the 
aame  focus  in  the  telescope  and  produce  but  a  single  image  of 
the  object.  But  if  the  glass  is  prismatic  there  will  be  two  images, 
a  fainter  image  superposed  upon  the  stronger  one  and  not  quite 
coincident  with  it.  The  effect  will  be  to  give  an  image  with  an 
indistinct  outline ;  a  star  will  present  a  somewhat  enlarged  or 
elongated  image.  We  can,  therefore,  very  readily  determine 
whether  the  glass  is  prismatic  by  examining  the  reflected  image 
of  a  star  when  the  index  is  set  upon  a  reading  of  about  120°. 

The  best  makers  will  reject  a  glass  that  does  not  stand  this 
test    If,  however,  an  instrument  is  found  to  be  defective  in  this 
respect,  we  may  determine  the  error  produced  by  it  as  follows. 
After  carefully  adjusting  the  instrument  and  finding  its  index 
correction,  measure  a  large  angle  between  two  well  defined  ter- 
restrial objects.     Then  take  out  the  Judex  glass  and  invert  it 
(so  that  the  edge,  which  was  before  uppermost,  may  now  be  next 
the  plane  of  the  instrument),  readjust  the  instrument,  determine 
the  new  index  correction,  and  again  measure  the  angle  between 
the  two  objects.     Half  the  difference  of  the  two  measures  will  be 
the  error  in  either  measure  produced  by  the  glass.     The  same 
process  repeated  for  a  number  of  angles  of  various  magnitudes 
will  furnish  a  table  of  errors,  from  which  the  error  for  any  par- 
ticular angle  may  be  obtained  by  interpolation. 

• 

98.  A  prismatic  form  of  the  horizon  glass  affects  all  angles,  the 
index  correction  included,  by  the  same  quantity,  and  therefore 
produces  no  error  in  the  results. 
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99,  To  determine  the  error  produced  by  a  small  inclination  of  the 
sight  line  to  the  plane  of  the  sextant. — The  directions  of  lines  in 
space  are  most  clearly  represented  by  points  on  the  surface 
of  a  sphere  described  about  an  assumed  centre  with  an  arbitrary 
radius  (Vol.  L  Art.  1).  The  radii  drawn  parallel  to  any  given 
lines  in  space  will  intersect  each  other  under  the  same  angles  as 
those  lines,  and  these  angles  will  be  measured  by  the  arcs  of 
great  circles  joining  the  extremities  of  the  radii  on  the  surface 
of  the  sphere.  Let  us  here  take  the  centre  of  the  sextant  arc 
as  the  centre  of  such  a  sphere.     Let  0,  Fig.  25,  be  that  centre, 

OP  the  direction  of  the  perpendicular 
to  the  index  glass,  Op  that  of  the  per* 
pendicular  to  the  horizon  glass.  The 
points  P  and  p  are  the  poles  of  the 
great  circles  whose  planes  are  parallel 
to  those  of  the  glasses,  and  may  be 
called,  briefly,  the  poles  of  the  index 
glass  and  horizon  glass,  respectively. 
Let  OA  be  the  direction  of  the  sight 
line.  When  the  instrument  is  per- 
fectly adjusted,  the  lines  OP,  Opj  and 
OA  are  in  the  same  plane,  which  is 
parallel  to  that  of  the  sextant.  The  course  of  a  ray  which 
reaches  the  eye  will  be  most  readily  followed  by  tracing  it  back- 
wards from  the  eye.  Thus,  the  ray  OA  coinciding  with  the  sight 
line  is  reflected  from  the  horizon  glass  in  the  direction  BOy  so 
thixt  pB^=  pA.  It  is  then  reflected  from  the  index  glass  in  the 
direction  0C\  so  that  PB  =  PC;  and  OC  is  therefore  the  direc- 
tion of  an  object  whose  image  is  reflected  to  the  eye  in  the  same 
direction,  AO,  in  which  another  object  is  seen  directly.  Hence 
AOCy  or  AC\  is  the  angular  distiince  of  the  objects.  From  this 
construction  we  obtain  easily  AC=2Ppy  which  is  the  fundi^ 
mental  property  of  the  sextant  (Art.  79). 

But  if  the  sight  line  is  inclined  to  the  plane  of  the  instrument, 
it  meeU  the  sphere  in  a  point  A^  not  in  the  great  circle  Pp. 
The  inclination  is  measured  by  the  arc  A  A'  perpendicular  to 
Ppy  which  is  a  part  of  the  arc  QA'A  drawn  through  -4' and  the 
pole  Q  of  the  great  circle.  The  point  Q  may  be  called  the  pole 
of  the  sextant  plane.  Tracing  the  ray  OA'  backwards,  we  ob- 
serve that  the  plane  of  reflexion  from  the  horizon  glass  is  repre- 
sented by  the  great  circle  A'pB\  determined  by  the  ray  and  the 
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normal  Qp,  so  that  if  we  take  pB'  =  pA'j  the  reflected  ray  takes 
the  direcdoD  B'O.  The  plane  of  reflexion  from  the  index  glass 
will  be  represented  by  the  great  circle  B'PC'^  and  by  taking 
PC'  =  P&,  OC  will  be  the  direction  of  the  reflected  ray. 
Hence,  -A' C  will  be  the  true  angular  distance  of  the  two  objects 
observed  in  contact;  while  ACoT2Pp  will  be  the  angle  given 
bj  the  sextant    Let 

Y  =  the  angle  given  by  the  sextant  =::  AC, 
y=  the  true  angle  =  A'C, 

I  =  the  inclination  of  the  sight  line  =  AA\ 

It  is  evident  that  CC  =  BB'  =  AA\  and  therefore  QA'C  is  an 
isosceles  triangle  of  which  the  angle  Q  =  Ty  the  side  A'  C  =  /, 
and  the  side  QA'  or  QC  =  90^  —  t.  If  then  we  divide  this 
triangle  into  two  rectangular  ones  by  a  perpendicular  from  Q^ 
we  obtain 

sin  }  /^  =  cos  t  sin  }  y  (67) 

for  which,  as  t  is  always  very  small,  we  may  take  the  approxi- 
mate equation"^ 

yf^Y  =  ^i}An  rtan  Jr  (67*) 

According  to  the  second  method  of  adjustment  in  Art,'84,  if 
the  mark  is  placed  at  a  distance  of  20  feet,  and  if  the  error  of  its 
position  in  a  vertical  direction  is  not  more  than  J  an  inch  (which 
is  a  large  error  in  such  a  case),  the  telescope  adjusted  to  it  will 

have  an  inclination  which  will  be  found  by  the  equation  sin  % 

0.5 
=        '       >  which  gives  i  =  7'  10".     Taking  this  value  of  i,  the 

formula  (67*)  gives  7^  —  ;-  =  —  0".897  tan  J;-,  and  for  y  =  120^, 
f  —  J  =^  —  1".5.  The  error  may  therefore  be  regarded  as  evan- 
escent when  ordinary  care  has  been  bestowed  upon  the  adjust- 
ment. When  the  error  exists,  the  observed  angles  are  always  too 


100.  If  the  contact  of  the  images  of  two  objects  is  made  on 
either  side  of  the  middle  of  the  field  of  the  telescope,  the  actual 
sight  line  is  inclined,  although  the  axis  of  the  telescope  may  be 
parallel,  to  the  sextant  plane. 

*  Thii  approximate  equation  ean  be  deduced  from  (67)  or  taken  directlj  from 
Spb.  Trig.  (112). 
Voi^II-— 8 
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The  inclination  of  this  actual  sight  line  can  be  estimated  b^^ 
the  aid  of  the  angular  distance  of  the  threads.  To  find  thi^^ 
distance,  place  the  threads  at  right  angles  to  the  plane  of  the 
sextant,  bring  the  direct  image  of  a  distant,  well  defined  line  on 
one  thread,  and  the  reflected  image  on  the  other  thread,  and 
read  the  arc;  then  move  the  index  until  the  images  have 
exchanged  places  on  the  threads,  and  again  read  the  arc ;  the 
half  difference  of  the  two  readings  is  the  angular  distance  of 
the  two  threads. 

Let  this  distance  of  the  threads  be  denoted  by  d,  and  suppose 
an  angle  y  is  observed  by  making  the  contact  at  a  distance  nd 
from  one  of  the  threads  (the  fraction  n  being  estimated  at  the 
time  of  making  the  observation) ;  then  the  inclination  of  the 
actual  sight  line  to  the  true  sight  line  corresponding  to  the 
middle  point  between  the  threads  will  be  ?  =  J  ^  —  ndy  with 
which  value  of  i,  the  correction  of  the  observed  angle  7*,  will 
be  found  by  (67*). 

The  distance  8  in  the  best  sextant  telescopes  will  not  exceed 
80'.  When  the  instrument  is  held  in  the  hand,  we  cannot  make 
all  contacts  exactly  in  the  middle  of  the  field ;  but,  if  we  assume 
that  we  can  always  make  them  at  a  distance  greater  than  ^d 
from  either  thread  (which  a  little  practice  will  enable  us  to  do), 
we  shall  always  have  t  <  i^,  or  i  <  5',  and  hence  the  correction 
f —  Y  <C  0".44  tan  1^.  For  any  tolerably  good  observer,  there- 
fore, this  correction  will  be  practically  insensible. 

At  the  same  time,  however,  we  see  the  importance  of  making 
the  contacts  as  near  to  the  middle  of  the  field  as  possible,  since 
the  error  always  has  the  same  sign  and  all  the  measured  angles 
are  liable  to  be  too  great.  K  a  contact  is  made  on  either  thread, 
and  we  have  3  =  30',  the  error  in  y  will  be  3".93  tan  ^y,  or  6".8 
for  r  =  120^ 

101.  The  distance  8  of  the  threads  may  also  be  used  to  find 
the  inclination  of  the  axis  of  the  telescope,  or  rather  of  the  true 
sight  line.  Measure  an  angular  distance  of  120°  or  more,  be- 
tween two  well  defined  objects ;  bring  the  images  in  contact  first 
on  one  thread  and  then  on  the  other  (the  threads  being  placed 
parallel  to  the  plane  of  the  instrument),  and  let  the  readings  on 
the  arc  be  y  and  y^.  Then,  y^  being  the  true  reading  in  either 
case,  and  i  the  inclination  of  the  true  sight  line,  we  have 


ERROR   OF  THE   SiaHT   LINE.  115 

r'— r  =  ~(:5  — M  sin  1" tan};' 

r'-n=~(^  +  t)"Binl"tan}r, 
whence,  taking  tan  iy  =^  tan  ^f^  in  the  second  members, 

i  =  -^-'^^^  cot }  r  (68) 

2d  Bin  r        ^  ^ 

It  is  evident  that,  when  i  is  positive,  the  greater  measure  is  ;*„ 
taken  on  the  thread  nearest  the  plane  of  the  instrument,  and 

I  + « is  the  distance  from  this  thread  to  the  point  in  the  field 

which  represents  a  direction  parallel  to  the  plane  of  the  sextant. 
Hence  the  first  method  of  adjusting  the  telescope  given  in  Art.  84. 

102.  To  find  the  error  produced  by  a  small  inclination  of  the  index 
^ass. — The  horizon  glass,  being  ad- 
justed by  means  of  the  index  glass 
(Art  83),  may  be  supposed  to  have  the 
same  inclination.  Let  pP  (Fig.  26)  be 
the  great  circle  of  the  sextant  plane ; 
let  the  poles  of  the  mirrors  be  at  P' 
and  p^y  and  put 

I  =  the  inclination  of  the  index  glass  =  PP'  =  that  of  the 
horizon  glass  =  pp\ 

If  we  suppose  that  the  sight  line  is  adjusted  by  the  first  method 
of  Art.  84,  it  will  be  found  in  a  plane  perpendicular  to  both 
mirrors,  and  its  direction  will  be  represented  by  a  point  A^  in  the 
great  circle  p'P\  The  direct  ray  from  the  eye  to  an  object  A' 
will  be  reflected  in  the  direction  -B',  and  thence  to  C",  these  points 
all  lying  in  the  same  great  circle ;  -4'C"  will  be  the  true  distance 
j'  of  the  objects  observed,  and  jj'P'  =  ^f  will  be  the  true  angle 
of  the  mirrors,  while  pP=  J t' will  be  the  angle  given  by  the 
sextant  reading.  In  the  isosceles  triangle  P'Qp',  we  have  the 
mgle  p'QP'=^r  and  Qp'=  $1^=90^— i;  and,  dividing  it 
into  two  right  triangjes  by  a  perpendicular  from  Q,  we  obtain 

Bin  i  /^  =  cos  { sin  >  ^  (69) 
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whence,  very  nearly, 

/  —  r  =  —  2?« Bin  1" tan  Jy  (69*) 

By  the  method  of  adjusting  the  index  glass  given  in  Art.  82,  it 
may  easily  be  placed  within  5'  of  its  true  position,  and  for 
I  =  5'=  300",  and  r  =  120°,  this  formula  gives  ;-'  — ;-  =  —  0".5. 
Hence,  With  ordinary  care,  this  error  will  also  be  practically 
iusignificant. 

The  inclination  of  the  sight  line,  in  this  solution,  is  variable 
with  the  angle  measured.  Denoting  it  by  i'  =  AA\  we  readily 
find,  by  the  aid  of  a  perpendicular  from  Q  upon  j>'P', 

tani'  =  tanr^^^*^l^=^  (70) 

COS  Jy 

in  which  fi  =  Ap;  or 

i'  =  Z  sec  i  r  cos  Hr  —  fi)  (70*) 

103.  If,  however,  the  sight  line  is  not  determined  as  above 
supposed,  but  has  a  constant  inclination  to  the  plane  of  the  sex- 
tant, denoted  by  i,  its  inclination  to  the  plane  of  reflection  p'P' 
will  be  f  —  i,  and  the  additional  error  produced  by  this  inclina- 
tion will  be  found  by  (67*)  to  be 

—  0' —  i)'sin  l"tan  iy^ 
Combining  this  with  (69*),  the  complete  formula  is 
/  —  Y  =  —  2  Z*  sin  1"  tan  }  ^  —  [Isecir  cos  (^iy  —  /9)  —  i]*  sin  1"  tan  i  y 
which  can  be  put  under  the  form 

/  — r  =  —  28in  r  tan  J;-  [^  +  sec  ir  ['  cos  (ir  — /5)  —  i  cos  l^?]  (71) 

which  agrees  with  Encke's  formula  in  the  Berlin  Jahrbuch  for 
1830,  p.  292. 

Taking,  as  an  extreme  case,  ?  =  5',  i  =  —  «^',  r=  120°,  ^  =:  30°, 
this  gives  y'  —  y  =  —  4".0. 

104.  To  find  the  error  produced  by  a  small  inclination  of  the  horizon 
glass. — Assuming  that  the  index  glass  and  the  telescope  are  in 
adjustment,  let  the  pole  of  the  horizon  glass  be  at  p',  Fig.  27, 
the  pole  of  the  index  glass  being  at  P,  and  the  sight  line  directed 
towards  A  in  the  plane  of  the  sextant.  The  ray  from  the  eye 
towards  A  is  reflected  to  B'  in  the  arc  Ap'^  so  that  p'B'  =  p'A^ 
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and  thence  to  C,  which  is  at  the  distance  CC  =  BB'  from  the 

great  circle  pPC.    AC=x  '^^  the 

angle  given   by  the  sextant;    and  ^rs;;^""---^ ^^ 

AC^=f  is  the  true  angular  dis-  J^--^^^^!r^""^^^^l.;^^^ 

tince between  the  two  objects  whose  ^""^^55^/7^ 

images   are    observed    in    contact  ^^, 

Patting 

k  =  the  inclination  of  the  horizon  glass  =  pp', 

m=CC'  =  BB\  P  =  Ap, 

we  have  from  the  triangles  App'  and  ABB'y  very  nearly, 

m  =  2A:  cos  p 
and,  from  the  triangle  AC'Cy 

cos  /  =  cos  m  cos  ^ 
whence 

r*  —  r  =  1 »»'  sin  1"  cot  r  =  2  k*  sin  1"  cos«  fi  cot  r  (72) 

This  error  is  sensible  only  for  small  values  of  y.  For  y  =  0  the 
expression  becomes  infinite ;  for  in  fact  it  is  inapplicable  in  this 
case,  since  when  the  horizon  glass  is  inclined  it  is  impossible  to 
make  a  contact  of  two  images  of  the  same  point.  But  in  the  deter- 
mination of  the  index  correction  by  the  sun,  the  limbs  of  the 
two  images  will  be  brought  into  contact  alternately  on  each  side 
of  the  true  zero  point  of  the  arc,  and  we  shall  have  y  =  ±:0^  32'. 
For  this  case,  with  /9  =  30°  and  k  =  30"  (which  ought  to  be 
the  maximum  error  in  the  adjustment  by  Art.  83),  we  find 
f=Y  =  ±:  0".7;  and  even  this  error  is  eliminated  from  the 
index  correction  itself.  For  all  angles  greater  than  0°  32'  the 
error  is  wholly  inappreciable. 

105.  To  find  the  eccentricity  of  the  sextant. — As  the  arc  of  the 
sextant  is  limited,  the  method  of  determining  whether  the  centre 
about  which  the  index  arm  revolves  is  coincident  with  the  centre 
of  the  graduations  by  means  of  two  verniers  180°  apart  (Art.  28) 
is  not  applicable.  We  can  find  the  eccentricity  only  by  comparing 
various  angles  measured  with  the  sextant  with  their  known  values 
found  by  some  other  means.  Thus,  the  angular  distances  of  a 
number  of  terrestrial  points  situated  in  a  horizontal  plane  may 
be* accurately  determined  with  a  good  theodolite  and  then  also 
measured  with  the  sextant. 
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Or  we  may  measure  with  the  sextant  the  distance  of  two  well 
known  fixed  stars  and  compare  it  with  the  apparent  distance 
computed  from  their  right  ascensions  and  declinations.  The  re- 
fraction,  however,  must  be  taken  into  account,  which  may  be 
done  in  either  of  two  ways.  1st,  The  true  distance  of  the  stars 
will  be  found  as  in  the  case  of  the  moon  and  a  star,  VoL  L 
Art.  255.  Then  the  apparent  distance  will  be  found  by  the 
formulte  (448)  and  (449)  of  Vol.  I.,  in  which  we  must  for  this 
case  suppose  A',  H\  d'  to  be  the  true  altitudes  and  distance,  and 
Ap  jETp  dy^  to  be  their  apparent  values  aflfected  by  refraction.  The 
altitudes  will  be  computed  by  Art.  14,  Vol.  I.,  the  local  time, 
and  consequently  the  hour  angles  of  the  stars,  being  given. 

2d.  We  may  compute  the  zenith  distances  and  parallactic 
angles  of  the  stars  for  the  time  of  the  observation  by  Vol.  L  Art 
15,  and  then  the  refraction  in  right  ascension  and  declination  by 
Art.  120.  We  shall  then  have  the  apparent  right  ascensions  and 
declinations,  from  which  the  apparent  distance  will  be  directly 
computed  by  the  method  of  Vol.  I.  Art.  255. 

Now,  let  X  be  the  sextant  reading,  x  the  index  correction  (here 
supposed  to  be  unknown,  as  we  must  regard  the  zero  point  as 
likewise  aflfected  by  the  eccentricity),  f  the  true  value  of  the 
measured  angle,  e  the  eccentricity;  then,  since  the  readings  of  the 
sextant  are  double  the  true  arcs,  we  have,  by  (9), 

r'  —  (r  +  ^)  =  2  6  sin  (}  /  +  je:) 

or,  putting  n  =  f  —  y^ 

a?  +  2c  cos  ^  sin  } /  +  2e  sin  ^  cos  }  /  =  n  (73) 

To  find  the  three  unknown  quantities  x,  2eco^Ey  and  2 e  sin  J?, 
we  must  have  three  such  equations  derived  from  three  angles 
falling  in  diflferent  parts  of  the  arc, — for  example,  near  0°,  60°,  and 
120°.  If  we  have  measured  a  large  number  of  angles,  of  various 
magnitudes,  we  can  treat  the  equations  by  the  method  of  least 
squares. 

As  the  index  correction  is  liable  to  change  from  one  observa- 
tion to  another,  we  can  let  x  represent  the  reading  corrected  for 
the  index  error  found  at  each  observation,  and  then  x  will  be  the 
correction  of  the  zero  point  for  eccentricity. 
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THE   SIMPLE   REFLECTING   CIRCLE. 

106.  If  the  arc  of  the  sextant  is  extended  to  a  whole  circum- 
ference, the  index  arm  may  be  produced  and  carry  a  vernier 
open  each  extremity.     The  mean  of  the  readings  of  the  two 
verniers  may  then  be  taken  at  every  observation,  and  will  be 
irfiolly  free  from  the  error  of  eccentricity.     This  constitutes  a 
.  ample  reflecting  circle,  the  manipulation  of  which  is  in  every 
respect  the  same  as  that  of  the  sextant.     It  has  not  only  the 
advantage  of  eliminating  the  eccentricity,  but  at  the  same  time 
of  diminishing  the  effect  of  errors  of  reading  and  accidental 
errors  of  graduation,  since   every  result  is  derived   from  the 
mean  of  two  readings  at  two  different  divisions  of  the  arc.     The 
only  objection  to  the  instrument  is  found  in  the  slight  increase 
of  its  weight- 

The  simple  reflecting  circles  of  Troughton  are  read  by  three 
verniers  at  distances  of  120® ;  but,  as  the  eccentricity  is  already 
folly  eliminated  by  two  verniers,  the  third  can  increase  the 
accuracy  of  a  result  only  by  diminishing  the  effect  of  errors  of 
reading  and  of  graduation.  If  e,  is  the  probable  error  of  the 
mean  of  two  readings,  that  of  the  mean  of  three  readings  will  be 

80  that  if  two  verniers  reduce  the  error  to  5"  the  third  will  o?ily 
farther  reduce  it  to  4",  an  increase  of  accuracy  which  for  a 
single  observation  is  not  worth  the  additional  complication  and 
weight  and  the  trouble  of  reading.  As  was  to  be  expected, 
these  instruments,  though  of  very  refined  and  perfect  construc- 
tion, have  been  but  little  used. 

The  prismatic  reflecting  circles  of  Pistor  and  Martins  noticed 
below  have  but  two  verniers,  and  combine  many  practical  ad- 
vantages. 

THE   REPEATING   REFLECTING   CIRCLE. 

107.  In  the  repeating  reflecting  circle  the  small  mirror,  or 
horizon  glass,  is  not  permanently  attached  to  the  frame  of  the 
instrument^  but  is  attached  to  an  arm  which  revolves  about  the 
centre  of  the  instrument.  As  the  telescope  must  always  be 
directed  through,  this  glass,  it  is  also  attached  to  the  same  arm 
and  revolves  with  it.  This  arm  also  carries  a  vernier  at  its 
extremity. 
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Let  ETH  {Fig.  28)  be  the  revolving  arm  to  which  are  attached 
the  amall  mirror  m,  the 
'"*■  **•  teleafiope  T,  and  the  ver- 

B  nier,  or  index  H;  M  th« 
central  mirror  which  is 
revolved  by  the  arm  MI, 
carrying  the  vernier,  or 
index  /.  In  ac.corda&ce 
with  the  oomenclature  in 
nantical  works,  we  shall 
call  H  the  horicon  index, 
and  /  the  etntrtd  index. 

The  arc  is  gradoated 
from  0"  to  720"  in  the  di- 
rection HIE. 

Let  A  and  B  be  the  objects  whose  angular  distance  ia  to  be 
measured.  First :  let  the  central  index  /  be  clamped  at  any 
assnmed  point  of  the  arc.  Biing  the  plane  of  the  iastrnmeDt  to 
pass  through  the  two  objects.  Direct  the  telescope  towards  the 
right  hand  object  B,  and,  without  touching  the  central  index, 
move  the  horizon  index  H  (or  rather  revolve  the  instrument, 
keeping  the  telescope  bearing  on  B),  until  the  image  of  the  left 
liand  object  A  is  reflected  from  the  central  mirror  31  to  the 
horizon  glass  m,  and  thence  to  the  eye,  and  Ums  into  coincidence 
with  the  object  B  seen  directly.  This  completes  the  first  part 
of  the  observ'ation.  Now, 
leaving  the  horizon  index 
il  clamped  in  this  posi- 
tion, unclanip  the  central 
index  /;  direct  the  tele- 
scope to  the  left  hand 
object  A,  Fig.  29,  and 
move  the  index  I  for- 
ward (in  the  direction  of 
the  graduations}  until  the 
reflected  image  of  the 
right  hand  object  B  is 
brought  to  coincide  with 
the  direct  image  of  A. 
This  com  pi  etes  the  second 
part  of  the  observation. 


Fig. ». 


&EPBATING   CIRCLB.  121 

Then,  the  difference  between  the  readings  of  the  centred  index  in  its  twb 
pmtims  tt  twice  the  angular  distance  of  the  objects.  For  let  i?,  Fig. 
3Sy  be  the  point  of  reading  of  the  central  index  before  the  first 
contact,  and  JR'  that  after  the  second  contact.  At  each  contact 
the  angle  of  the  mirrors  is  equal  to  one-half  the  angle  measured 
(Art.  80) ;  and  it  is  evident  that  the  points  B  and  JR'  are  at  equal 
distances  on  each  side  of  that  point  of  the  arc  at  which  the  cen- 
tral index  would  have  stood  had  we  stopped  its  niotion  when  the 
mirrors  were  parallel.  Hence  the  angle  RMR  is  twice  the 
tngle  of  the  mirrors  at  either  contact.  Denoting  the  angle 
measured  by  y^  and  the  readings  by  JZ  and  R\  we  have,  there- 
fore, 

2r  =  It'  —  R 

The  half  diflTerence  of  the  two  readings  is  then  the  mean  of 
fcro  measures  of  the  required  angle  ;  while  with  the  sextant  two 
observations  are  necessary  to  furnish  one  measure  of  an  angle, 
since  one  observation  must  be  made  to  determine  the  index  cor- 
rection, which  is  here  dispensed  with- 

If  we  now  recommence  the  observations,  starting  from  the 
last  position  of  the  central  index,  this  index  will  be  found  after 
the  fourth  contact  at  a  reading  iJ",  which  differs  from  JJ'  by 
twice  the  angle  y-  so  that  we  have 

2r  =  It"—R' 
and,  consequently, 

Ar:=zR"  —  R 

Ckmtinaing  this  process  as  long  as  we  please,  we  shall  have,  after 
any  even  number  n  of  contacts,  a  reading  R^  of  the  central 
index,  and 

nr  =  Rn-R 
^^  . 

r  =  ^V^  (74) 

Hence  it  is  necessary  to  read  off  the  arc  only  before  the  first  and 
after  the  last  observed  contact,  which  is  one  of  the  greatest 
advantages  of  this  instrument  for  use  on  board  ship  in  night 
observations. 

108.  If  the  distance  of  the  objects  is  changing,  as  in  the  case 
of  Ik  lunar  distance  or  an  altitude,  the  difference  between  the 
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first  and  last  readings  will  be  the  sum.  of  all  the  individual 
measures,  and  the  value  of  y  found  by  dividing  this  sum  by  the 
number  of  observations  will  be  the  mean  pf  all  these  measures. 
The  time  of  each  observation  having  been  noted,  this  value  of  j 
will  be  the  value  of  the  observed  angle  at  the  mean  of  these 
times,  provided  the  angular  distance  is  changing  uniformly. 

109.  We  have  thus  far  supposed  the  telescope  to  be  directed 
alternately  towards  each  object;  but  (as  in  the  measurement  of 
a  lunar  distance,  for  example)  it  is  expedient  to  look  directly  at 
the  fainter  object  and  reflect  the  brighter  one.  This  can  be  done 
by  reversing  the  face  of  the  instrument  after  each  contact ;  for 
the  relative  position  of  the  mirrors  will  thus  be  inverted  without 
requiring  the  line  of  sight  to  be  shifted  from  one  object  to  the 
other. 

It  is  convenient  in  practice  to  distinguish  the  two  kinds  of 
observation  by  the  relative  positions  of  the  mirrors.  For  this 
purpose,  let  a  plane  be  conceived  to  be  passed  through  the  axis 
of  the  telescope  at  right  angles  to  the  plane  of  the  circle ;  the 
instrument  is  thus  divided  into  two  portions,  of  which  that  which 
is  on  the  same  side  of  the  perpendicular  plane  as  the  central 
mirror  will  be  called  the  rights  and  that  which  is  on  the  opposite 
side,  the  left;  these  designations,  however,  having  no  reference 
to  the  right  and  left  of  the  observer  when  the  instrument  is  held 
in  various  positions. 

An  observation  to  the  right  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  right  of  the  instrument. 

An  observation  to  the  left  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  left  of  the  instrument. 

A  cross  observation  is  one  consisting  of  two  observations,  one  to 
the  right  and  one  to  the  left. 

The  observation  to  the  right  is  precisely  like  that»with  the 
sextant.  We  may,  in  fact,  use  the  instrument  as  a  sextant. 
Clamp  the  horizon  index  at  any  point  of  the  arc ;  bring  the  direct 
and  reflected  images  of  the  same  object  into  coincidence  by 
moving  the  central  index,  and  read  oft'  this  index.  Call  this 
reading  li;  then,  making  any  observation  to  the  right,  let  the 
reading  be  R' ;  the  angle  measured  is  R'  —R^  and  — R  may  be 
regarded  as  the  index  correction,  as  in  the  sextant. 

110.  In  observing  altitudes  with  the  repeating  circle,  the  tele- 
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Mope  is  directed  to  the  image  in  the  artificial  horizon.  The 
caitral  index  is,  for  convenience,  set  upon  zero,  and  we  com- 
meDce  with  an  observation  to  the  left,  as  in  Fig.  28,  holding  the 
iMtniment  in  the  left  hand.  The  next  observation  is  to  the 
right,  as  in  Fig.  29,  and  the  instrument  is  held  in  the  right  hand. 

111.  In  order  to  facilitate  the  repetition  of  the  observations, 
the  horizon  glass  and  telescope  carry  with  them  an  inner  circular 
are,  which  is  called  the  finder.     This  finder  moves  under  the 
central  index  arm  alternately  backwards  and  forwards  in  the  suc- 
cessive observations ;  and,  consequently,  when  the  two  places  of 
the  index  arm  have  been  once  noted  on  the  finder,  it  can  be 
brought  approximately  to  these  places  for  the  succeeding  obser- 
vations, whereby  the  images  will  be  already  approximately  in 
contact    Two  sliding  stops  are  usually  placed  on  the  finder,  and, 
when  once  set,  serve  to  indicate  the  two  positions  of  the  central 
index.    The  finder  is  also  roughly  'graduated  for  the  same  pur- 
pose. \ 

112.  The  adjustment  and  verification  of  the  glasses  and  tele- 
scope are  in  every  respect  the  same  as  for  the  sextant.  The 
theory  of  the  errors  is  also  similar,  only  we  have  a  compensa- 
tion of  some  of  them  which  is  worthy  of  notice  and  will  be 
considered  below. 

Dark  glasses  or  shades  are  placed,  as  in  the  sextant,  behind 

the  horizon  glass  and  between  the  horizon  glass  and  central 

mirror,  for  observations  of  the  sun.     In  cross  observationa,  the 

errors  of  these  glasses  are  eliminated,  since  their  positions  with 

respect  to  the  incident  rays  are  reversed  at  each  alternate  contact. 

In  observations  to  the  left,  however,  Fig.  28,  it  is  evident  that 

when  the  angular  distance  between  the  objects  A  and  B  is  small, 

colored  glasses  midway  between  M  and  m  would  intercept  a 

portion  of  the  direct  rays  from  A  on  their  way  to  M.    In  this 

case,  therefore,  it  becomes  neccssaiy  to  substitute  for  them  a 

large  shade  immediately  in  front  of  the  central  mirror.     The 

tame  shade  serves  for  the  observation  to  the  right ;  but,  as  the 

angle  of  incidence  of  rays  falling  upon  it  is  no  longer  the  same 

as  in  the  observation   to  the  left,  the   error  of  the  shade   is 

not  wholly  eliminated.     However,  as  the  angle  of  incidence  is 

gmall  in  both  positions,  the  errors  produced  by  a  prismatic  form 

of  the  shade  will  be  small,  and  the  partial  compensation  of  these 
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errors  which  occurs  will  leave  a  residual  error  mostly  inappre- 
ciahle. 

113.  To  determine  the  error  produced  by  a  prismatic  form  of  iht 
central  mirror  in  a  cross  observation  with  the  circle. — ^Let  us  considtt 
the  two  contacts  separately. 

1st.  The  observation  to  the  right  is  the  same  as  with  the  sextant, 
and  hence  we  have,  for  this  observation,  by  (66), 

r-'r^=2M  [y\  +  q^  sec*  (1^  +  /?)  —  l/l  +  ^'sec^j       0^) 

in  which  3f,  q^  ^,  ;*,  and  f  have  the  same  signification  as  in  Art  97. 
2d.  In  the  observation  to  the  left^  the  central  mirror  is  reversed 

with  respect  to  the  incident  ray,  and 
therefore    the  sign  of   M  must  ba 
changed.     But  the  angle  of  incidence 
^  f  is  also  changed.  Let  M  and  m^  Fig. 
80,  be  the  positions  of  the  mirrors^ 
-43/ a  ray  from  the  left-hand  object  J- 
reflected  from  the  central  mirror  to  nh 
and  thence  to  E  in  coincidence  with. 
the    direct  ray  from   the   object  B.     Producing  the   faces  of 
the  mirrors,  we  readily  find,  from  the  triangle  MCm^ 

9  =  ir  —  fi 

This  value  is  to  be  used  in  the  equation  (64).  The  error  in  th<^ 
measured  angle  will  be  the  difference  of  the  values  of  (64)  fof 
<p  =  iy  —  ^  and  y>  =  —  )9;  and  we  shall  therefore  obtain  for  it 
a  formula  differing  from  (75)  only  in  having  —  ^  instead  of  +  ^ 
and  —  31  instead  of  +  M.  Hence  the  error  in  an  observation 
to  the  left  is 

r'-/=  —  2M[yi+q'  sec'  (i^  ~  /S)  —  ]/ 1  +  (/« sec'^j]    (76) 

3d.  For  the  error  in  tlte  cross  observation  we  have,  by  taking  the 
mean  of  ^  (75)  and  (76), 

r  —  r'  =  M[yi  +  q' sec^Clr  +  ^)  —  V\  +  j'^sec* Cir  —  ?)\  (77) 

If  we  suppose,  as  in  Art.  97,  (f=  1.4025,  M=  10",  ;-  =  120^ 
^  =:  10®,  we  find,  by  these  formulae,  that  the  error  of  an  observa- 
tion to  the  left  is  41",  that  of  an  observation  to  the  right  is  11"', 
and  that  of  a  cross  observation  is  15".  The  error  of  the  central 
mirror,  though  not  wholly  eliminated,  is  reduced  to  about  one- 
third  that  of  a  sextant  observation. 
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BoRDA,*  to  whom  we  owe  the  most  important  improvements  in 
the  reflecting  circle,  gave  the  numerical  values  of  the  formulse 
(75),  (76),  and  (77),  in  a  small  table  with  the  argument  y^  for  a 
circle  in  which  ^  =  10^.     Table  XXXIV.  of  Bowditch's  Navi- 
gator is  derived  from  similar  formulae. 

The  error  produced  by  the  central  mirror  for  a  given  angle 
may  be  found  by  Art.  97,  and  then  by  means  of  Borda's  table 
we  may  infer  the  correction  for  any  other  angle,  by  simple  pro- 
portion. 

114.  The  errors  of  reading,  of  imperfect  graduation,  and  of 
eecentricity  are  all  nearly  eliminated  by  taking  a  suflicient  num- 
Ver  of  cross  observations.  For  these  errors  aflfect  only  the  first 
ud  last  readings,  and  are  divided  by  the  number  of  observations. 
If  the  sum  of  all  the  measures  is  very  nearly  720®  or  1440°,  &c., 
» that  the  central  index  has  made  one  or  more  complete  revo- 
lutions, the  eccentricity  is  wholly  eliminated. 

The  error  resulting  from  an  inclination  of  the  sight  line  of  the 
telescope  is  not  reduced  by  repetition,  since  it  makes  every 
aeasure  too  great    (Art.  99.) 

In  theory,  therefore,  the  repeating  circle  is  very  nearly  a  per- 
fect instrument,  capable  of  eliminating  its  own  errors.  As,  how- 
ever, we  cannot  pretend  to  measure  ^^what  we  cannot  see^*  the 
refinement  of  the  circle  may  really  be  thrown  away,  so  long  as 
the  optical  power  of  its  telescope  is  so  feeble.  In  fact,  the  results 
obtained  with  the  circle  do  not  appear  to  have  surpassed  those 
obtained  with  the  sextant  so  much  as  was  expected  from  its  theo- 
retical perfection.  This  may,  however,  be  due,  in  a  degree,  to 
the  mechanical  imperfections  arising  from  the  centring  of  two 
ixes  one  within  another.f 

*De9erip(ion  et  mage  du  Cereh  de  Riflezion,  par  Ch.  Di  Borda,  4*^  ed.  Paris,  1816. 

f  It  seems  that  the  instrument  makers  have  supposed  that  it  was  necessary  that 
M  the  horiion  and  the  eentral  indices  should  be  perfectly  centred.  In  Qambsy's 
areles  the  axis  of  the  central  index  turns  within  (hat  of  the  horiion  index,  and  any 
ikak*  of  the  latter  is  oommunieated  to  the  former.  But,  if  we  use  the  instrument  as 
prescribed  in  the  text,  reading  off  only  the  central  index^  it  is  quite  unimportant 
tkether  the  horiion  index  is  correctly  centred  or  not.  It  is  only  necessary  that  it 
AfvId  reroWe  in  a  plane  parallel  to  the  plane  of  the  instrument,  aiid  should  remain 
irsly  clamped  throughout  each  cross  obserration ;  and  this  will  be  secured  by  giring 
is  a  broad  bearing  about  the  centre.  The  axis  of  the  central  index  ought  then  to 
pass  direetly  into  the  solid  Arame  of  the  instrument,  and  the  horizon  index  should 
turn  upon  a  fixed  collar,  which  would  entirely  separate  it  from  the  former.     From 
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i  Circle,  8s  above  descrilx'd,  la  capable  of  mofumrinfr 
no  nnglca  greater  tlnin  about  140*^.  In  this  respect.  Iliertfctre, 
it  does  not  excel  the  sextant.  A  very  i>tm|ile  Addition  proposed 
by  M.  Daussy  obviates  this  difficulty.  On  the  liorison  index 
arm  EH,  Fig.  31,  he  placea  a  second  mnall  mirror  n,  which 
ill  of  only  one-half  the 
height  of  the  silvered 
pnrtof  the  horizon glast 
m.  Tiie  angle  at  whtiA 
it  stands  ismoreorlw* 
arbitrarj",  but  it  is  con- 
venient to  lia^'c  it  nuike 
an  angle  of  about  4S' 
--JI  with  the  mirror  m.  tet 
A  be  any  distuiJt  object, 
and  let  the  iu^trumenl 
be  held  so  that  a  njAr\, 
falling  upon  n,  shall  b« 
reflected  in  tlie  liae  m 
to  m  and  thence  to  the  eye  at  E.  'sow  move  tho  central  index 
until  the  ray  AC,  from  the  sam  ibject,  is  rejected  from  tlie 
central  mirror  MX  in  the  line  Cm,  passing  orcr  the  small  mirror 
«  to  the  horizon  glass,  and  thence  to  the  eye  in  coincidenee  with 
the  first  ray.  (This  observation  ia  like  the  ordinary  one  of  deter- 
mining the  zero  point  of  a  sextant  or  circle,  only  the  line  of  sight 
ia  directed  to  a  point  about  90°  from  the  object.)  The  mirror 
MN  and  the  small  mirror  n  are  now  parallel.  Let  B  be  the 
reading  of  the  central  index.  Now  let  £  be  a  second  olywt 
which  may  be  even  more  than  180°  from  A  reckoned  in  the 
direction  IIRR'.  Move  the  central  index  until  this  object  is 
reflected  from  llic  central  mirror  M'N'  to  vi,  and  thus  into  coin- 
cidence with  the  image  of  A  reflected  from  n.    Let  R'  be  the 

the  fut  that  each  ■  aonBtmation  hu  not  been  hcratofor*  adaptvd,  I  infer  that  lU( 
part  of  the  theory  of  the  inBtrnment  hM  not  been  well  eoniidered. 

If  tbii  ehang*  is  mtdB,  mod  the  iiiBtniQient  i>  u*ed  od  luid  upon  •  stand,  I  caaDoi 
see  naj  reuon  tIij  we  should  ant  rwliie  all  the  tbeorelioal  adTantaget  of  (be  ii- 
strumeni,  especisUy  if  we  considerably  increase  tbe  optical  power  of  the  teleaeope. 

The  opinion  of  Sir  Johh  Rikbchil  {Oatlina  of  Ailronemy,  Art.  IS6)  that  «tha 
abstract  benuty  And  adTanlage  of  Ibis  principle"  (of  repetilion)  "ucni  lo  be  eonntm- 
baliuiepd  in  prnoiioe  by  lome  nnlmawn  cautr,  vAkA  probably  mtut  £*  tought  for  «■ 
atptrfeel  elanping,"  is  hardly  sustained  by  practical  eiperience  with  initnimeBt* 
having  a  single  eenlral  aiia. 
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reading.     The  angular  motion  of  the  mirror  JIfiV  being  always 
eqnal  to  one-half  the  angular  distance  of  the  objects,  R'  ^Bh 
the  required  angle.     M.  Dausst  calls  this  contrivance  a  depression 
mktrt^  or  dip-measurer,  from  its  application  to  the  measurement 
of  the  dip  of  the  sea  horizon,  by  measuring  the  angular  distance 
between  two  diametrically  opposite  points  of  the  horizon,  this 
angular  distance  being  180®  plus  or  minus  twice  the  dip  accord- 
ing aa  we  measure  through  the  zenith  or  through  the  nadir.    It 
fiids,  however,  another  important  application  in  observations 
with  the  artificial  horizon  when  the  altitude  exceeds  65°  or  70°, 
tsd  the  double  altitude  is  consequently  too  great  to  be  measured 
inflie  usual  manner.     The  additional  mirror  is  usually"  furnished 
with  the  Gambey  circles,  and   is   readily  applied  to  any  instru- 
ment   Since  the  angle  at  which  it  stands  is  not  required  to  be 
found,  the  only  adjustment  necessary  is  to  make  it  perpendicular 
to  the  plane  of  the  instrument,  which  is  done  by  the  aid  of  the 
same  test  as  that  which  is  used  in  adjusting  the  horizon  glass; 
we  have  only  to  observe  that  the  two  images  of  the  same  object 
i  (which  for  this  purpose  may  be  a  bright  star)  reflected  from 
iLVand  n  can  be  brought  into  coincidence  in  the  middle  of  the 
field  of  the  telescope ;  the  mirrors  JOT  and  m  having  of  course 
been  previously  adjusted.* 

THB   PRISMATIC   REFLECTING   CIRCLE   AND   SEXTANT. 

116.  The  prismatic  reflecting  circle,  constructed  by  Pistor  and 
Marhns  of  Berlin,  difters  from  the  simple  reflecting  circle 
(Ah.  106)  by  tlie  substitution  of  a  glass  prism  for  the  horizon 
glass,  and  by  the  position  of  this  prism  with  respect  to  the  cen- 
tral mirror. 

ABC,  Fig.  82,  represents  the  circle;  M  the  central  mirror 
opon  the  index  arm  ac,  which  carries  a  vernier  at  each  end  a 
and  c;  m  the  prism,  which  is  nearer  the  telescope  T  than  the 
central  mirror,  and  is  permanently  attached  to  the  frame  of  the 
iostniment.  The  prism  has  two  of  its  faces  nearly  perpendicular 
to  each  other,  and  the  third  face  acts  as  the  reflector.  A  ray 
from  the  central  mirror  entering  one  of  the  perpendicular  faces 
is  totally  reflected  at  the  inner  face  and  passes  out  through  the 

*  Speeial  inslmmeiita  for  measuring  the  dip  of  the  sea  horison  hare  been  contrircd. 
F«r  an  aceount  of  Teouohtoii's  Dip-Sector,  see  Simms's  Trtatue  on  Mathematical 
Inttnmunia. 
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other  perpendicular  face  in  the  direction  of  the  eight  liue  of  the  | 
telescope.  The  height  of  the  priam  is  only  ooe-half  the  diameter  I 
of  the  object  leoe  of  the  telescope,  and  therefore  direct  rajn  j 
from  any  object  passing  over  the  prism  enter  the  telescope  a 
are  brought  to  the  same  focus  as  the  reflected  rays.  Wheo  the  ^ 
central  mirror  is  parallel  to  the  longer  side  of  the  prism,  u  in  ! 
Fig.  32,  two  images  of  the  same  object  are  in  coincidence,  a 
the  index  correction  is  determined  as  in  the  sextant,  except  thai 
every  reading  is  here  the  mean  of  the  readings  of  the  t 
verniers. 
Now  revolving  the  index  into  the  position,  Fig.  83,  an  objert 
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to  the  right  will  be  reflected  into  coincidence  nHth  the  direct 
object,  and  the  nngiilar  distance  of  the  t^vo  objects  is  given  by 
the  reading  corrected  for  the  index  error.  When  the  central 
mirror  becomes  nearly  perpendicular  to  the  line  Mm,  the  prism 
intercepts  the  rays  from  the  right  band  object  This  occurs 
when  the  angular  distance  of  tlie  two  objects  is  about  130°. 
Beyond  this  point  the  bead  of  the  observer  also  intercepts  tha 
raye,  until  we  come  to  the  position  of  Fig.  34. 

In  this  position  two  objocta  180°  apart  can  be  brought  into 
optical  coincidence.  But,  although  the  prism  does  not  interfere 
witli  the  rays  from  the  second  object,  the  head  of  the  ohscr%'er 
may ;  and  this  la  obviated  by  placing  a  small  prism  D  at  the  eye 
end  of  the  telescope,  to  reflect  the  two  images  wliich  arc  in 
ci»incidence,  to  the  eye  iu.the  direction  DE. 
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Continaing  the  motion  of  the  index,  we  see,  by  Fig.  35,  that 
angles  grater  than  180°  can  now  be  obtained  until  the  index 
Mrm  comes  against  the  prism,  which  occurs  when  the  angle  is 
about  280®.     The  angles  thus  measured  may  be  reckoned  either 
as  between  280°  and  180°  or  between  80°  and  180°.     Of  these, 
the  angles  falling  between  80°  and  180°  may  be  observed  in  two 
reversed  positions  of  the  instrument,  constituting  a  cross  obser- 
vation, as  with  the  repeating  circle,  whereby  the  index  correc- 
tion becomes  unnecessary^  and  the  errors  arising  from  a  prismatic 
forai  of  the  central  mirror  are  partially  eliminated. 


Fig.  S4. 


Fig.  35. 
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When  the  index  is  on  zero.  Pig.  32,  the  rays  incident  upon 
the  central  mirror  make  an  angle  with  it  of  20°,  and  in  this  posi- 
tion we  obtain  the  feeblest  reflected  images.     When  the  index 
IB  at  130°,  the  incident  rays  make  an  angle  with  the  mirror  of 
85°,  and  we  obtain  the  brightest  reflected^  images.     In  the  com- 
mon sextant,  the  reverse  takes  place ;  the  feeblest  images  occur 
for  the  angle  130°  when  the  incident  rays  make  an  angle  of  only 
10°  with  the  central  mirror ;  and  the  brightest  images  when  the 
index  is  on  zero  and  the  rays  make  an  angle  of  75°  with  the 
mirror.     The  angles  of  incidence  in  the  prismatic  instruments 
are,  therefore,  more  favorable   for  the  production  of  distinct 
images  than  in  the  common   sextant,  since  even  the  smallest 
angle  which  the  incident  rays  make  with  the  mirror  in  the 
former  is  double  the  corresponding  angle  in  the  latter. 

VoL.IL— 9 
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The  EK^justmeiitfi  of  the  prUm  and  central  mirror  are  fl 
those  of  the  horizon  and  index  glasses  of  the  eoxtant 

The  theorj'  of  the  errors  is  also  similar  to  ihut  above  given  j 
for  the  sextant  and  cirele. 


117,  The  advantages  of  those  Instrnments  over  the 
eextanta  are:  1st.  Angles  of  all  niagnitndcs  tan  be  measured; 
2d,  the  eceenti'ieity  is  completely  eliminated  by  always  cmjilin- 
ing  the  mean  of  the  readings  of  the  two  verniers ;  3d,  the  re- 
fleeted  imagea  are  brighter  than  in  other  reflecting  instrumenta, 
both  because  the  angles  of  incidence  upon  the  central  mirror  are 
more  favorable,  and  bccaiisc  the  inner  face  nf  a  gla»A  prism  is  a 
minih  better  reflector  than  a  silvered  gliws;  4th,  the  errors 
arising  from  a  prismatic  form  of  the  central  mirror  are  much 
less  than  in  the  sextant.  The  instrnmeHtH,  a*  made  by  Pistor 
and  Martcss  combine  also  other  impravomenta  which  might  be 
introduced  into  the  common  sextant.  Thus,  the  shade  glassct 
admit  of  reversal,  by  which  their  errors  are  wholly  olimiiiatcd; 
a  revolving  disc,  containing  small  colored  giasaes  or  shades,  is 
dduptod  to  the  eye  piece  of  the  tclegcope,  for  use  in  taking  ftlii- 
tudes  of  the  Bun  nnth  tlie  artificial  hoiizon ;  all  lost  motion  U 
avoided  in  the  tangent  screw,  by  causing  it  to  act  against  a 
spring;  the  arc  ia  read  off'  at  night  by  the  aid  of  a  lantern  which 
is  placed  over  the  centre  of  the  instrument  and  the  light  of  which 
ia  concentrated  npon  the  arc  by  a  lens. 

The  prismatic  sextant  diifers  from  the  circle  only  in  dispensing 
with  the  second  vernier  (the  vernier  a  in  the  above  figures),  and 
that  portion  of  the  arc  upon  which  it  reads.  The  same  angles 
can  be  measured  with  this  instrument  as  with  the  circle,  iHit 
without  the  advantage  of  eliminating  the  eccentricity. 

For  an  extensive  series  of  observations,  illustrating  the  capa- 
bilities of  the  sextant  in  the  hands  of  a  good  observer,  and  eBpe> 
cially  demonstrating  the  excellence  of  the  piismatic  sextaata,  see 
an  article  of  Schdiucbkb,  in  the  Aelron.  Nach.,  Vol.  XX  in.  p. 
821. 
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CHAPTER  V. 


THE   TRANSIT   INSTRUMENT. 


118.  The  transit  instrument  is  an  instrument  for  determining 
the  iDstant  of  a  star's  passage  through  any  given  vertical  plane  ; 
or  (which  is  the  same  thing)  the  time  of  a  star's  transit  over  any 
given  vertical  circle.  For  this  purpose,  it  is  necessary  that  the 
motion  of  the  telescope  be  confined  to  the  vertical  plane  ;  and  this 
isefteeted  by  attaching  the  tube  to  a  horizontal  axis  and  perpen- 
dicular to  it,  so  that  by  revolving  the  instrument  upon  this  axis 
the  principal  sight-line  of  the  telescope  describes  a  plane  passing 
through  the  zenith.  The  common  theo<lolite  may  therefore  be 
nsed  as  a  transit  instrument  when  its  telescope  admits  of  a  com- 
plete revolution  upon  its  horizontal  axis. 

The  time  of  transit  over  the  assumed  vertical  circle  is  deduced 
from  the  time  when  a  star  passes  a  given  thread  placed  in  the 
focua  of  tlie  objective.  ^ 

The  instrument  may  be  mounted  in  any  vertical  plane,  but  is 
chiefly  used  either  in  the  meridian  or  in  the  prime  vertical :  in 
the  first  position,  for  finding  either  the  true  local  time  or  the 
right  ascensions  of  stars ;  in  the  second,  for  finding  either  the 
latitude  of  the  place  of  observation  or  the  declinations  of  stars. 
When  spoken  of  simply  as  "the  transit  instrument,"  however, 
it  is  usuallv  understood  to  be  in  the  meridian. 

It  admits  of  some  variety  of  form.  In  the  old  and  still  most 
common  form,  the  telescope  and  horizontal  axis  bisect  each 
other,*  and  the  two  ends  of  the  axis  are  supported  on  pillars 
between  which  the  telescope  revolves. 

A  second  form  is  that  in  which,  starting  from  the  first  form, 
one-half  the  telescope  tube  is  dispensed  with,  that  half  which 
contains  the  object  glass  being  retained,  while  the  horizontal  axis 
is  made  to  perform  the  part  of  the  other  half.     At  the  intersec- 

*  In  Hallst*8  transit  instrument  (stiH  preserved  as  a  relic  in  the  Greenwich  Ob- 
MTBtory)  the  piTots  of  the  axis  are  at  unequal  distances  from  the  telescope. 
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tion  of  the  tube  with  the  axis  is  a  glass  prism  which  bends  th^^ 
rays  from  the  object  glass  at  right  angles,  and  transmits  their:*' 
through  the  hollow  axis  to  the  eye  piece  which  is  placed  at  th^^ 
end  of  this  axis.     The  chief  advantage  of  this  construction  ie^ 
that  the  observer  does  not  have  to  change  his  position  to  observer 
all  the  stars  which  cross  the  plane  of  the  telescope.     It  has  also 
the  advantage,  for  a  portable  instrument,  of  diminished  weight 
and  a  more  compact  form. 

In  a  third  form,  proposed  by  Steikhbil*  of  Munich  the 
telescope  tube  is  dispensed  with  entirely,  or  rather  the  horizontal 
axis  is  converted  into  a  telescope,  by  starting  from  the  second 
form  just  described  and  shortening  the  tube  until  the  object 
glass  is  brought  next  to  the  prism,  so  that  the  rays  are  bent 
immediately  after  entering  the  instrument.  This  is  therefore, 
practically,  an  instrument  of  the  second  form  with  the  telescope 
tube  reduced  to  its  minimum  length ;  but,  to  gain  sufficient  focal 
length,  the  object  glass  and  prism  (which  are  connected  together) 
are  placed  near,  one  end  of  the  axis.  This  form  evidently  offers 
the  greatest  advantages  for  a  portable  instrument ;  its  want  of 
symmetry,  and  the  loss  of  light  incurred  by  the  introduction  of 
the  prism,  seem  to  prevent  its  adoption  for  the  larger  instruments 
intended  for  the  more  refined  purposes  of  the  observatory. 

The  principles  governing  the  use  of  such  instruments  being 
essentially  the  same  as  those  which  apply  to  the  transit  instru- 
ment of  the  common  form,  I  shall  here  treat  exclusively  of  the 
latter. 

119.  Plate  IV.  represents  the  meridian  transit  instrument  of 
the  Washington  Observatory,  made  by  Ertel  and  Sons,  Munich.* 
It  has  a  focal  length  of  85  inches,  with  a  clear  aperture  of  5.S 
inches.  The  dimensions  of  all  the  parts  may  be  found  from  the 
drawing.  The  portions  of  the  telescope  tube  TT^  which  are 
made  conical  to  prevent  flexure,  are  screwed  to  the  hollow  cube 
M,  The  conical  portions  of  the  horizontal  or  rotation  axis  NIH 
arc  also  screwed  to  this  cube  ;  this  axis  is  hollow,  and  terminates 
in  two  steel  cj'lindrical  pivots  which  rest  in  Vs  at  W.  It  is 
highly  important  that  these  pivots  be  perfect  cylinders  and  of 
precisely  equal  diameters. 

If  the  whole  weight  of  an  instrument  of  this  size  were  per- 

♦  Attron.  Nach.,  Vol.  XXIX.  D.  177. 
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mitted  to  rest  upon  the  Vs,  the  friction  would  soon  destroy  the 
perfect  form  of  the  pivots,  and  hence  a  portion  of  this  weight  is 
counterpoised  by  the  weights  WWy  which,  by  means  of  levers, 
act  at  XX,  where  there  are  friction  rollers  upon  which  the  axis 
turns.  By  this  arrangement,  only  so  much  of  the  weight  of  the 
initrament  is  allowed  to  rest  upon  the  Vs  as  is  necessary  to 
insure  a  perfect  contact  of  the  pivots  with  the  Vs.  This  not  only 
saves  the  pivots,  but  gives  the  greatest  possible  freedom  of 
motion  to  the  telescope,  the  lightest  touch  of  the  finger  being 
aow  sufficient  to  rotate  the  instrument  upon  the  axis. 

The  counterpoises  may  be  made  to  perform  another  important 
service  in  diminishing  the  flexure  of  the  horizontal  axis,  which  they 
will  evidently  do  if  they  are  applied  nearer  to  the  cube  than  in  this 
instrument.  With  cones,  such  as  iVTV,  of  very  broad  base,  the 
amount  of  flexure  must  be  extremely  small ;  still,  with  counter- 
poises properly  placed,  the  necessity  of  making  the  cones  so 
large  and  hea\'y  would  be  obviated.  (See  the  arrangement  of 
the  counterpoises  in  the  meridian  circle,  Plate  VII.) 

In  the  principal  focus  of  the  objective,  at  m,  is  the  reiicuk,  con- 
sisting of  seven  parallel  transit  threads ;  these  are  parallel  to  the 
vertical  plane  of  the  telescope  and  perpendicular  to  its  optical 
axis  (Art  5).     These  threads  and  the  images  of  stars  in  their 
plane  are  observed  with  the  eye  piece  E.    Eye  pieces,  or  oculars, 
of  various  magnifying  powers  are  usually  supplied,  to  be  used 
according  to  the  nature  of  the  object  observed  and  the  state  of 
the  atmosphere,  the  highest  powers  being  available  only  in  the 
most  favorable   circumstances.     One  of  these  eye  pieces  (and 
usually  one  of  the  lowest  powers)  is  fitted  with  a  mirror  to  throw 
light  down  the  tube  in  observations  for  collimation,  as  will  be 
fully  explained  hereafter.     This  constitutes  what  is  called  the 
coUimating  eye  piece  ;  but  the  plan  of  placing  a  small  piece  of  mica 
(Mt»de  the  eye  piece  (Art.  47)  converts  any  one  of  the  eye  pieces 
iuto  a  collimating  eye  piece. 

There  is  also  a  micrometer  thread  which  moves  so  nearly  in 
the  plane  of  the  transit  threads  as  to  be  sensibly  in  the  same 
focus.  This  thread  may  be  either  parallel  or  at  right  angles  to 
the  transit  threads  according  to  the  application  of  it  intended ; 
but  in  the  simple  transit  instrument  its  use  will  be  chiefly  to 
determine  the  collimation  with  the  mercury  collimator,  and  then 
it  will  be  most  convenient  to  make  it  parallel  to  the  transit 
threads.    For  this  purpose,  it  will  be  still  better  to  substitute  for 
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the  single  movable  thread  a  cross-thread  or  two  very  close  paralle 
threads. 

The  transit  threads  are  rendered  visible  at  night  by  light 
thrown  into  the  interior  of  the  telescope  through  the  hollow 
rotation  axis  from  a  lamp  on  either  side.  The  light  is  reflected 
down  the  telescope  tube  by  a  small  silver  mirror  in  the  cube  My 
or  by  an  open  metallic  ring,  which  does  not  interfere  with  rays 
from  the  object  glass.  The  amount  of  light  can  easily  be  regu- 
lated by  a  contrivance  which  it  is  not  necessary  to  describe.  The 
color  of  the  light  may  be  varied  by  passing  it  through  glass  of 
the  desired  shade. 

The  light  thus  thrown  down  the  tube  illuminates  the^eW,  and 
the  transit  threads  appear  as  black  lines  upon  a  bright  ground. 
For  very  faint  stars  it  may  be  necessary  to  reduce  this  field 
illumination  to  such  an  extent  that  the  threads  cease  to  be  dis- 
tinctly visible,  and  then  the  direct  illumination  of  the  threads  is 
to  be  resorted  to.  This  direct  illumination  of  the  threads  is 
effected,  in  the  instniment  here  represented,  by  two  small  lamps 
(omitted  in  the  drawing)  suspended  upon  the  telescope  near 
the  eye  piece,  which  throw  their  light  obliquely  upon  the  threads 
without  illuminating  the  field.  The  lamps  are  so  suspended  that 
their  flames  occupy  the  same  position  relatively  to  the  threads 
for  all  positions  of  the  telescope.  The  threads  are  thus  made  to 
appear  as  bright  lines  on  a  dark  ground.  Two  lamps,  on^  on 
each  side,  are  used  in  order  to  produce  symmetrical  illumination 
of  the  threads.  The  threads  may  also  be  illuminated  by  light 
admitted  through  the  axis,  but  so  brought  down  the  tube  (by  the 
aid  of  a  small  lens)  as  not  to  illuminate  the  field ;  this  light  being 
finally  received  by  small  reflectors  near  the  eye  piece,  and  by 
them  thrown  upon  the  threads  in  such  a  manner  as  to  produce 
the  required  symmetrical  illumination. 

At  F  and  F  are  two  fixniil\Ji)idou/  circles,  also  colled  Jinding  levels^ 
or  ^\n\\Ay  finders,  which  serve  in  setting  the  telescope  at  any  given 
elevation  or  zenith  distance.  Thev  will  be  more  fully  explained 
in  connection  with  the  portable  transit  instrument  in  the  next 
article. 

The  handles,  A  and  B,  which  are  within  reach  of  the  observer  s 
hand,  act  upon  a  clamj)  and  fine  motion  screw  by  which  the  tele- 
scope is  fixed  and  accurately  set  at  any  zenith  distance. 

The  inclination  of  the  rotation  axis  to  the  horizon  is  measured 
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with  the  striding  level  L  (Art.  51),  which  is  applied  to  the  pivots 
VV.  The  feet  of  the  level  have  also  the  form  of  Vs. 
The  piers  are  so  nearly  adjusted  in  the  first  place  that  the  Ys 
are  nearly  in  a  true  east  and  west  line,  but  a  small  final  correc- 
tion is  still  possible  by  means  of  screws  which  act  horizontally 
upon  one  of  the  Ys.  In  the  same  manner,  the  inclination  of  the 
axis  to  the  horizon  is  made  as  small  as  we  please  by  screws 
acting  vertically  upon  the  other  Y.  These  screws  are  not  shown 
in  the  drawing. 

hi  order  to  eliminate  errors  of  the  instrument,  it  is  necessary 
to  reverse  the  rotation  axis  from  time  to  time,  that  is,  to  make 
the  east  and  west  ends  of  the  axis  change  places.  The  reversing 
apparatus  or  car  for  this  purpose  is  shown  at  B.  It  runs  upon 
grooved  wheels  which  roll  upon  two  rails  laid  in  the  observatory 
floor  between  the  piers  PP^  and  is  thus  brought  directly  beneath 
the  axis.  By  the  crank  h  acting  upon  the  beveled  wheels  6  and 
/,  two  forked  arms  aa  are  lifted  and  brought  into  contact  with 
the  axis  at  NN;  then,  continuing  the  motion,  the  telescope  is 
lifted  just  sufficiently  to  clear  the  Ys,  and  the  friction  rollers  at 
ZZ;  the  car  is  then  rolled  out  from  between  the  piers,  bearing 
the  telescope  upon  its  arms ;  a  semi-revolution  is  given  to  the 
anns,  the  exact  semi-revolution  being  determined  by  a  stop  d, 
flie  car  is  rolled  back  between  the  piers,  and  the  telescope  lowered 
into  the  Ys.  It  is  hardly  necessary  to  observe  that  the  telescope 
i«  placed  in  a  horizontal  position  during  this  operation. 

An  observing  couch  C  runs  on  the  rails  between  the  piers.  It 
is  80  arranged  that  the  observer  reclining  upon  it  may  give  his 
head  any  required  elevation,  and  thus  be  able  to  observe  stars  at 
high  altitudes  without  the  discomfort  which  would  destroy  the 
accuracy  of  his  observations. 

The  piers  PP  are  of  granite,  and  rest  upon  a  foundation  of 
stone  sunk  ten  feet  below  the  surface  of  the  ground.  They  are 
wholly  insulated  from  the  walls  and  floor  of  the  building. 

Between  the  piers,  a  granite  slab  about  a  foot  broad  and  ten 
feet  long  is  placed  on  a  level  with  the  floor.  This  rests  firmly 
upon  the  foundation  which  supports  the  instrument,  and,  like 
the  piers,  is  insulated  from  the  floor.  On  this  slab  may  be 
placed  a  basin  of  mercury  at  various  distances  from  the  instru- 
ment, for  observing  stars  by  reflexion. 

I  do  not  propose  to  enter  into  the  details  of  constructing  the 
observatory  itself,  as  many  of  these  details  will  vary  according  to 
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the  taste  and  means  of  the  Imilder;  but  k  is  essential  to  remark: 
that  the  opening  in  the  roof  and  sides  of  the  building  tliroiigh 
which  the  observations  are  to  be  made  should  be  much  wider 
than  the  mere  aperture  of  the  telescope ;  for  there  are  always 
currents  of  air  of  various  temperatures  near  the  edges  of  the 
openings,  which  produce  unsteadiness  in  the  images  of  stara  A 
width  of  two  feet  at  least  should  be  allowed. 

It  is  also  well  to  observe  that  the  observing  room  should  be 
large  and  high,  that  the  radiation  from  the  walls  may  not  have 
too  much  effect  upon  the  instrument  No  artificial  heat  should 
be  permitted  in  it  or  near  it.  Its  temperature  at  the  time  of  an 
observation,  and  that  of  the  whole  instrument,  should  be  as 
nearly  as  possible  the  same  as  the  temperature  of  the  atmosphere 
outside  the  observatory. 

The  indispensable  companion  of  the  transit  instrument  in  the 
observatory  is  the  sidereal  clock,  which  is  to  be  secured  to  a 
stotic  pier,  resting  upon  a  foundation  which  is  insulated  from  the 
floor,  and  so  placed  that  its  dial  may  be  seen  by  the  observer 
from  any  position  he  may  occupy  at  the  telescope.  If,  however, 
the  transits  are  recorded  by  the  chronograph  (Arts.  71-77)  the 
clock  may  be  in  any  part  of  the  observatory,  and  a  single  clock 
may  be  used  for  all  the  observations  with  all  the  instruments.  It 
will  only  be  necessary  that  each  instrument  should  have  its  own 
chronographic  register,  which  is  graduated  into  seconds  by  the 
one  standard  clock.  However,  a  clock  in  the  room  with  the  in» 
strument  is  still  necessary  to  enable  the  observer  to  prepare  for 
his  observations  at  the  proper  time;  but  this  may  then  be  re- 
garded as  a  sort  of  finder  merely,  and  it  will  be  necessary  to  regu- 
late it  only  approximately* 

120.  Plate  V.  represents  a  portable  transit  instrument  as  con- 
structed by  Mr.  W.  Wurdemann  (Washington,  D.  C).  The  focal 
length  of  such  an  instrument  is  usually  from  24  to  36  inches. 

The  letters  common  to  Plate  V.  and  Plate  IV.  represent  the 
same  parts.  The  peculiar  feature  is  the  portable  frame  PP^  which 
here  tiikes  the  {)Iace  of  the  piers.  It  is  made  of  iron,  and  is  made 
as  light  as  possible  without  the  sacrifice  of  strength  and  stability. 
The  screws  tt  being  removed,  the  inclined  supports  j)p  fold  in 
against  the  upright  ones,  and  then  the  latter  fold  down  upon  the 
horizontal  frame ;  and  the  whole  frame  can  be  placed  in  a  box. 
This  box  is  deep  enough  to  receive  the  telescope  also.     The 
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in«trainent  can  thns  be  conveniently  transported  and  set  up  in  a 
Ihf  minatee  upon  any  temporary  pillar  Q.  In  the  field  it  will 
often  be  eonvenient  to  mount  the  instrument  upon  the  trunk  of 
a  tree  cut  off  to  the  required  height.  The  frame  is  quickly 
lerelled  approximately  by  the  foot  screws  S,  S,  S. 

A  diagonal  eye  jnece  E  (Art.  12)  is  necessary  for  observing  stars 
at  considerable  altitudes. 

The  eye  tube  of  the  telescope  is  moved  out  and  in  by  a  rack 
and  pinion  r,  to  bring  the  threads  precisely  into  the  focus  of  the 
olject  glass.  The  rack  and  pinion  k  carry  the  eye  piece  to  the 
right  and  left  so  as  to  bring  it  opposite  each  thread  iu  succession 
as  a  star  crosses  it. 

The  finder  J?*  consists,  Ist,  of  a  small  graduated  circle  which  is 
permanently  attached  to  the  telescope;  2d,  of  a  spirit  level  g 
attiched  to  an  arm  which  revolves  about  the  centre  of  the  circle. 
This  arm  carries  a  vernier,  and  has  a  clamp  and  fine  motion 
screw  at/.  When  the  vernier  reads  0°,  the  axis  of  the  level  is 
parallel  to  the  optical  axis  of  the  telescope ;  consequently,  if  we 
set  the  vernier  to  this  reading,  0°,  and  then  revolve  the  tele- 
scope until  the  bubble  stands  in  the  middle  of  the  tube,  the 
optical  axis  will  be  horizontal.  If  then  we  set  the  vernier  at 
any  other  given  reading  i?,  and  revolve  the  telescope  until  the 
babble  stands  in  the  middle  of  the  tube,  the  inclination  of  the 
telescope  to  the  horizon  will  be  =  R.  The  altitude  of  a  star 
whose  transit  is  to  be  observed  is  known  from  its  declination 
and  the  latitude  of  the  place  of  observation,  and  it  is  usually 
uecessary  to  prepare  for  the  observation  by  setting  the  telescope 
at  the  proper  altitude  by  means  of  the  finder. 

A  rack  and  pinion  (not  shown  in  the  drawing)  serve  to  revolve 
the  eye  piece  and  micrometer  so  as  to  make  the  threads  vertical, 
or  rather  parallel  to  the  vertical  plane  of  the  telescope. 

The  illuminating  lamps  are  shown  in  their  position.  Their 
light  is  thrown  into  the  axis  in  nearly  parallel  lines  by  means  of 
a  lens  in  the  lantern  opposite  the  middle  point  of  the  fiame,  the 
flame  being  nearly  in  the  focus  of  the  lens. 

120*.  A  small  altitude  and  azimuth  instrument  so  constructed 
that  it  may  be  used  also  as  a  transit  instrument  is  called  a  universal 
wtrumenL  The  horizontal  graduated  circle  renders  such  an  in- 
atrament  very  convenient  for  ob8ei*vation8  out  of  the  meridian. 
See  Chapter  VII. 
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121.  Milkott  of  obstrvalioii. — In  all  caafu,  the  celestial  oba 
tioii  made  nith  the  truiiitit  iimtruiacut  coii§iHts  ouly  in  noting, lif 
a  clock  or  chronometer,  tho  several  iiifltiiiitH  when  a  ttt&r  or  i>lhe 
object  crosses  the  thrciid^^.  The  method  of  doing  this  withpn 
eUion  is  na  follows.  Thti  inttruincut  rvmuUuug  Htatioiiai^-.tltl 
diurnal  motion  cauees  the  star  to  pass  across  the  field  of  tin 
telescope.  Ab  it  approaches  a  thread,  the  ohscrvor  lookfl  at  tltt 
clock  and  begins  to  count  ita  beats;  and,  keeping  the  countia' 
hia  head  by  the  aid  of  the  audible  beats  of  the  cluck,  hu  then 
turna  his  eye  to  the  telescope  and  notes  the  bent  when  the  «Ui 
appears  oil  the  thread.  The  transit  over  the  thread  may,  boiF> 
ever,  fall  between  two  beats;  and  then  the  fraction  of  a  btat ' 
to  be  estimated.  This  estimate  is  made  rather  by  the  cyetbu 
the  ear.     Suppose  the  clock  beats  seconds.     Let  a,  Fig.  36, 

tlie  position  of  the  star  at  the  last  boil 
before  the  star  comes  to  the  thread,  aiiiii 
its  position  at  tho  next  following  heat 
The  observer  compares  the  distance  Croil 
-  a  to  the  thread  with  the  distance  from  a  to 
b,  and  estimates  the  fraction  which 
preasea  the  ratio  of  the  former  to  the  la 
in  tenths ;  and  these  tenths  are  then  to  bB 
added  to  the  whole  number  of  secondi 
counted  at  a,  to  express  the  instant  of  transit.  Thus,  if  he  coontl 
20  seconds  by  the  clock  at  it,  and  estimates  thiit  from  a  to  th« 
thread  is  ^  of  ab,  the  instant  of  transit  is  20'.4,  which  he  records, 
together  with  the  minute  and  hour  by  the  clock. 

In  the  transit  of  the  sun,  tlie  moon,  or  a  planet,  the  instant 
when  the  limb  is  a  tangent  to  the  thread  is  noted.  The  mod* 
of  inferring  the  time  of  transit  of  tho  centre  from  that  of  tlie 
limb  will  be  explained  hereafler. 

The  most  accurate  method  of  observing  transits  is  by  the  siJ 
of  the  chronograph.  At  the  precise  instant  when  the  star  is  o" 
the  thread,  the  observer  presses  the  signal  key  and  makes  a 
record  on  the  register,  which  is  read  off  at  his  leisure,  according 
to  the  methods  explained  in  Arts.  71—77.  The  record  of  several 
transits  of  stars  over  the  five  threads  of  the  Cambridge  telescopfi 
is  shown  in  Plate  I.  Fig.  6.  .  Each  transit  is  preceded  by  an 
irregular  signal,  produced  by  a  rapid  succession  of  taps  on  tin* 
signal  key,  by  means  of  which  the  place  of  the  observation  on 
the  xegiatcr  ia  afterwards  readily  found.     As  t^e  observer  U 
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relieved  by  the  chronograph  from  the  necessity  of  counting  the 
ttconda  and  estimating  tlie  fractions,  the  transit  threads  may  be 
placed  much  closer  to  each  other  and  their  number  greatly  in- 
creased. In  the  transit  instruments  used  in  the  United  States 
Coast  Survey  for  the  telegraphic  determination  of  differences  of 
longitude  (see  Vol.  I.  Art.  227),  the  diaphragms  contain  twenty- 
ire  threads,  arranged  in  groups,  or  "tallies,"  of  five,  as  in  Plate 
LFig.l. 

GENERAL   FORMULiE   OF   THE   TRANSIT   INSTRUMENT. 

122.  In  whatever  position  the  transit  instrument  may  be  placed, 
we  may  consider  its  rotation  axis  as  an  imaginary  line,  passing 
through  the  central  points  of  the  pivots,  which,  produced  to  the 
cdestial  sphere,  becomes  a  diameter  of  the  sphere ;  and  the  axis 
of  toUimation  as  an  imaginary  line,  drawn  from  the  optical  centre 
of  the  object  glass  perpendicular  to  the  rotation  axis,  and  de- 
acribing  a  great  circle  of  the  sphere  as  the  telescope  revolves. 
The  position  of  this  great  circle  in  the  heavens  is  fully  deter- 
ininedwhen  we  have  given  the  position  of  the  rotation  axis; 
•nd  the  position  of  the  rotation  axis  is  given  when  we  know  the 
iWtude  and  azimuth  of  either  of  the  points  in  which  it  meets 
the  celestial  sphere. 

The  sighi-line  marked  by  a  thread  in  any  part  of  the*  field  is 
iline  drawn  from  the  thread  through  the  optical  centre  of  the 
object  glass.  The  angle  which  this  line  makes  witli  the  axis  of 
eoUimation  does  not  chan^^e  as  the  telescope  revolves :  so  that, 
while  the  axis  of  collimation  describes  a  great  circle,  the  sight- 
line  describes  a  small  circle  parallel  to  it  whose  distance  from  it 
is  everj'where  the  constant  measure  of  the  inclination  of  the 
sight-Hne.  If  then  a  star  is  ob8er\'ed  on  the  thread,  the  position 
of  die  star  with  respect  to  the  great  circle  of  the  instrument 
becomes  known  when  we  know  the  inclination  of  the  sight-line 
or  the  angular  distance  of  the  thread  from  the  axis. 

The  general  problem  to  which  the  use  of  the  transit  instru- 
meDt  gives  rise  is  the  following: 

123.  To  find  the  hour  angle  of  a  star  observed  on  a  given  thread  of 
<fc  transti  instrument  in  a  given  position  of  the  rotation  axis. — Let 
Fig.  37  represent  the  sphere  stereographically  projected  upon 
the  plane  of  the  horizon,  NS  the  meridian,  WE  the  prime 
vertical.     Suppose  the  axis  of  the  instrument  lies  in  the  vertical 
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jilaiie  ZA,  and  tluU  A  '»  tltc  |>nint  in  wbich  this  mxi*  productd 
p.^  ^,  towanU  tlic  went  meets  tlit;  cclennfi 

aphere.  Let  X'Z't?  be  the  ^rot 
circle  tlcttcrilied  by  (bo  axu  of  colli- 
nuilioii ;  A  U  tliu  jwilv  of  ibis  i-ink 
Let  nO?  be  the  small  circle  descnW 
by  the  siglit-liiie  drawa  throagb  ■ 
\  tlirend  whose  constant  niigiiUr  dit- 
tance  from  the  colliniulion  axis  i' 
(fiven  =  e.  Let  b  denote  the  altituJ*, 
W  +  a  the  oximutb,  90"  —  m  tk 
hnur  angle,  n  the  declination  of  tii« 

pctiiit  A ;  ^  the  latitude  of  the  obwrvcr;  d  the  decliuatioii  of  < 

Btar  observed  at  0  on  the  given  thread.    Join  PA,  PO,  4ft 

We  hav« 


KZA  = 


90"  +  a, 
-.  90»  —  6, 

:  90'   +   C, 


ZPA  =  Oft"  - 
P^  =  W  - 

PO  =  00'  - 


and  the  triangle  PZA  gives  the  equations  [Sph.  Trig.  (C),  (3),  (i^ 


cos  n  Bin  m  =;  sin  5  cos  p  -|~  '^'^^  ''  ^i"  (^  ^iu  ? 
cos  n  cos  m  ^  co«  b  cos  n 

sin  N  =  sin  A  eia  fi  —  cos  b  sin  a 


sin  a  COB  ^       } 


(Ti) 


which  determine  m  and  n  when  a  and  i  are  given.     Now  let 

T  =:  the  hour  angle  of  O  east  of  the  nioridian ; 

then  the  angle  APO  =  90°  -  m  +  v  =  dO" -\-  {t  -  m),  nud  tlie 
triangle  APO  gives 

—  sin  f  ^  ein 


1  iJ- 


;os  a  Bin  fr  —  m) 
wnenco 

sin  (r  —  m)  =  tan  a  tau  il  4-  sin  r  aoc  n  ace  ^  [W 

whioli  determines  r  —  m,  whence  also  - 

These  general  fomiulio  admit  of  simplification  when  the  >"' 
Btrumeut  is  either  near  the  meridiaji  or  near  the  prime  vertical' 
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124.  The  instrument  is  said  to  be  in  the  nioridian  when  the 
great  circle  d$acrihed  bj  the  azia  of  coUimatitHi  is  the  meridiut- 
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The  axis  of  rotation  is  then  perpendicular  to  the  plane  of  the 

meridian,  and,  consequently,  lies  in  the  intersection  of  the  prime 

vertical  and  the  horizon.    If,  further,  the  thread  on  which  the 

star  is  obsenred  is  in  the  axis  of  coUimation,  the  time  of  obser- 

Tfttion  is  that  of  the  star's  transit  over  the  meridian  ;  and,  since 

It  that  instant  the  sidereal  time  is  equal  to  the  star's  right  ascen- 

lion,  the  error  of  the  clock  on  sidereal  time  is  obtained  at  once 

bv  taking  the  difierence  between  that  right  ascension  and  the 

(^served  clock  time  of  transit.     (Vol.  I.  Art.  188.) 

Practically,  however,  we  rarely  fulfil  these  conditions  exactly, 
brt  must  correct  the  time  of  observation  for  the  small  deviations 
expressed  by  a,  6,  and  c,  of  which  a  is  the  excess  of  the  azimuth 
rfthe  west  end  of  the  axis  above  90°  (reckoned  from  the  north 
]Km)t),  and  is  called  the  azmuih  consiavt;  b  is  the  elevation  of  the 
w«t  end  of  the  axis,  and  is  called  the  level  constant)  and  c  is  the 
inclination  of  the  sight-line  to  the  collimation  axis,  and  is  called 
the  collimation  constant 

We  must  first  show  how  to  adjust  the  instrument  approxi- 
mately, or  to  reduce  a,  6,  and  c  to  small  quantities. 

125.  Approximate  adjustment  in  the  meridian. — Ist.  The  middle 
thread  of  the  diaphragm  should  coincide  as  nearly  as  possible 
with  the  collimation  axis.  This  adjustment  can  be  approxi- 
mately made  before  putting  the  instrument  in  the  meridian,  by 
moving  the  thread  plate  laterally  until  the  middle  thread  cuts  a 
well  defined  distant  point  in  both  positions  of  the  rotation  axis 
in  the  Vs. 

2d.  The  middle  thread  (and,  consequently,  all  the  transit 
threads)  should  be  vertical  when  the  rotation  axis  is  horizontal ; 
that  is,  it  should  be  perpendicular  to  the  rotation  axis.  This 
«u  be  verified  while  adjusting  the  sight-line,  by  observing 
whether  the  distant  point  continues  to  appear  on  the  thread  as 
fte  telescope  is  slightly  elevated  or  depressed.  After  the  instru- 
ment has  been  placed  in  the  meridian  and  the  axis  levelled,  the 
Terticality  of  the  threads  may  also  be  proved  by  an  equatorial 
rtar  running  along  the  horizontal  thread,  which  is  at  right  angles 
to  the  transit  threads. 

The  axis,  being  placed  nearly  east  and  west  (at  first  by  estima- 
tion), is  levelled  by  means  of  the  striding  level.  Thus  c  and  b 
ftre  easily  reduced  to  small  quantities. 

Sd.  To  reduce  a  to  a  small  quantity,  or  to  place  the  instrument 
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very  near  to  the  meri'Juin.  we  must  huvo  ret-oursp  to  tho  o] 
vatioii  of  stars.     Tho  following  iiroceas  will  be  found  as 
as  any  other  with  a  portable  iiistnimeiit. 

Compute  the  mean  time  of  transit  of  a  slow  moving  star  (oD> 
near  the  pole),  and  bring  the  tele§cnpe  upon  it  at  that  time.  For 
the  first  approximation,  the  time  may  bo  given  by  a  common 
watch.  an<i  the  telescope  may  be  brought  upon  the  Btar  br 
moving  the  frame  of  tho  iustrunient  horizontally.  Then  level 
the  axis,  and  nnt«  the  time  by  tho  clock  of  the  transit  of  ftfiar 
near  the  zenith  over  the  middle  threatl.  It  la  evident  that  the 
time  of  transit  of  a  stiir  noar  the  zenith  will  not  be  much  aflected 
by  a  deviation  of  tho  instrument  in  azimuth,  and  therefore  the 
difference  between  the  etiir's  right  avccnsion  and  the  clock  tinA 
will  be  the  approximnte  error  of  the  clock  on  Hidereffl  tin*' 
With  this  error,  we  are  prepared  to  repeat  tli«  process  wi4( 
another  slow  moving  star,  this  time  employing  the  clock  aoi 
causing  llie  middle  thread  to  follow  tho  etar  by  mo'snng  only  tl* 
azimuth  V.  "SVhen  the  clock  correction  has  been  previously 
found  byothermeana(aswith  the  sextant),  the  first  appi-oximalioa 
will  usually  be  found  sufficient,  Tho  instrument  is  now  euffl- 
ciently  near  to  tho  meridian,  and  the  outstanding  small  deviationt 
can  be  found  and  allowed  for  as  explained  below. 

In  mounting  a  large  transit  instrument  in  an  observatory,  it 
will  be  convenient  first  to  estabUsh  the  approximate  direction  of 
the  mendian  with  a  theodolite,  and  to  set  up  a  distinct  mark  at 
a  sufficient  distance  to  be  visible  in  tho  large  telescope  without 
a  change  of  the  stellar  focus.  The  middle  thread  of  the  instru- 
ment can  then  be  brought  upon  this  mark  before  proceeding  W 
the  observation  of  stars, 

4th.  Finally,  it  is  necessary  to  adjust  the  finder  whereby  the 
telescope  is  to  be  directed  to  that  point  of  the  meridian  through 
which  a  given  object  will  pass.  If  the  finder  is  intended  to  giv« 
tho  zenith  distance  (f),  we  take 

C  =^  ff  —  J  —  r  -|-  ^  for  an  object  sonth  of  the  zenith, 
Z^3  — J)  —  r-fP       "  "      north      "  " 

In  which  r  is  the  refraction,  and;?  the  parallax  of  the  object  for 
the  zenith  distance  J'.     But,  for  the  purpose  nf  ptding  an  ohj«t 
merely,  we  may  neglect  r,  except  for  very  low  altitudes,  and  f 
may  be  neglected  for  ail  bodies  except  the  moon. 
To  acljust  the  finder,  we  have  only  to  clamp  the  telescope  when 
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6ome  known  star  is  on  the  horizontal  thread,  and  in  that  position 

cause  the  finding  circle  to  read  correctly  for  that  star,  by  means 

of  the  proper  adjusting  screws.     It  will  then  read  correctly  for 

all  other  stars.     In  large  instruments  the  finder  is   sometimes 

graduated  from  0°  to  360°. 

With  respect  to  the  time  when  a  star  is  to  be  expected  on  the 
meridian,  the  sidereal  clock  or  chronometer  answers  as  a  finder, 
rince  (after  allowing  for  its  error)  it  shows  the  right  ascensions 
of  the  stars  that  are  on  the  meridian. 

126.  Equations  of  the  transit  instrument  in  tlie  meridian. — ^By  the 
preceding  process  we  can  always  easily  reduce  a,  6,  and  c  to 
quantities  so  small  that  their  squares  will  be  altogether  insensible, 
or,  which  is  the  same  thing,  we  can  substitute  them  for  their 
nnes,  and  put  their  cosines  equal  to  unity.  And,  since  m,  n,  and 
r  will  be  quantities  of  the  same  order  as  a,  6,  and  e,  the  general 
fonnulae  (78)  will  become 


ttd  (79)  gives 


m  =  b  cos  f  -\-  a  Bin  ^ 
n  =  6  sin  f  —  a  cos  ^ 

r  =  m  -}-  n  tan  <5  -f  c  sec  ^ 


}   m 


(81) 


rtich  is  Bessel's  formula  for  computing  the  correction  to  be 
»4(led  to  the  observed  sidereal  clock  time  of  transit  of  a  star 
wer  the  middle  thread  to  obtain  the  clock  time  of  the  star's 
transit  over  the  meridian.  It  is  hardly  necessary  to  observe  that 
the  unit  of  all  the  quantities  a,  6,  c,  m,  w,  r  should  be  the  second 
of  time. 
If  now  we  put 

T=  the  observed  clock  time  of  the  star's  transit  over  the 

middle  thread, 
lT=  the  correction  of  the  clock, 
a  =  the  star's  apparent  right  ascension, 

4e  true  sidereal  time  of  transit  will  be  T+  r  +  aT*,  and  this 
quantity  must  be  equal  to  a.     Hence  we  have 


or 


(82) 


ci=  T+  A!r+  r 

o=  T  -^  6.T  -\-  m  +  n  tan  8  -\-  c  bqc  S 
ky  which  formula  the  right  ascension  of  an  unknown  star  can  be 
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found  when  a  IT  and  the  constants  of  the  instrument  are  known 
From  the  transits  of  known  stars,  on  the  other  hand,  this  equa 
tion  enables  us  to  find  tkTy  when  the  constants  of  the  instrumem 
are  given. 

The  apparent  right  ascension  in  this  equation  should  b€ 
affected  by  the  diurnal  aberration,  which,  by  Vol.  L  Art.  898,  la 
0'^311  cos  ip  sec  d  =  0'.021  cos  ip  sec  8  when  the  star  is  on  the 
meridian.  If  then  a  denotes  the  right  ascension  as  given  in  the 
Ephemeris,  the  first  member  of  (82)  ought  to  be  a  +  0''.311 
cos  ip  sec  dy  so  that  the  equation  becomes 

o=  r+AT+m  +  n  tan  ^  +  (c  —  0*.021  cos  f )  sec  d     (83) 

Hence,  if  instead  of  c  we  take 

d  =0  —  0'.021  cos  ^ 

we  may  use  (82)  without  further  modification,  and  the  diurnal 
aberration  will  be  fully  allowed  for.  Since,  for  each  place  of  ob- 
servation, the  quantity  0*.021  cos^  is  constant, there  is  no  reason 
for  omitting  to  apply  this  correction,  although  its  influence  is 
scarcely  appreciable  except  with  the  larger  instruments  of  the 
observator}\ 

127.  Bessel's  form  for  the  correction  r  is  usually  the  most 
convenient;  but  other  forms  have  their  advantages  in  certain 
applications.     From  (80)  we  deduce 


a  -^^m  sm  tp  —  n  cos  fp 
b  =  m  cos  ^  -\-  n  B\n  ^ 


}   (8*: 


and  from  the  second  of  these  we  have 

m  =  b  Bee  y  —  n  tan  ^  (8^ 

which  substituted  in  (81)  gives  Hansen's  formula, 

T  =  b  sec  y>  -f-  n  (tan  d  —  tan  f)-\-c  sec  d  (8^ 

This  is  convenient  in  reducing  obsen^ations  of  stars  near  tbi 
zenith,  where  the  coefficient  tan  5  —  tan  ^  becomes  small.  % 
shows  that  for  a  star  in  the  zenith  the  correction  depends  onl^ 
on  b  and  c*,  and  that  in  general  the  best  stars  for  determining 
tlie  clock  correction  are  those  which  pass  nearest  to  the  zenith. 
If  we  substitute  the  values  of  m  and  n  from  (80)  in  (81),  wi 
readily  bring  it  to  the  form 
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^^^    BiB(y-*)^^    C08(y-^^ 


COS  d  COS  d  COS  d 


(87) 


wWch  18  known  as  Mater's  formula.  This  is  the  oldest  form ; 
but  where  many  stars  are  to  be  reduced  for  the  same  values  of 
the  constantfi,  it  is  much  less  convenient  than  the  preceding.  It 
has  its  advantages,  however,  in  cases  where  the  constant  a  is 
directly  given,  or  in  discussions  in  which  this  constant  is  directly 
sought. 

128.  These  formolse  apply  directly  to  the  case  of  a  star  at  its 
npper  culmination.  To  adapt  them  to  lower  culminations  (that 
is,  of  circompolar  stars  at  their  transits  below  the  pole),  we 
observe  that  in  the  general  investigation  Art.  128,  8  represents 
the  distance  of  the  star  from  the  equator  reckoned  towards  the 
senidi  of  the  place  of  observation,  and,  consequently,  the 
fermula  will  be  applicable  to  lower  culminations  if  we  still  repre- 
sent by  d  the  distance  of  the  star  from  the  equator  through 
the  zenith  and  over  the  pole  ;  that  is,  if  we  take  for  d  the  supple- 
ment of  the  declination.  This  being  understood,  we  shall  be 
saved  the  necessity  of  duplicating  our  formulae. 

Again,  the  time  of  the  lower  culmination  differs  by  12*  of 
fidereal  time  from  that  of  the  upper  culmination  of  the  same 
star.  Hence,  to  apply  the  formulae  to  the  case  of  a  lower  cul- 
mination, it  is  also  necessary  to  suppose  that  a  represents  the 
star's  right  ascension  increased  by  12*. 

In  short,  for  lower  culminations,  we  must  substitute  12*  +  a 
tod  180°  —  5  for  a  and  d. 

129.  Since  the  instrument  may  be  used  in  two  positions  of  the 
nation  axis,  it  is  necessary  to  distinguish  these  positions.  We 
ihall  suppose  that  the  clamp  is  at  one  end  of  the  axis,  and  shall 
distinguish  the  two  positions  by  "  clamp  west"  and  "  clamp  east." 
If  the  value  of  c  has  been  found  for  clamp  west,  its  value  for 
damp  east  will  be  numerically  the  same,  but  will  have  a  different 
i^;  for,  since  in  reversing  the  collimation  axis  remains  in  the 
toe  plane,*  any  thread  will  be  at  the  same  absolute  distance 
fiom  this  axis,  but  on  opposite  sides  of  it  in  the  two  positions. 

*  Sieept  when  the  pWois  are  unequal,  the  correction  for  which  will  be  considered 
kocftfter. 
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For  example,  if  we  have  found  for  clamp  west  c  =  —  0',292,  v^^e 
must  take  for  clamp  east  c  =  +  0'.292. 

If,  however,  we  take  the  diurnal  aberration  into  account,  wb 
must  observe  that  c'  is  not  numerically  the  same  in  the  two  posi- 
tions of  the  axis.     For  example,  \f<p  =  38®  59',  the  correction 
0'.021  cos  <p  is  O'.Oie ;  and  if  for  clamp  west  we  have  c  =  —  O'^Z, 
we  shall  have  for  this  position  c'  =  —  0'.292  —  O'.OIG  =  —  O-.SOS, 
but  for  clamp  east  c'  =  +  0'.292  —  O'.Oie  =  +  0'.276. 

130.  In  the  above,  we  have  assumed  that  the  star  has  been 
observed  on  a  single  thread  whose  distance  from  the  coUimatioa 
axis  is  known.  The  same  method  may  be  applied  to  each  thread; 
but  when  the  intervals  between  the  threads  are  known,  each 
observation  may  be  reduced  to  the  middle  thread  or  to  a  point 
corresponding  to  the  "mean  of  the  threads,"  and  the  correction 
r  will  then  be  computed  only  for  this  middle  thread  or  this  mean 
point.  I  proceed  to  show  how  these  intervals  are  to  be  deter- 
mined and  applied. 

THREAD   INTERVALS. 

131.  An  odd  number  of  threads  is  always  used,  and  they  are 
placed  as  nearly  equidistant  as  possible,  or,  at  least,  they  are 
symmetrically  placed  with  respect  to  the  middle  one,  and  this 
middle  thread  is  adjusted  as  nearly  as  possible  in  the  collimation 
axis.  If  the  threads  were  exactly  equidistant,  the  mean  of  the 
observed  times  of  transit  over  all  of  them  could  be  taken  as  the 
time  of  transit  over  the  middle  one,  and  this  with  the  greater 
degree  of  accuracy  (theoretically)  the  greater  the  number  of 
threads.*  But  since  it  rarely  happens  that  the  threads  are  per- 
fectly equidistant  or  symmetrical,  it  becomes  necessary  to  deter- 
mine their  distances  ;  and  this  is  usually  the  first  business  of  the 
obsei^ver  after  he  has  mounted  his  instrument  and  brought  it 
approximately  into  the  meridian.  yi 

Let  i  denote  the  angular  interval  of  any  thread  from  the 
middle  thread  ;  /  the  time  required  by  a  star  whose  declination 
is  d  to  pass  over  this  interv^al.  Then  ?,  being  expressed  in 
seconds  of  time,  will  also  denote  the  interval  of  sidereal  time 
required  by  a  star  in  the  equator  to  describe  the  space  between 

*  The  practical  limits  to  the  number  of  threads  wiU  be  considered  in   another 
place. 
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the  threads ;  for  this  is  the  case  in  which  the  apparent  path  of 
the  star  is  a  great  circle.  Our  notation,  therefore,  may  be  ex- 
pressed by  putting 

t  =  tho  equatorial  interval  of  a  thread  from  the  middle  thread, 
7=  the  interval  for  the  declination  d, 

H  now  e  denotes  the  collimation  constant  for  the  middle  thread, 
the  distance  of  the  side  thread  from  the  collimation  axis  is  i+  c; 
and  if  r  is  the  hour  angle  of  a  star  when  on  the*  middle  thread, 
/+  r  is  its  hour  angle  when  on  the  side  thread.  Hence,  by  our 
rigorous  formula  (79),  applied  to  each  thread,  we  have 

sin  (^I  -{-  T  —  m)  =  tan  n  tan  d  -f-  sin  (i  +  c)  see  n  sec  d 
sin  (r  —  tn)  =  tan  n  tan  ^  +  sin  c  sec  n  sec  d 

the  difference  of  which  is 

2co8  (}/  4"  ^  —  m) sin  i  1=  2 cos  (} i  +  c) sin  ii  sec  n  sec  S 

for  which,  since  r  —  m,  c,  and  n  are  here  very  small  quantities, 
we  may  write,  without  sensible  error, 

2  cos  }  7  sin  i  7  =  2  cos  i  i  sin  }  i  sec  S  ^ 

or  y     (88) 

sin  /  =  sin  i  sec  «5  J 

From  this,  Jean  be  found  when  i  is  given.  On  the  other  haivl^ 
if  /  is  observed  in  the  case  of  a  star  of  known  declination,  we 
deduce  t  by  the  formula 

sin  I  =  sin  I  cos  S  (89) 

If  the  star  is  not  within  10°  of  the  pole,  it  is  quite  accurate  to 
take  for  these  the  more  simple  forms 

7  =  I  sec  ^  1  =  7  cos  d  (90) 

These   formulje  show  that  the   observed  interval  will  be  the 

jl^greater  the  nearer  the  star  is  to  the  pole.     Hence,  for  finding  i 

from  observed  values  of  /,  it  is  expedient  to  take  stars  near  the 

pole,  since  errors  in  the  observed  times  will  be  reduced  in  the 

ratio  1 :  cos  3. 

When  the  star  is  so  near  to  the  pole  that  either  (88)  or  (89)  is 
to  be  nsed,  it  will  be  found  convenient  to  substitute  for  them 
the  following : 

r         •  »    f  .         7C0S  ^  - 

7  =  t  sec  ^ .  A:  t  =  — r —  (91) 


148 


TRANSIT   INSTRUMENT  IN  THE  MERIDIAN. 


in  which  k  =  — : — —*  and  its  logarithm  may  be  readily  taken 
from  the  following  table : 


I 

log  t  see  i 

log* 

1- 

1.778 

0.00000 

2 

2.079 

.00001 

8 

2.255 

.00001 

4 

2.880 

.00002 

5 

2.477 

.00008 

6 

2.556 

.00006 

7 

2.628 

.00007 

8 

2.681 

.00009 

9 

2.782 

.00011 

10 

2.778 

.00014 

11 

2.819 

.00017 

12 

2.857 

.00020 

13 

2.892 

.00023 

14 

2.924 

.00027 

15 

2.954 

.00081 

I 

log  1  8M  4 

log* 

is- 

2.954 

0.00081 

le 

2.982 

.00085 

17 

8.008 

.00040 

18 

8.088 

.0004& 

19 

8.056 

.00050 

20 

8.079 

.00065 

21 

8.100 

.00061 

22 

8.120 

.00067 

23 

8.189 

.00078 

24 

8.158 

.00080 

25 

8.176 

.00086 

26 

8.192 

.00098 

27 

8.209 

.00101 

28 

8.224 

.00108 

29 

8.239 

.00116 

30 

8.254 

.00124 

Example  1. — If  for  a  star  whose  declination  is  5=  88°  83'  we 
have  observed  the  interval  between  a  side  thread  and  the  middle 
thread  to  be  /=  25"*  17'.6,  required  the  value  of  L 

We  have 

log  J    3.18116 

log  cos  d    8.40320 

ar.  CO.  log  k    9.99912 

{  =  38-.325  log  i    1.58348 

Example  2.— Given  i  =  38'.325,  find  /for  3  =  87°  15'. 
We  have 

log  I    1.58348 
log  sec  d    1.31896 

log  i  sec  d    2.90244 
(Argument  2.902)  log  k    0.00024 

I  =  799'.25  log  /    2.90268 

132.  The  thread  intervals  may  also  be  found  by  Gattss's 
method,  with  a  theodolite,  precisely  as  in  the  method  of  deter- 
mining the  value  of  a  micrometer  screw  in  Art.  46. 

If  the  instrument  is  furnished  with  a  micrometer,  the  value 
of  the  screw  may  be  determined  by  the  transits  of  circumpolar 
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Stars  over  the  micrometer  thread,  and  then  it  may  be  employed 
to  measure  the  thread  intervale. 

BEDUCTION  TO   THE   MIDDLE  THBEAD. 

138.  Suppose  that  the  reticule  contains  five  transit  threads, 
and  that  they  are  numbered  consecutively  from  the  side  next  to 
the  clamp:  so  that  for  "clamp  west"  stars  at  their  upper  cul- 
minations cross  the  threads  in  the  order  of  their  numbers.  Then, 
if  we  denote  the  observed  clock  times  of  a  transit  over  them  by 
^)  ^  (r  '4*  '»»  ^^d  ^^®  equatorial  intervals  of  the  side  threads  from 
the  middle  thread  by  ij,  i^,  i^,  i^  (observing  that  i^  and  t^  will  be 
essentially  negative),  the  time  of  passing  the  middle  thread 
according  to  the  five  observations  is  either  ^i  +  i^  sec  d,  /,+  /j  sec  dy 
^  (j-f  t^secd,  or  i^+  i^secd,  which,  if  the  observations  were  per- 
fect, would  be  equal  to  each  other.  Taking  their  mean,  which 
we  shall  denote  by  T,  we  have 

5  5 

If  we  put 

5 
and  denote  the  mean  of  the  observed  times  by  T^^  we  have 

T=  T^+  Ai  sec  d    for  clamp  west, 
T  =  T^ —  A I  sec  d    for  clamp  east 

If  the  threads  are  equidistant,  ^i  vanishes;  otherwise  A^sec^ 
is  the  correction  to  be  applied  to  what  is  called  the  mean  of  the 
threadsy  to  obtain  the  time  of  passage  over  the  middle  thread. 

If  there  are  seven  threads, 

^i^0\  +  h  +  «,)  +  (h+U  +  h)  (92) 

and  so  on  for  any  number  of  threads. 

At  the  lower  culmination,  a  star  crosses  the  threads  in  the 
reverse  order,  and,  consequently,  the  sign  of  the  correction 
Ai  sec  3  must  be  changed ;  but  this  change  of  sign  is  effected  by 
taking  for  S  the  supplement  of  the  declination,  according  to  the 
method  pointed  out  in  Art.  128.  We  shall,  therefore,  regard 
the  above  formulae  as  entirely  general. 

A  broken  transit  (one  in  which  the  transits  over  some  of  the 
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'  threads  have  not  been  observed)  is  reduced  in  the  same  manner ; 
that  is,  we  take  the  mean  of  the  observed  times  and  apply  to  it 
a  correction  which  is  the  mean  of  the  equatorial  intervals  of  the 
observed  threads  multiplied  by  sec  5.  Thus,  if  only  the  Ist,  3d, 
and  4th  of  five  threads  have  been  observed,  we  have  for  Tihe 
several  values  <i  +  i,  sec  5,  /,, /^  +  ^'4  sec  5,  the  corresponding 
thread  intervals  being  jj,  0,  i^ :  so  that  we  have 

In  general,  if  we  put 

M  =  the  mean  of  the  observed  times  on  any  number  of 

threads, 
/  =  the  mean  of  the  equatorial  intervals  of  these  threads, 

the  time  IT  of  transit  over  the  middle  thread  will  be 

T  =  ilf  +  /  sec  ^  (93) 

If  the  clock  rate  is  considerable,  the  reduction  of  JBT  to  J 
must  be  corrected  accordingly.     Thus,  if 

A  T  =  the  clock  rate  per  hour,  , 

the  reduction  /  sec  5  becomes /sec  51  1  —  .ttttt;  1;  or,  putting 

p  =  the  factor  for  rate  =  1 I         ^  ,^ 

3600  >      (94) 

T=M+pf8ood  ) 

For  a  sidereal  clock  which  gains  V  per  day,  we  have  aT  = 
— -  ^,  whence  log/>  =  0.000005,  and  for  a  gain  of  x  seconds  daily 
log^/>  =  0.000005  X. 

For  a  mean  time  clock  which  has  no  rate  on  mean  time,  and, 
consequently,  loses  9*.83  per  hour  on  sidereal  time,  we  find 
log />  =  9.99881 ;  and,  if  it  gains  x  seconds  per  day,  log/>  = 
9.99881  +  0.0000052:. 

If  the  star  is  very  near  the  pole,  each  thread  should  be  sepa- 
rately reduced,  the  reduction  to  the  middle  thread  being  com- 
puted by  the  formula  /=  esec  J.A'/>,  log  A*  being  taken  from  the 
table  in  Art.  131. 
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1S4.  Another  mode  of  reducing  transits  is  commonly  used  in 
the  observatory.     We  may  suppose  an   imaginary  thread   so 
placed  in  the  field  that  the  time  of  transit  over  it  will  be  the 
nme  as  the  mean  of  the  times  on  all  the  threads,  and  for  brevity 
this  imaginary  thread  is  called  the  mean  of  the  ihreeulsy  or  the 
mean  thread.   Then  all  observations  are  reduced  to  this  imaginary 
thread,  and  the  constant  c  as  well  as  the  intervals  of  the  several 
threads  are  referred  to  it,  precisely  as  if  it  were  a  real  thread. 
It  is  e\adent  that,  where  many  complete  transits  are  to  be  re- 
duced, this  method  saves  labor,  as  the  correction  ai  sec  d  is  avoided. 

135.  Example  1. — The  upper  transit  of  Polaris  was  observed 
with  the  meridian  instrument  of  the  Naval  Academy  on  Jan. 
26,  1859,  as  in  the  second  column  of  the  following  table : 

Clamp  East,     d  =  88<>  88'  64^8 


Tlirettd. 

Bid.  dock. 

VII 

0»i4-55« 

VI 

62   56 

V 

1     0    54 

IV 

S    44 

III 

16    82 

II 

24    81 

I 

82    30 

—  28-49' 

—  15    4S 

—  7    60 

-h  7  4S 
-f  15  47 
-1-28    46 


log  I 


n8. 15508 
n2.97681 
n2. 67210 

2.67025 
2.97685 
8.15412 


loffJr 


0.00079 
84 
09 

09 
84 

78 


1<W< 


nl.55290 
nl.87518 
nl.07067 

1.06882 
1.87467 
1.55200 


—  85-.  720 

—  28  .721 

—  11 .767 

-f  11  .717 
-f  28  .696 
-f-  85  .645 


The  table  exhibits  the  computation  of  the  equatorial  intervals 
of  the  side  threads  from  the  middle  thread.  The  values  of  log  k 
are  taken  from  the  table  in  Art.  181,  and  each  value  of  log  i  is 
found  by  the  formula  log  i  =  log  /  +  log  cos  d  —  log  k.  The 
signs  of  /  and  i  are  given  for  clamp  west. 

The  values  of  the  intervals  must  be  found  from  a  number  of 
observations  of  this  kind,  and  the  mean  of  all  the  determina- 
tions should  be  finally  adopted. 

According  to  this  single  observation,  the  value  of  ai  for  this 
instrument  will  be 

Ai  =  —  0'.021 

If  the  reductions  are  to  be  made  to  the  mean  of  the  threads, 
we  find  the  values  of  /  by  taking  the  difierence  between  the 
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mean  of  all  tLe  observed  times  and  the  time  on  each  thread, 
and  compute  i  as  before.  The  values  of  i  that  would  result  in 
the  above  example  may  be  immediately  inferred,  since  they 
will  be  equal  to  those  above  found  diminished  by  ni.  Thus, 
arranging  th^  ralues  in  their  order  for  clamp  west,  we  have— 


( 

Thread. 

Interrals  to 
middle  thread. 

Intervkls  to 
m«Mi  thrcML 

I 

+  Z^Mb  . 

+  36'.666 

II 

+  28.696 

+  28 .717 

ni 

+  11 .717 

+ 11 .788 

IV 

0. 

+   0.021 

V 

— 11 .767 

— 11 .746 

VI 

—  23 .721 

—  28 .700 

VII 

—  85 .720 

—  85 .699 

Example  %, — With  the  same  instrument  on  the  same  date,  the 
U^nsit  of  a  Arietis  was  observed  as  follows  {clamp  east) : 


Tbr«ad. 

Clock. 

Vil 

1»  58-  58'.2 

VI 

lost 

V 

1  59    24.1 

IV 

36.9 

III 

49.8 

II 

2     0     2.8 

I 

15.9 

(>  =  +  22«  47'  49". 


Mean  ==  1   59    41 .28 

The  algebraic  sum  of  the  intervals  to  the  middle  thread  for 
the  threads  here  observed,  taken  from  the  table  in  the  preceding 
example,  is  +  23*.571,  or  for  clamp  east  —  23'.571 ;  and  therefore 
the  time  of  transit  over  the  middle  thread  is 

T  =  1»  69*  41'.28  —  sec  ^  =  1»  59»  37*  02 


To  reduce  this  observation  to  the  mean  of  the  threads,  the 
shortest  method  is  to  take  one-sixth  of  the  interval  corresponding 
to  the  missing  thread, — thus : 
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r.=  1»  59-  41*.28  —  ??^  sec  ^  =  1»  69-  37-.00 

136.  Having  shown  how  the  quantity  T  in  (82)  or  (88)  is 
found,  I  now  proceed  to  show  how  to  determine  the  constants 
vij  fij  and  e.  Since  m  and  n  both  involve  6,  let  us  begin  with  the 
investigation  of  this  quantity. 


THB   LEVEL   CONSTANT. 

137.  The  inclination  of  the  rotation  axis  to  the  horizon  is 
usually  found  by  applying  the  spirit  level  as  explained  in  Art, 
52;  and  this  inclination  expressed  in  seconds  of  time  is  the 
value  of  the  level  constant  6,  positive  when  the  west  end  of  the 
axis  is  too  high. 

But  the  spirit  level  applied  to  the  outer  surface  of  the  cylinders 
which  form  the  pivots  does  not  directly  determine  the  inclina- 
tion of  the  rotation  axis  which  is  the  common  axis  of  these 
cylinders,  unless  the  pivots  are  of  equal  diameters. 

To  find  the  correction  for  imquality  of  the  pivoiSy  let  C,  Fig.  88, 

Fig.  30. 


be  the  centre  of  a  cross  section  of  a  pivot,  A  the  vertex  of  the  V 
m  which  the  pivot  rests,  B  the  vertex  of  the  V  of  the  spirit  level 
applied  -to  it    Put 


2i  =  the  angle  of  the  Y  of  the  level, 

2 1  =  "       **        "       V     "      transit  inst., 

r  ==  the  radius  of  the  pivot, 

d  =  the  vertical  distance  of  B  above  C, 
it  u  C      ^*     A, 


we  have 


d^=  " 


d  = 


sm  I 


d,= 


sm  I. 


If  now,  in  Fig.  89,  CC  is  the  rotation  axis,  A  and  B  the 
vertices  of  the  transit  and  level  Vs  at  the  end  next  the  clamp, 
A'  and  -B'  the  vertices  of  the  Vs  at  the  other  end  of  the  axis, 
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r'  the  radius  of  the  pivot  at  that  end,  then  we  have  for  the  dia- 
tanees  5' C",^'C", 

sin  t  sin  i^ 

The  level  gives  the  inclination  of  the  line  BB'  to  the  horizon, 
and  we  wish  to  find  that  of  CO'.  Let  us  suppose  the  clamp  at 
first  is  west,  and  afterwards  east,  and  that  in  both  positions  of 
the  axis  the  inclination  given  by  the  level  is  observed.    Let 

B,  B'  =  the  inclinations  given  by  the  level  for  clamp  west 

and  clamp  east,  respectively, 
6,  b'  =  the  true  inclinations  of  the  rotation  axis  for  clamp 
west  and  clamp  east, 
fi  =  the  constant  inclination  of  the  line  AA\ 

Also  draw  CE  and  CF  parallel  to  BB'  and  AA'j  and  put 

p  =  ECC  p,  =  FCC 

then,  L  being  the  length  of  the  level,  we  have 


sinj>  = 

d^      d        f'      r 
L           L  sin  t 

sin  p,  — 

<-d,        r'-T 
L           Xsini, 

for  which  we  may  take 

r'—  r 

D  — 

r>—r 

^       Lsin  i  sin  15" 

^'      i/8inijSinl5" 

in  which  p  and  p^  are  in  seconds  of  time.     Now,  we  have  evi. 
dently  for  clamp  west  {b  denoting  the  elevation  of  the  west  end) 

b  =  B  +p  b  =  p  —p^ 

and  for  clamp  east, 

b'=B'^p  b^=fi+P, 

whence 

b''-b  =  B'---B  —  2p  =  2p^ 

B'-~-  B 


•     •   I     •     • 


—  i>  ,  ,        sm  t  /  sin  I  +  sm  t,  \ 

-;; =  P  +  Pi  =  P  +  P'    —:  =  P[ T—. -M 

a  sin  2j         \         sm  tj        / 
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m 

and,  consequently, 

2       \  Bin  I  4-  Bin  }j  / 


By  this  fonnula,  when  i  and  i^  are  known,  we  can  directly  com- 
pnte  the  value  of  p  from  the  level  indications  B  and  £',  observed 
in  the  two  positions  of  the  axis. 

K  the  angles  of  both  the  transit  and  the  level  Vs  are  equal  to 

each  other,  which  is  usually  the  case,  we  have  sin  i  =  sin  i^ ;  and 

then  we  have 

P  =  -^—  (96) 

The  value  of  p  thus  found  is  called  the  correction  for  inequality 

of  pivots.     It  is  to  be  carefully  found  by  taking  the  mean  of  a 

great  number  of  level  determinations  in  the  two  positions  of  the 

axis.     By  determining  it  according  to  the  above  formula,  it  is  a 

correction  algebraically  additive  to  the  level  indication  for  clamp 

west :  so  that  the  true  level  constant  in  any  case  is  found  by  the 

formulfls 

b  =:  B  -\-  p    for  clamp  west,  1 

b'=B''^p    for  clamp  east.  /      ^^^^ 

138.  The  inequality  of  the  pivots  may  also  be  found  without 
reversing  the  axis,  by  using  successively  two  spirit  levels,  the 
angles  of  whose  Vs  are  quite  different.  Let  2i  and  2i'  be  their 
angles,  and  B  and  B'  the  apparent  inclination  of  the  axis  given 
by  the  two  levels  respectively.     K  then  h  is  the  true  inclination, 

and  we  put 

r'—  r 

*  ""  X  sin  15" 
we  have,  by  the  preceding  article, 

h  =  B+JL^ 
sin  i 


b  =  B'+-±- 
sm  V 


whence 


sin  t  sin  f 


q=:iB-B').  .-.-.,  (98) 

sm  I  —  sm  I 


and  the  correction  of  inclinations  found  with  the  level  the  angle 
of  whose  Ys  is  2t  will  be 
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If  we  coiistnict  rhe  level*  eo  that  their  angles  are  supplemfnU 
of  each  other,  that  is,  make  2i'=  180°  — 2  i,  thefonuulabecomt* 


For  example,  If  2i  =  157"  23'  and  2i''  =  22"' 37'.  we  hi« 
p=  i(J5  ~  ■"'}■  ■"*  *^*t  "*  acfurato  a  determination  of  pmj 
be  found  in  this  way  aa  by  revortitng  and  enijiluving  tlie  fumull 
(98). 

180.  ExAUPLs  1. — T!i«  following  example  of  a  case  in  wMcb 
the  angle  of  the  Icvtl  V  difl'^Ti-d  from  that  of  the  transit  Tii 
given  by  Sawitscu.  A  portubk'  instrument  was  mounted  iuibe 
meridian,  and  three  ttels  of  ubscrvations  were  made  conseeiiiivelj 
ibr  tlic  determination  of  p,  m  iu  the  following  table: 


No.  of  datir. 
BloaUoD. 

a.»p. 

Levol  rMdiDK.. 

MmaiB' 

S  —  B 

WmL 

But. 

1 

„    j  1 B.     13.2 

"■  1|a.   u.u 

"■■       'B.    17.0 

18.1 
12.4 
8.4 
8.2 

1                           diT. 

B  =  +  0.42 
«■  =  +  4.92 

dir. 
+  4.M 

2 

„         B.    18.8 
*■    1  A.    19.1 
„    f  A.     13.6 
^-       B.    13.2 

8.3 
7.2 
12.0 
13.0 

j£'=  +  6.60 
I  «  =  +  0.46 

+  6.1S 

S 

W. 
E. 

B.   is.n 

A.     14.0 

A.  18.2 

B.  18.3 

IS.O 
12.6 
8.S 
8.0 

.B  =  +  0.62 
ff  =  +  6.05 

+  4.6S 

The  lettefa  A  and  B  in  the  first  column  of  level  readings  reft' 
to  the  position  of  the  level  on  the  axis. 
The  \-alue  of  one  division  of  the  level  was  1".68,  or,  in  timfi* 

o-.iia. 

The  angle  of  the  level  Vs  waa  85"*=  2i:  that  of  the  trans** 
Vs  wiw(»l'=  2 1,. 
We  find,  by  taking  the  mean, 

J'  —  .B  =  +  4.-S  div.  =  +  0*.6S 
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ind  hence,  by  (95), 


p  z^  4-  0M4 


If  we  had  asBomed  i  ^=  i^  we  should  have  found,  by  (96), 
j»=  +  O'.IS,  very  nearly  the  same  as  by  tlie  complete  formula, 
tIthoQgb  there  is  a  considerable  difference  between  i  and  t'l. 

To  find  the  true  inclination  of  the  axis  during  these  observa- 
tioDs,  we  have,  by  taking  the  mean  of  the  values  of  JB  and  JB'j 

diT. 

J?  =  +  0.46  =  +  0*.05 
£'=  +  6.19  =  +  0.58 

b  =  +  O'.OS  +  0M4  =  +  0'.19 
f/=  +  0.58  —  0.14  =  +  0.46 


whence 


Example  2. — ^In  October,  1852,  the  pivots  of  the  Repsold 
meridian  circle  of  the  U.S.  Nuval  Academy  were  examined  by 
twenty-four  determinations  of  the  inclination  of  the  axis,  twelve 
in  each  position,  and  the  means  were 


diT. 

Clamp  west,    ^  =  +  0.68 
«      east,      -B'  =  +  0.74 


One  division  of  the  level  was  equal  to  0*.079 ;  and  hence 


diT. 


p  =  +  0.015  =  +  0*.0012 

which  was  neglected,  as  of  no  practical  importance.  Indeed,  it 
is  hardly  to  be  presumed  that  the  level  readings  were  sufficient 
to  determine  so  small  a  quantity  with  certainty;  nevertheless 
they  suffice  to  prove  the  same  excellence  of  workmanship  in 
these  pivots  as  in  those  of  other  instruments  of  Repsold's.  In 
the  meridian  circle  of  Pulkowa,  made  by  the  same  distinguished 
artist,  Struve  found  an  inequality  of  pivots  of  only  0*.0025. 

140.  The  linear  difference  of  the  radii  of  the  pivots  may  also 
be  found  ;  for,  by  the  above  formulae,  we  have 

-/  r    •    •  •    1  *i//     (B'  —  B)  L  B\n  15"  sin  t  sin  t      .-^^_ 

^  2  (sm  I  +  sm  ij)  ^ 

The  value  of  L  in  the  Example  1  of  the  preceding  article  was 
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Fig.  40. 
a  E  a' 


10.85  inches,  and  hence  r^  —  r  =  0.000075  inch.     Small  as  this 
diflfercnce  appears,  it  is  satisfactorily  determined  hy  the  level. 

141.  The  level  constant  may  also  be  found  by  the  aid  of  the 
mercury  collimator  (Art.  47)  and  the  micrometer.  For  large 
instruments,  it  is  convenient  to  have  the  mercury  basin  permar 
nently  placed  immediately  under  the  instrument,  a  little  below 
the  level  of  the  floor,  and  covered  only  by  a  small  movable 
trap-door  in  the  floor. 
Let  CC\  Fig.  40,  be  the  rotation  axis  of  the  instrument ;  SO 

the  coUimation  axis,  perpendicular  to  CC; 
MN  the  surface  of  mercury.  There  will  be 
formed  in  the  field  of  the  telescope  a  reflected 
image  of  each  thread  of  the  reticule ;  but 
we  shall  here  use  only  the  movable  micro- 
meter thread  (which  will  be  assumed  to  be 
parallel  to  the  transit  threads).  Let  this 
micrometer  thread  be  brought  into  coinci- 
dence with  its  own  reflected  image,  which 
occurs  when  it  is  at  that  point  a  of  the 
field  which  lies  in  the  line  bO  drawn 
through  the  optical  centre  of  the  objective, 
perpendicular  to  the  horizontal  8urfa<;e  of 
the  mercury ;  and  hence  it  follows  that,  in 
this  position,  the  angle  aOE\^  equal  to  the 
inclination  of  the  rotation  axis  CC  to  the  surface  MN^  or  that 
aOE\9  equal  to  the  required  level  constant.  Now,  let  the  rota- 
tion axis  be  reversed ;  the  directions  CC^  and  EO  remain  un- 
changed (provided  the  pivots  are  equal),  and  the  micrometer 
thread  is  now  at  a',  at  the  same  distance  as  before  from  the  col- 
limation  axis;  if  then  the  thread  is  again  brought  into  coinci- 
dence with  its  image,  it  must  be  moved  over  a  distance  a'a 
==  twice  the  required  level  constant.     If  then  we  put 

M  =  the  micrometer  interval  (expressed  in  seconds  of  tinfe), 
positive  or  negative  according  as  the  micrometer  thread 
is  east  or  west  of  its  image  after  reversal, 


M- 


..V 


we  shall  have 


2 


(101) 


and  b  will  thus  be  positive  when  the  west  end  is  elevated. 
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If  the  pivots  are  unequal,  6  and  6'  being  the  true  inclinations 
of  the  axis  for  clamp  west  and  clamp  east  respectively,  we  shall 
have,  after  reversal,  EOa'  =  6,  and  after  making  a  coincidence 
again,  EOa  =  h' ;  and  hence 

and,  from  (96)  and  (97), 
whence 

It  appears,  then,  that  the  mercury  collimator  alone  is  not  ade- 
quate to  the  determination  of  the  level  constant  when  the  pivots 
are  unequal,  since  the  quantity  p  must  be  otherwise  determined. 
The  only  independent  method  of  finding  p  is  by  the  spirit  level ; 
but  we  shall  see  hereafter  how  the  level  may  be  dispensed  with 
(or  its  indications  verified)  by  means  of  the  mercury  collimator 
in  combination  with  coUimating  telescopes. 

142.  The  pivots  may  be  not  only  unequal,  but  also  of  irregular 
Agaves.  To  determine  the  existence  of  irregularities  of  form, 
the  level  should  be  read  ofF  with  the  telescope  placed  successively 
at  every  10°  of  zenith  distance  on  each  side  of  the  zenith.  The 
mean  of  all  the  inclinations  found  being  called  -B^,  and  B'  being 
that  found  at  a  given  zenith  distance  ^,  B^  —  -6'  is  the  correc- 
tion to  be  applied  to  any  level  reading  afterwards  taken  in  the 
same  position  of  the  rotation  axis  and  at  the  same  zenith  dis- 
tance. The  level  readings  are  thus  freed  from  the  irregularities 
of  the  pivots,  but  we  still  have  to  apply  the  correction  for  m- 
eqttnlity  of  the  two  pivots;  and  this  inequality  will  be  deter- 
mined by  taking  one-fourth  of  the  difference  of  the  mean  values 
of  B^  (found  as  just  explained)  in  the  two  positions  of  the  rota- 
tion axis. 

For  the  examination  of  the  form  of  the  pivots  of  the  great 
Transit  Circle  of  Greenwich,  "each  is  perforated,  and  within 
the  hollow  of  the  eastern  pivot  is  fixed  a  plate  of  metal  perforated 
with  a  very  small  hole,  behind  which  a  light  can  be  placed  for 
illumination ;  and  in  the  hollow  of  the  western  pivot  there  is 
fixed  an  object  glass  at  a  distance  from  the  perforated  plate  equal 
to  its  focal  length.  This  combination  forms  a  collimator  re- 
volving with  the  instrument.  It  is  viewed  by  a  telescope  of  7 
feet  focal  length,  which,  when  required,  is  placed  on  Vs,  one  of 
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them  planted  in  the  opening  of  the  western  pier,  and  the  other 
in  a  hole  made  for  that  purpose  in  the  western  wall  of  the  room. 
By  a  series  of  most  careful  observations  in  1850,  '51,  and  '52,  no 
appreciable  error  could  be  discovered  in  the  form  of  the  pivots."* 
These  pivots  are  six  inches  in  diameter. 

r 

9 

THE   COLUMATION  CONSTANT. 

148.  The  constant  c  may  express  the  distance  from  the  colli- 
mation  axis  either  of  the  middle  thread  or  of  the  fictitious  thread 
denoted  by  the  "mean  of  the  threads;"  the  former,  when  T\n 
(82)  is  the  time  of  transit  over  the  middle  thread,  and  the  latter 
when  T  is  the  time  of  transit  over  the  mean  of  the  threads 

Let  us  first  determine  c  for  the  middle  thread ;  its  value  for 
the  mean  of  the  threads  can  afterwards  be  found  by  adding  the 
quantity  ai  (Art.  138) ;  thus,  denoting  the  latter  by  c^  we  shall 
have 

c,=  (?  +  Ai  (108) 

144.  I\rst  Method. — ^Place  the  telescope  in  a  horizontal  position, 
and  select  any  terrestrial  object  that  presents  some  well  defined 
point,  and  so  remote  that  the  stellar  focus  of  the  telescope  need 
not  be  changed  to  obtain  a  good  definition  of  the  point-f  Mea- 
sure with  the  micrometer  the  distance  of  the  point  from  the 
middle  thread.  Reverse  the  rotation  axis,  and  again  measure 
this  distance.  If  it  is  the  same  as  before,  the  thread  is  in  tht 
collimation  axis,  and  c  =  0;  otherwise  c  is  one-half  the  differenct- 
of  the  micrometer  measures.  To  obtain  a  simple  practical  mh 
which  will  fix  the  sign  of  c  for  clamp  west,  put 

itf,  M'  =  the  micrometer  distances  of  the  middle  thread  fVom 
the  point,  positive  when  the  thread  appears  in  the 
field  to  be  nearer  to  the  clamp  than  the  point; 

then,  for  clamp  west, 

c  =  }  (3/  +  M')  (104) 

This  gives  c  with  the  positive  sign  when  the  thread  is  nearer 
to  the  clamp  than  the  collimation  axis,  in  which  case  stars  at 

*  Greenwich  Obs.  for  1S62.     Introd.  p.  ir. 

f  The  meridian  mark,  if  one  has  been  established,  will,  of  course,  be  used  for 
this  point.     See  Art.  159. 
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lieir  upper  culminations  arrive  at  the  thread  before  they  reach 
he  axis,  and  the  correction  c  sec  ^  must  be  additive. 

By  this  method,  no  correction  for  the  inequality  of  the  pivots 
li  required,  since  the  telescope  is  horizontal. 

Instead  of  a  distant  terrestrial  point,  we  may  substitute  the 

intersection  of  two  threads  in  the  focus  of  a  horizontal  colli- 

mating  telescope,  placed  north  or  south  of  the  instrument.     To 

avoid  reversing  the  axis,  two  such  collimators  are  used,  as  in 

file  following  method. 

145.  Second  Method, — Let  two  horizontal  coUimating  telescopes 
Dand  F^  Fig.  41,  be  mounted  on  piers  in  the  transit  room,  one 


.  north  and  the  other  south  of  the  transit  instrument,  in  the  same 
^e  with  its  rotation  axis,  their  objectives  turned  towards  this 
txu,  and,  conseq^uently,  towards  each  other.  Suppose,  for  sim- 
p/icity,  that  the  collimators  have  each  a  single  vertical  thread 
Nor  Sin  the  principal  focus.  The  transit  instrument  being  at 
irst  removed  so  as  not  to  obstruct  the  view  of  one  collimator 
t>ra  the  other,  an  image  of  the  thread  of  either  collimator  will 
B  formed  at  the  focus  of  the  other,  and  either  thread  may  be 
Ijusted  so  as  to  coincide  exactly  with  the  image  of  the  other. 
Then  the  two  sight  lines  of  the  collimators  are  in  the  same 
le,  or  at  least  are  parallel  to  each  other,  and  their  threads 
ben  viewed  by  the  transit  telescope  represent  two  infinitely 
slant  objects  whose  difference  of  azimuth  is  precisely  180°. 
^placing  the  transit  instrument,  direct  it  first  towards  the 
•rth  collimator.  Let  CC"  be  its  rotation  axis,  A  A'  perpendi- 
lar  to  CC  its  collimation  axis,  T  the  middle  thread  of  the 
ftphra^m  at  the  distance  AT=  c  west  of  t^Je  axis.  An  image 
N  will  be  formed  at  iV'  at  a  distance  AN'  from  the  collima- 
in  axis,  which  is  the  measure  of  the  difference  of  directions  of 

Voi^  IL— 11  \ 


162  TRANSIT  I.NOTHIHENT  IX  TDK  MEKUVLUI. 

tho  eomtnon  night  Hql>  of  thv  eollimators  ftnd  the  axis  AA'. 
Measure  with  the  traiiflit  niicroiuwter  the  riiBtance  (=^  J/)  off 
from  A''.  Nfxt  wvolvt-  the  tele«co|ie  upon  iu  rotation  axiaifiJ 
direct  it  towartis  ihc  Muth  collimator.  Tlio  axia  C'C"  U  on- 
chan|B;cd,  and  th«  point  A  of  tho  toeiia  which  represent*  th« 
collimation  axis  ie  now  fountl  at  A'.  The  image  oi  ti  is  fonnwl 
at  S'  at  a  iltBtance  A'S'  from  the  collimation  axis,  which  is  again 
the  measure  of  the  difference  of  diroctiona  of  the  common  «gbi 
line  of  the  collimators  and  the  axis  AA':  so  that  wo  have  AN' 
=  A'S';  but  the  points  S'  and  jV  are  on  opposite  aid***  of  the 
axis.  Thi'  middle  tranait  thread  is  now  at  T'  on  the  Nameeiil? 
of  tlio  collimation  axia  and  at  the  aame  distance  from  it  m 
before;  so  lliitt  we  have  alsoji'7"  =  c.  Uencc,  remembering 
that 

Jf,  jIT  =  tlio  micrometer  distancoe  of  tho  middle  thread  tce^ 

of  the  north  and  Boutb  oolltmator  threads,  r»8i>ect- 

ively, 

we  eyidently  have 

c  =  KAf  -f  J/") 

To  give  this  method  the  greatest  degree  of  precieion,  it  viD 
not  Buffice  to  uee  ningle  vertical  thrends  in  the  collimatore,  on 
account  of  the  ditKculty  of  estimating  tho  coincidence  of  two 
anperpoaed  threads.  It  is  also  clear  that  the  sight  lines  of  the 
two  collimators  must  not  be  marked  by  two  entirely  similar  and 
equal  systems  of  threads,  since  to  bring  the  sight  lines  into  coinci- 
dence we  should  still  have  to  superpose  one  system  upon  the  other. 
A  simple  method  is  to  substitute  for  the  single  thread  in  the 
north  collimator  two  very  close  parallel  vertical  threads,  and  in 
the  south  collimator  two  threads  intersecting  at  an  acute  angle 
and  making  equal  angles  with  the  vertical.  Then  the  middle 
point  between  the  close  parallel  threads  marks  the  sight  line  of 
the  north  collimator,  and  the  coincidence  of  the  intersection  of 
the  cross  threads  of  the  south  collimator  with  this  point  can  be 
judged  of  by  the  eye  with  great  delicacy.  It  will  assist  the  eye 
somewhat  if  the  collimators  have  also  two  parallel  horizontal 
threads  equidistant  from  the  middle  of  the  field,  but  not  at  the 
same  distance  from  each  other  iu  both  telescopes. 

In  the  large  transit-circle  of  the  Greenwich  Observatory  the 
whole  system  of  transit  threads  is  moved  by  the  nticrometer 
screw.     In  this  case  let  M  and  H'  be  the  raicrometep  readmp 
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when  the  middle  thread  is  in  coincidence  with  the  two  colli- 
mators respectively;  then  M^  =  ^  {M  -\-  M')\%  the  reading  when 
the  middle  thread  is  in  the  axis  of  collimation,  and  c  =  0 ;  and 
if  during  any  subsequent  observations  the  micrometer  is  placed 
«t  a  different  reading  m,  we  must  take  for  the  reduction  of  such 
observations  c  =  Mq  —  m. 

Example. — On  Feb.  7,  1853,  the  collimators  of  the  Greenwich 
truusit-circle  having  been  brought  into  coincidence,  the  middle 
transit  thread  was  brought  successively  upon  each  collimator, 
and  the  reading  of  the  micrometer  for  the  north  collimator  was 
8r.300,  and  for  the  south  collimator  31^521.  Hence,  the  micro- 
meter being  set  at  the  mean  31''.411,  the  middle  thread  would 
be  in  the  collimation  axis,  and  then  e  =  0.  But  if  the  transit  of 
a  star  was  observed  on  that  date  with  the  micrometer  set  at 
31'.5,  we  should  have  c  =  81^411  —  8^.5  =  —  0^089,  or,  since 
1'  =  0'.985,  c  =  — O'.OSS. 

146.  For  merely  determining  the  collimation  constant,  it  is 
not  necessarj^  as  has  been  above  supposed,  that  the  collimators 
be  in  the  same  horizontal  plane  with  the  axis  of  the  transit 
instrument.     They  may  be  in  a  plane  so  far  above  (or  below) 
that  of  the  transit  instrument  that  the  telescope  of  the  latter 
when  horizontal  will  not  intercept  the  view  from  one  to  the 
other.     If  then  each  collimator  is  mounted  as  a  transit  instru- 
ment and   its   rotation   axis  is  level,  it  can  be  depressed  (or 
elevated)  until   its  threads  can  be  viewed  by  the  transit  tele- 
«cope.     If  the  inclination  of  each  collimator  to  the  horizon  is 
the  same,  and  the  measures  of  the  distances  of  the  middle  transit 
threads  from  the  two  collimating  threads  are  as  before  M  and  M\ 
te still  have  c  =  J(J!f  +  J!/').     The  objection  to  this  arrange- 
ment is  tliat  the  sight  lines  of  the  collimators  must  be  made  per- 
pendicular to  their  rotation  axes,  and  these  axes  must  be  levelled, 
adjustments  which  are  unnecessary  when  they  are  in  the  same 
or  very  nearly  the  same  horizontal  plane  as  the  axis  of  the  prin- 
cipal instrument. 

To  avoid  the  necessity  of  raising  the  transit  instrument  out 
of  the  Vs(when  the  three  instruments  are  in  the  same  horizontal 
plane),  two  apertures  may  be  made  in  the  cube  of  the  telescope, 
through  which,  when  the  telescope  is  vertical,  the  horizontal 
rays  from  the  collimators  may  pass. 
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147.  Third  Method. — ^Direct  the  instrument  vertically  towards 
the  mercury  collimator,  and  measure  with  the  micrometer  the 
distance  of  the  middle  thread  from  its  image ;  put 

M  =  the  micrometer  distance  of  the  thread  fW)m  its  image. 
positive  when  the  thread  is  west  of  its  image; 

then  it  is  evident  that,  if  the  rotation  axis  is  horizontal,  we  shall 
have  M=2c;  but,  if  the  west  end  is  elevated  by  the  quantity  6, 
the  apparent  distance  of  the  thread  and  its  image  will  be  dimin . 
ished  by  26:  so  that  we  shall  then  have  M=2c  —  2by  whence 

c  =  iM+b  (105) 

which  gives  c  with  its  proper  sign  for  the  actual  position  of  the 
rotation  axis. 

If  we  wish  to  determine  the  level  constant  at  the  same  time, 
we  reverse  the  axis,  and  again  measure  the  distance  of  the  middle 
thread  from  its  image.     Then,  putting 

M,  M'=  the  distances  of  the  thread  west  of  its  image  for 
clamp  west  and  clamp  east,  respectively, 
b,  V  =  the  level  constants  in  the  two  positions, 

we  have,  for  clamp  west, 

c  =  ^M+b 

and  (since  the  sign  of  c  is  changed  by  the  reversal),  for  clam)* 
east, 

whence 

c  =  \{M --  M')  —  i(b'  —  b) 


or,  since  6'  —  6  =  2p, 

c  =       I  (3f  —  M')  —  p    clamp  west, 
and  c  =  —  I  {M  —  M')  +p        "      east, 

We  have  also 

b'—b=       2p 
whence 

6  =:  —  I  (M  -f  M')  —  p    clamp  west, 
6'  =  —  ]  (3f  +  Jf ')  +  p        "      east, 


}    (106) 


}    (107) 


When  the  micrometer  thread  is  at  right  angles  to  the  meridian, 
and,  consequently,  moves  only  in  declination,  it  can  nevertheless 
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be  used  for  determining  the  small  quantities  c  and  b  according 
to  the  above  method,  as  follows.    Let  AB^  Fig.  42, 
be  the  middle  transit  thread,  A'B'  its  reflected  *** 

image  in  the  collimator,  CD  the  micrometer  thread. 
Move  the  micrometer  thread  CD  until  the  distance 
between  it  and  its  image  C'D'^  estimated  by  the 
eye,  is  equal  to  the  distance  between  the  transit 
thread  AB  and  its  image,  that  is,  until  the  two  threads  and 
their  images  form,  to  the  eye,  a  perfect  square.  This  square  is 
always  very  small  in  a  tolerably  well  adjusted  instrument,  and 
can  be  very  accurately  formed  by  estimation.  We  have  then 
only  to  measure  the  distance  of  CD  and  CD'  to  obtain  the 
required  distance.  Now,  if  we  move  CD  we  also  cause  the 
image  CD*  to  move ;  but  it  is  evident  that  (the  telescope  not 
being  disturbed)  if  CD  is  moved  to  C'D\  the  image  will  be  seen 
at  CDj  and,  in  passing  from  one  position  to  the  other,  the  thread 
and  its  image  will  be  in  coincidence  at  the  point  midway  between 
the  two  positions.  K  this  coincidence  could  be  observ^ed  with 
perfect  accuracy,  we  might  read  the  micrometer  head  first  when 
the  square  was  formed,  and  secondly  when  the  coincidence 
occurred  and  the  difference  of  the  readings  would  be  one-half 
the  required  measure  of  the  side  of  the  square.  But,  as  the 
threads  have  sensible  thickness,  it  is  difiicult  to  estimate  the 
coincidence  of  the  middle  of  the  thread  with  the  middle  of  its 
image,  and  therefore  it  will  be  better  to  read  the  micrometer, 
first  when  the  square  is  formed  by  the  thread  at  CD  and  its  image 
at  C'jyy  and  secondly  when  the  square  is  again  formed  l3y  the 
thread  at  CD'  and  its  image  at  CD,  The  difference  of  the 
readings  will  then  be  the  required  measure  of  the  side  of  the 
square  or  of  the  quantity  above  denoted  by  M. 

Example  1. — In  1857,  June  28,  at  the  Naval  Academy,  to  find 

the  collimation  constant  of  the  meridian  circle,  the  distance  of 

the  image  of  the  middle  thread  from  its  image  in  the  mercury 

collimator  was  measured,  by  forming  a  square,  as  above  explained, 

with  the  declination  micrometer  thread,  alternately  north  and 

south  of  its  own  image.     The  readings  of  the  micrometer  were 

53.5  div.  and  59.6  div.   The  middle  thread  was  west  of  its  image. 

The  value  of  one  division  of  the  micrometer  was  0*.0618.     The 

level  constant  found  by  the  spirit  level  was  6  =  —  0*.247.  Clamp 

Vegt 
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We  find 

div. 

Jlf  =  +  6.0  =  +  0'.371 
c  =  ^M+b  =  +  0M86  —  0*.247  =  -  0*.061 

Example  2. — ^In  1855,  May  11,  with  the  same  instrament,  a 
similar  observation  was  made,  both  with  clamp  west  and  clamp 
east,  and  there  were  found 

div. 

Clamp  W.,        M  =  —  5.4    (Thread  east  of  its  image) 
"      E.,         Jtf'=  —  2.7  "         *'       "         •« 

Hence;  since  for  this  instrument  p  =  0,  we  find 

c=       i  (^  —  M')  =  —  0'.042  for  clamp  W, 
6  =  —  ]  (ilf  +  Jlf' )  =  +  0 .125 

148.  By  combining  the  collimating  telescopes  with  the  mer- 
cury collimator,  we  can  deduce  both  the  collimation  and  level 
constants  without  reversing  the  rotation  axis  and  without  in- 
volving the  inequality  of  the  pivots.  For,  by  the  collimating 
telescopes,  we  deduce  the  value  of  c,  and  by  the  mercury  colli- 
mator in  the  same  position  of  the  axis,  the  value  o{  b  =  c  —  J  JIf. 
This  is  the  method  now  employed  at  the  Greenwich  Observatory, 
where  the  transit  circle  is  never  reversed ;  but  it  is  better  also 
to  reverse,  and  thus  obtain  two  independent  determinations  of 
our  constants  for  verification. 

If  we  reverse  the  instrument  and  determine  the  level  constant 
by  this  method  in  both  positions,  we  can  find  the  inequality  of 
the  pivots ;  for  we  shall  have  p  =  ^{b'  —  b), 

149.  Fourth  Method. — The  preceding  methods  are  very  precise 
and  convenient,  but  are  practicable  only  with  instruments  pro- 
vided with  collimators.  The  following  method  is  independent 
of  these  auxiliaries,  and  is  practicable  with  all  instruments  which 
admit  of  reversal ;  and,  being  quite  accurate,  it  may  be  used 
also  with  the  larger  instruments  in  connection  with  the  other 
methods,  as  a  check  upon  them. 

Direct  the  telescope  upon  a  star  near  the  pole,  and  observe 
its  transits  over  one  or  more  of  the  side  threads  (and  also  over 
the  middle  thread,  if  the  instrument  can  be  reversed  in  the 
interval  between  two  threads).  Then  immediately  reverse  the 
rotation  axis  and  observe  the  transits  of  the  star  over  one  or 
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more  of  the  same  side  threads  again.  Let  T  and  T*  be  the 
meau  of  the  clock  times  of  transit  over  the  middle  thread, 
deduced  from  the  several  observations  for  clamp  west  and  clamp 
east  respectively  (Art.  133) ;  h  and  V  the  level  constants  in  the 
two  positions  (the  pivots  being  supposed  unequal) ;  then,  by  (82), 
(88),  and  (87),  we  have,  for  clamp  west, 

cos  ^  cos  ^  cosd  cosd 


0*.021  cos  v» 


and,  for  clamp  east, 

cos  ^  cos  ^  cos^         cos  ^ 

From  the  diffarence  of  these  equations  we  deduce 

c  =  i  (T'  —  T)  cos  ^  +  p  cos  (^  —  d)  (108) 

in  which  we  have  substituted  p  for  \{b'  —  b).    If  the  pivots  are 
equal,  the  term  p  cos  (y  —  d)  will  disappear. 

K  T  and  T'  are  the  times  of  passing  the  mean  thread  (Art.  134), 
then  e  is  the  collimation  of  this  fictitious  thread. 

150.  If  the  equatorial  intervals  have  not  been  previously  well 
determined,  the  mean  of  the  transits  over  the  same  thread  in  the 
two  positions  must  be  compared  with  the  transit  over  the  middle 
thread.  Thus,  if  T^  and  T/  are  the  clock  times  on  the  same 
thread  for  clamp  west  and  clamp  east,  we  have,  for  this  thread, 
^  being  its  equatorial  interval  (omitting  the  diurnal  aberration, 
which  lyould  be  eliminated), 


cos  d  cos  d  eos^ 

COS  d  cos  d  COS  d 

and,  for  the  middle  thread,  supposed  to  be  observed  with  clamp 
west, 

COS  d  COS  d  COSd 

The  difference  between  the  last  equation  and  the  mean  of  the 
first  two  gives 

c  =/    >"^     ^  —  t\cos  d+pcci^(f  —  d)  (109) 
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but,  since  the  error  of  obsen^^ation  in  T  will  appear  in  all  the 
values  of  c  thus  found  from  the  several  threads,  their  mean  will 
also  involve  this  error,  so  that  but  a  slight  increase  of  accunugr 
will  be  gained  by  observing  more  than  one  side  thread.  IIenc6| 
for  the  greatest  precision,  it  is  indispensable  that  the  thread 
intervals  should  be  previously  well  determined,  and  that  several 
threads  should  be  used  as  prescribed  in  the  preceding  article. 

These  formulas  apply  without  modification  to  the  case  of  a 
lower  transit,  if  for  d  we  use  the  supplement  of  the  star's  decli- 
nation (Art  128). 

Example. — On  Sept.  30,  1858,  the  lower  transit  of  Polaris  waa 
observed  with  the  meridian  circle  of  the  Naval  Academy  on  the 
three  side  threads  and  the  middle  thread  with  clamp  east,  and 
on  the  same  side  threads  with  clamp  west,  as  below: 

PoU»ru  (lower  culm.)  6  =  91«  26'  84". 


Thread. 

Clock. 

Reduction  to 
middle  thread. 

Clock  time  on 
middle  tkreiid. 

CI.  E. 

I 

II 

III 

IV 

12»  44*  45*. 

12  52    41 

13  0    39 
13     8    24.5 

+  23*  39*.2 
+  15    44.8 
+    7    47.5 

13»  8«  24'.2 
25.8 
26.5 
24.5 

Mean  T  — 

13   8    25.25 

CI.  W. 

III 

II 

I 

13   16    21. 
24    20. 
32    13. 

-  7    47.5 
15    44.8 

—  23    39.2 

13   8    33.5 
35.2 
33.8 

Mean  T  = 

13   8    33.17 

The  adopted  intervals  for  these  threads  were  i^  =  +  35*.67, 
i^  =  +  23'.77,  ?3  =  +  11'.77,  with  which  the  redactions  to  the 
mi<^ldle  thread  were  computed  as  in  the  table.  As  a  test  of  the 
accuracy  of  the  observation,  each  thread  ig  here  reduced  sepa- 
rately. We  have  then,  taking  only  the  seconds  of  T  and  2'', 
and  putting;)  =  0,  by  (108), 

c  =  ^^''^^  "  ^^''^^  cos  9r  26'  34"  =  +  OMOO  (CI.  W.)      . 


On  the  same  day  the  distance  of  the  middle  thread  west  of  its 
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image  in  the  mercury  collimator  was  found  with  clamp  east  to 
be  —  19.9  div.  =  — 1*.230,  and  by  the  spirit  level  there  was  found 
6  =  +  0'.621,  whence  c  =  —  (V.GIS  +  0'.521  =  -  0'.094  (CI.  E.), 
agreeing  almost  exactly  with  the  value  found  by  Polaris. 
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151.  To  find  the  azimuth  constant,  we  must  have  recourse  to 
the  observations  of  stars,  since  it  is  only  by  a  reference  to  the 
heavens  that  the  direction  of  the  meridian  can  be  determined. 
We  can  either  find  a  directly,  or  first  find  n  and  m,  from  which 
a  can  be  deduced. 

To  find  a  dxrectly. — Observe  the  transits  of  two  stars  of  different 
declinations  8  and  ^'.  Let  Tand  T'  be  the  clock  times  of  transit 
reduced  to  the  middle  thread  (or  the  mean  thread),  b  the  level 
constant,  c  the  coUimation  constant  for  the  middle  thread  (or 
the  mean  thread),  and  put  c'  =  c  —  0*.021  cosf  (Art.  126).  Jjct 
A 7^  be  the  clock  correction  at  any  assumed  time  T^^  dT  the 
hourly  rate ;  then  the  clock  corrections  at  the  times  of  observa- 
tion are 

lT=  a7;+  dT{T^  t;) 

Then,  if  a  and  a'  are  the  apparent  right  ascensions  of  the  stars 
at  the  time  of  the  observation,  as  found  from  the  Ephemeris, 
we  have,  by  (82)  and  (87), 

•  =r-|-AT-|-tf8in(f  —  9)  sec  d  -{-h  cos  {<p  —  ^)  sec  ^  +  c'  sec  ^ 
•'  z^  1^+  A T'+  a  sin  (^  —  3')  sec  d'+b  cos  (^  —  i)  sec  5'+  (f  sec  d' 

If  in  these  we  substitute  the  above  values  of  a  T  and  a  T\  and 
suppose  the  rate  of  the  clock  to  be  given,  every  thing  in  the 
equations  will  be  known  except  a  Tq  and  a.    To  abbreviate,  put 

t=  T+^T(r—  T;)  +  b  cos^ip  —  S)MG  d  +  (f  seed  ) 

f=  T'+  iJT(T'—  T,)  +  b  cos  (f  —  ^)  sec  d'+  c/  sec  5'  J     ^^^^^ 

that  is,  let  t  and  i'  denote  the  observed  clock  times  reduced  to 
the  assumed  epoch  T^  and  corrected  for  level  and  coUimation ; 
then  we  have 

•  =  f  4-  A  T,,  +  a  sin  (^  —  ^  )  sec  d 
a'=  t'+  a7;+  a  sin  (^  —  ^')sec  d' 
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L     COS  *  Goa  i     J 

=  t'-t  +  a 


cos  p  sin  {3  —  *') 
cos  (I  eoa  d' 


Wli<snc« 


^  cosy  Bin(i  —  d') 


„  ^  ^  (.'-»)-(f'-0  I 

COB  f  (Uto  d  —  tan  3')  I 

From  tliOBC  formiilte  we  leani  the  conditions  nccesaary  l'«r 
tho  (iccurate  determination  of  a.  In  the  first  place,  if  tht 
mto  of  the  ch»-k  iu  nut  well  determined,  the  inten'olbetvceen 
thu  obsorvatiotiA  must  be  as  brief  as  possible,  so  that  1  utd  ( 
will  hv  but  little  affected  by  the  error  iu  ^7'.  Tho  rij^ht  aHceOr ' 
%ionjt  of  the  two  8tar«  must  iheruforo  dilfcr  as  little  us  poaaible; 
or,  if  one  of  them  'ta  observed  at  It*  lower  culmination,  they 
mintt  differ  by  nearly  12\  In  the  next  pluco,  it  is  evident  that 
the  larger  tho  factor  tan  3  —  tan  3'  in  the  denominator  of  (111), 
the  less  effect  will  errors  in  f  and  I  have  upon  the  dedncei 
value  of  a.  Th^refori-,  if  both  stars  am  obnfrvL-d  at  the  npper 
cuhniimtions,  one  must  bo  as  nt'ar  to  thu  pole  and  the  others* 
far  from  it  as  possible.  Finally,  the  right  ascensions  a  and  a' 
must  he  accurately  known,  and,  therefore,  only  fundamentnl 
stars  should  be  used,  or  those  whose  places  are  annually  given 
in  the  Ephemcris. 

If  one  of  tho  stars  is  observed  at  its  lower  calmination,  we 
have  only  to  use  180"  —  3'  and  12*  +  a'  for  its  declinatioD  md 
right  ascension,  and  still  use  the  equations  (110)  and  (111)  with- 
out change  of  notation  (Art  128).  In  this  case  the  factor 
tan  3  —  tani'  will  become  tan  3  +  tan  3'  (taking  3'  here  to 
signify  the  proper  declination) ;  and  this  will  be  the  greater,  the 
nearer  both  stars  are  to  the  pole.  All  the  most  favorable  condi- 
tions can  therefore  be  best  fulfilled  by  two  circumpolar  stars, 
both  as  near  to  the  pole  as  possible  and  differing  in  right  ascen- 
sion by  nearly  12*. 

If  we  can  roly  upon  the  stability  of  the  instrument  and  the 
olot^k  rate  for  12*,  we  may  observe  the  same  star  at  both  its 
upper  and  lower  culminations,  and  then,  putting  180"  —  3'  =3, 
the  formula  becooiea 
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a  = ^^ ^  (112) 

2  COS  ip  tan  d 

rhere  a'  is  the  apparent  right  ascension  of  the  star  at  the  lower 
ulmination  increased  by  12*,  and  V  is  the  corrected  time  for  the 
ower  culmination. 

If  the  object  of  the  observer  is  to  re-determine  the  right 
ascensions  of  the  fundamental  stars  themselves,  it  is  plain  that 
he  must  have  an  instrument  of  the  greatest  stability,  and  for 
the  determination  of  the  azimuth  must  rely  upoii  upper  and 
lower  culminations  of  the  same  star ;  for  the  difference  a'  —  a 

v\  (112)  may  be  accurately  computed  by  the  formulae  for  pre- 

eession  and  nutation,  although  the  absolu^te  values  of  a  and  a' 

may  be  but  approximately  known. 
To  find  n  directly. — ^Having  observed  two  stars  under  the  con- 

ffitions  above  given,  let  i  and  t'  be  the  clock  times  reduced  for 
lite  to  the  assumed  epoch  T^  as  before,  but  further  corrected 
o&Iy  for  collimation ;  that  is,  put 


}    (113) 


t  =  T  +  dT (T  —  To)  +  </ sec  J 
t'=  T'+  dT It—  TJ  +  (/sec  d' 

ften,  by  Bessel's  formula,  Art.  126, 

o  =  f-f  ^T^-\'  m-^-  n  tan  d 
a'=f'+  a7;+  m+  n  tand' 
whence 

n  =  (<'-<)-(»'-»)  (114) 

tan  d  —  tan  5' 

For  a  single  circumpolar  star  observed  at  its  upper  and  lower 
cdminations, 

«  =  (^'-0 -(»'->)  (115) 

2  tan  ^  ^      ^ 

Ve  then  find  m  by  (85) ;  namely, 

m  =  ft  sec  <p  —  n  tan  f  (116) 

If  we  reduce  our  observations  by  Bessel's  or  Hansen's 
fcnnula,  it  will  be  unnecessary  to  find  a.  If  it  is  required,  how- 
*^cr,  it  may  now  be  found  by  the  equation 

a  =  ft  tan  ^  —  n  sec  <p  (117) 
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Example. — On  May  25,  18.14,  with  the  nu-riiUan  circle  of  the 
TJ.  S.  Naval  Acailemy,  the  upiwr  utiii  lowertraiiBitsof  iWdruuid 
the  transit  of  a  j4rM'/«  wltu  obBun-td,  and  tlic  fW-k  limca  reJiictd 
to  tho  mitldli;  tinvad  were  &»  followB: 
r 
Polaris  V.  C.       1'  14-  48'.24     (Clamp  East.) 
aArietis  i     8     9.18  " 

Polaris L.C.  13  14  40.12 
"Willi  tlie  spirit  level  and  mercury  collimator,  there  were  foond 
6  =  +  0*.0O4,  c  ^  —  0*.203.  The  hourly  rate  of  the  clock  ua 
sidereal  time  waa  ST=  —  0'.224.  The  longitude  of  the  instni- 
ment  was  5'  5"  55'  W.  of  Greenwich,  and  (Uu  latitude  ^s  =  38*  58' 
52".5.     Find  the  constants  a,  m,  and  n. 

From  the  Nautical  Almanac  for  tliia  date  the  right  aeceiisioiie 
tmd  declinations  of  tlie  atare,  reduced  to  the  time  of  the  obw^ 
vatioua,  arc 


s 

» 

ft^LUai 

PdiiriB  U.C. 

1» 

6-  29' .41 

88°  81'  89" 

S8.9<» 

B  Arii'tis 

1 

58    68.05 

22    48    7 

0.420 

TtilariB  L.  C. 

13 

6    29.75 

91    28  21 

-38.802 

"We  find  for  the  constant  of  diurnal  aberration  for  the  givffl 
latitude,  O-.oai  eosp  =  0'.016,  and  hence  c'=  —  0'.203  —  C.Olfi 
=  —  0'.219.  Computing  c'  sec  5,  0  cos  {ip  —  3)  sec  6  for  each  eW. 
and  reducing  the  times  for  rate  to  0*,  the  values  of  /,  according 
to  (110),  are  found  as  follows : 


T 

Red.  for 

rate  to  C* 

Corr.for 

Corr.  tot 

IfTBl. 

t 

Polaria  0.  C. 
a  AridU, 
Polaris  lj.C. 

1»  14-  48'.24 
2     8      9.13 
13   14    40.12 

-0-.28 
-0.48 
-Z.97 

-  8'.52 
-0.24 
+  8.53 

+  OMO 

0.00 

-0.09 

1M4-S«'.H 
2     8     8.41 
13   14   45.SSJ 

To  exemplify  the  uae  of  the  formula  (111),  we  will  first  take 
Polaris  U.C,  and  a  ArieOs  (accenting  the  quantities  for  the 
second  star).     We  find 

•'  —  •  =  53-  26'.64  i'—t  =  S3-  28'.87 

tan  «  —  tan  3'  =  88.482 
aod  hence,  by  (111), 

"'  "^  -  =  —  0:07b 


—  2'.23 


38.482  cos  V 
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To  exemplify  the  use  of  (111)  in  the  case  of  two  stars,  one 
above  and  the  other  below  the  pole,  we  will  take  a  Arieiis  and 
Polaris  L.  C,  for  which  we  find 


a'  —  a  =  11»  6«  33-.70 


whence 


•     t'—t=  11^ 6«  37M7 
tan  ^  —  tan  ^'  =  39.322 


a  = 


—  3«.47 
39.322  cos  ^ 


=  —  0M14 


To  exemplify  the  use  of  (112),  we  will  take  Polaris  U.  C.  and 
L  C,  for  which  we  have 


a'  —  a  =  12»  0«  0-.34 


whence 


a  = 


—  5'.70 
77.80  cos  jp 


2  tan  a 
=  —  0'.094 


12»  0«  6*.04 
77.80 


We  adopt  this  last  determination  of  a,  and  then,  by  (80),  we  find 


m  =  —  o-.ose 


n  =  +  0*.076 


But,  where  m  and  n  are  required,  it  is  preferable  to  find  n 
directly  from  the  observations,  and  for  this  puipose  we  do  not 
correct  the  times  for  level.  Thus,  correcting  the  times  according 
to  (113),  we  find  t  as  follows : 


T 

Red.  for 
rate  to  0*. 

CoiT.  for 
coll. 

t 

Polaris  U.  C. 
•  ArietiSj 
\  Polaris  L.  C. 

1»  14«  48*.24 

^     8     9 .13 

18  14  40.12 

0*.28 

—  0.48 

—  2.97 

-  8'.52 

—  0.24 

+  8.52 

1*  14"  39V44 

2     8     8 .41 

13  14   45.67 

Taking  Polaris  TJ.  C.  and  a  Arieiis^  we  find,  by  (114), 

88.482        ^ 

Taking  a  Arietia  and  Pdlaria  L.  C,  we  find,  by  the  same 

formula, 

^  ±3^56  ^  ^  Q.  091 
89.322 
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Finally,  from  Polaris  U.  C.  ami  L.  C,  we  find,  by  (115), 


agreeing  exactly  with  the  value  above  found  from  the  ame 
obaervationa.  We  now  find  m  by  (IIC),  wbich  gives  aa  Mm 
m^—  O.OSfl.  And  then,  if  a  \a  required,  we  find,  by  (lll)i 
a  =  -  0'.094. 

THE   CLOCK   COKEKCTION. 

152.  Having  determined  all  the  instrumental  constantj,  tirt 
clock  correction  is  found  from  the  transit  of  any  known  flar  bj 
the  formula 

in  wliicb  7  is  tlic  clock  time  of  the  star's  transit  over  the  midiilfl 
thread,  or  the  mean  thread,  and  t  is  the  reduction  of  this  thread 
to  the  meridian,  computed  by  either  (81),  (86),  or  (87). 

The  finally  adopted  value  of  a  7"  will  be  the  mean  of  all  the 
values  thus  found  from  a  number  of  stars;  and  this  mfauwill 
be  the  value  corresponding  to  the  mean  of  all  the  times  of  oli«r- 
vation.  But  the  observations  thus  grouped  together  for  a  det^^ 
mination  of  4  7"  should  not  extend  over  bo  great  a  period  of  time 
tliaf  the  clock  rate  cannot  be  roganled  as  constant  during  tfisl 
period. 

The  clock  rate  is  found  by  comparing  the  corrections  aT.  if. 
corresponding  to  two  times  T,  T',  or 

„=^-'/ 

The  vnlne  a  7^  of  the  clock  correction  for  an  assumed  epocii  "i 
will  be  found  by  taking 

a7;=  aTh-  sT(T,^  T) 

It  is  evident,  from  Hansen's  formula  (86),  that  an  error  in  tb« 
determination  of  n  (or  of  «,  which  involves  n)  vnW  have  the  less 
effect  upon  rami  i7the  less  the  diiference  between  the  obfierven 
latitude  and  the  star's  declination.  Hence,  assuming  that  b  snQ 
c  can  be  found  with  greater  pre<'i<>ion  than  ji,  it  is  expedient  w 
use  for  dock  stars  only  fiindanictiiiil  stiii-d  wliii-h  pas:^  near  to  tlie 
zenith.  If  two  circumzenith  stars  are  observed,  such  that  the 
mean  of  the  taugenta  of  their  declinations  is  equal  to  the  tangnnt 
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»f  the  latitude,  the  mean  value  of  a  T  will  be  wholly  free  from 
my  error  in  n. 

An  error  in  c  will  be  eliminated,  either  wholly  or  in  part,  by 
taking  the  mean  of  the  two  values  of  a  T  found  in  the  two  posi- 
tions of  the  rotation  axis,  since  the  sign  of  c,  and,  consequently, 
tlso  that  of  any  error  in  e,  is  changed  by  reversing  the  axis.  An 
error  in  the  assumed  value  of  the  correction  p,  for  inequality  of 
pivots,  will  also  be  removed  in  this  manner;  but,  since  the  co- 
efficient of  b  does  not  change  its  sign  for  different  stars,  nor 
when  the  instrument  is  reversed,  there  is  no  method  of  elimi- 
nating an  unknown  error  of  h.     It  is  necessary,  therefore,  that 
the  astronomer  give  particular  attention  to  the  precise  determi- 
nation of  this  constant. 

(For  the  determination  of  the  clock  correction  by  a  transit  of 
ihe  Ban,  see  Art.  155). 

DETBBMINATION  OF  THE  RIGHT  ASCENSIONS  OF  STARS. 

153.  The  principal  application  of  the  transit  instrument  in  the 
obaeivatory  is  the  determination  of  the  apparent  right  ascensions 
rf  the  celestial  bodies.  The  instrumental  constants  and  the 
dock  correction  and  rate  being  found  from  known  stars  as  above 
explained,  the  right  ascension  of  any  other  star  is  immediately 
iedaced  from  the  time  of  its  transit  by  (82),  in  which  we  may 
wbstitute  (86)  or  (87).  The  form  in  which  the  observations  are 
reduced  will  be  best  learned  by  referring  to  any  of  the  printed 
observations  of  the  principal  observatories. 

In  making  a  catalogue  of  stars,  the  instrument  is  clamped  at 
» certain  declination,  and  all  the  stars  within  a  zone  of  the 
breadth  of  the  field  of  the  telescope  are  observed  as  they  cross 
4e  tiireads.  In  this  case,  it  will  be  expedient  to  find  the  clock 
correction  from  fundamental  stars  nearly  in  the  parallel  of  decli- 
nation upon  which  the  instrument  is  set.  For  if  we  have  found 
Arfirom  a  star  whose  right  ascension  is  a,  by  the  formula 

^  right  ascension  of  another  star  will  be 

=  a  +(r- r)(i  +  ^r)  +  (r'-r) 

ttstisjitwill  be  equal  to  the  right  ascension  of  the  fundamental 


ntt 
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star  iiicreaaed  hy  the  clock  interval  corrected  for  rate,  nnd  for 
the  (iiffoiviice  r'  —  r  of  the  iiistriimeiital  corrections ;  and  if  l^ 
ilecliiitttions  are  the  aanie,  wo  shall  have  r'  —  r  ^  0,  and  all  the 
crrora  of  the  instrument  will  he  eliminated.  8mee,  in  thiii  a]i|ili> 
fation,  the  absolute  clock  corrtnrtion  in  not  required,  we  fosj' 
Hut)Htitute  in  (8i}  m'  for  &T+  m,  and  m'  will  bo  fouiul  directly 
front  tlie  fundamental  stara  by  the  formula 

m'  =  o  —  { r  -f  n  tan  J  4-  f'  Bcc  a) 

The  right  aBcen«ions  will  then  be  obtained  by  addinj;  to  th* 
observed  times  the  correction  m'  +  n  tan  *  4-  <r'  sec  3,  and  it  will 
not  he  noootwary  to  scparute  j»i' into  its  conatituenta  aTandM. 
Since  wt'  involves  the  rat«  of  the  clock,  it«  hourly  variation  will 
bo  tftkcn  into  account  in  precisely  the  name  manner  as  tliul  of 
aT.  This  mode  of  reduction  wus  adopted  by  Bkssbl  for  hii 
Kiinigsher^  Zone  observations. 

The  mean  ri^ht  ascensions  for  tb«  beginning  of  the  year  or 
for  any  assumed  opocli,  are  found,  from  the  apparent  ri^ 
asceuBiona,  by  the  Ibrmula  (692)  of  Vol.  L 

For  tbe  detonnination  of  the  absolute  right  asceusioos  of  tlM 
fundamental  stars,  see  Chapt«r  XII.  Vol.  L 
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Ifl4.  Transits  of  (he  moon. — The  hour  angle  of  the  moon'a  limli, 
when  on  a  eide  thread,  is  affected  by  parallax;  and  the  time 
required  by  the  moon  to  pass  from  this  thread  to  the  nieriilini 
differs  from  thut  required  by  a  star  in  consequence  of  the  luooii'i 
proper  motion  in  right  ascension.  If  3  la  the  true  declination  of 
the  moon,  3'  the  apparent  declination  na  nffoctod  by  parallax,  ^ 
the  apparent  east  hour  angle  of  the  moon's  limb  at  the  inEisnt 
of  the  observed  transit  over  a  thread  whose  equatorial  interval 
Fig.  43.  from  tbe  middle  thread  is  i,  then,  since  S'  is  the  decl- 
nation  of  the  observed  point  on  the  thread,  we  have 

«"  =  m  +  n  tan  J'  +  (i  +  tf)  soc  3' 

Thus  &'  is  known,  but  to  reduce  the  observation  *6 
must  find  the  true  hour  angle  t?.  Let  PM,  Fig.  43,  be 
the  meridian,  P  the  pole,  Z  the  geocentric  zenith  of  tie 
place  of  observation,  0  the  true  place  of  the  moon,  ff 
its  apparent  place;  and  denote  tbe  true  and  appareut 
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zenith  distances  ZO  and  ZO'  by  z  and  z'.  We  have  MPO  =  &y 
MP(y^  d',  and  drawing  OMj  CyM'  perpendicular  to  the  meri- 
dian, we  find 

.     -mm-rw^       sin  MO       sin  MO' 
sin  MZO  = 


or 


whence 


sin  ZO        sin  ZO' 

sin  4  COS  ^ sin  ^  cos  d' 

sin  z  sin  / 

sin  2r  cos  d' 


*==*'. 


sin  /  cos  d 


Sow,  if 


a  =  the  moon's  increase  of  right  ascension  in  one  second  of 
sidereal  time, 

the  sidereal  time  required  by  the  moon  to  describe  the  -hour 

Migle  d  is ;  and,  therefore,  Tbeing  the  clock  time  of  transit 

of  the  limb  over  the  thread,  the  right  ascension  of  the  limb  at 
the  instant  of  its  transit  over  the  meridian  will  be 


=  T+ ^T  + 


4 


l  —  X 


tod  if  we  put 

8  =  the  moon's  geocentric  apparent  semidiameter, 

^honr  angle  of  the  moon*s  centre  when  the  limb  is  on  the 

meridian  will  be  zh  z^ :»  and  the  time  required  by  the  moon 

locos  ^  ^ 

to  describe  this  hour  anirle  will  be  ±  - r.    Hence  the 

®  15  (1  —  >l)  cos  d 

fcnaula  for  computing  the  right  ascension  of  the  centre  at  the 
invtiQt  of  the  transit  of  the  centre  over  the  meridian  is 


=  T+ ^T  + 


4 


S 


1  —  i  ""  15  (1  —  ;)  cos  a 


in  which  the  upper  or  the  lower  sign  will  be  used  according  as 
the  first  or  the  second  limb  is  observed.  If  then  we  substitute 
the  values  of  &  and  ^^  and  put 


F  = 


sm  z 


Bin  /  (I  —  X)  cos  d 


(118) 


TolIL— U 


I 
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we  have 

a=r+Ar+.J'-i-(m  +  ntana'-(-,:'secr)Fcoiir±— — ^- -(119) 

To  compote  the  factor  J^  conveniently,  put 

~^a?  "  I  —  i 

F=AB  soc  3 

The  value  of  A  may  be  developed  in  a  simple  form.  If  we  pni 
^9'=  the  reduced  or  gpocotitric  latitude  of  the  place  of  obwrvs- 
tion,  p  =  iU  geocentric  dinfaiice,  n  —  fhw  moon's  equawriil 
horizontal  parallax,  wo  have  z  =  ^'  —  9,  and 


whefice 


nC--' 


■  z)^^  /I  Aatc  sin  :i 


=  co«  (y  —  2)  - 


or,  neglecting  the  H(juare  of  the  parallax, 

A^=.l  —  ptann  COB  (^  —  ^ 

which  IB  the  form  employed  by  Bessel,  who  gives  the  valneof 
log  A,  in  Tabic  XIU.  of  the  Tabalix  RegiomonianiE,  with  the 
argument  log[,flflinTco8(y''  —  S)'].  For  a  particular  observatort, 
where  these  reductions  are  frequent,  it  ie  more  convenient  to 
prepare  a  apcciul  table,  adapted  to  the  latitude,  giving  log  A  with 
the  argumentfi  d  and  r.  In  Bessel's  table,  there  are  also  given 
the  values  of  logB  with  the  argument  "change  of  the  moou's 
nglit  BBcension  in  12''  of  mean  time,"  and  the  argument  is  ex- 
pressed in  degrees  and  minutes  of  arc :  but  as  the  change  in  on* 
minute,  expressed  in  seconds  of  time,  which  I  shall  denote  by  4ft, 
is  given  in  the  American  Ephemerie,  I  ahall  take 


60.1648 


60.1&18  - 


where  60.1643  is  the  number  of  sidereal  seconds  in  one  minat« 
of  mean  time.  The  following  table  gives  the  values  of  log  it 
computed  by  this  formula : 
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Argument  Aa  =  change  of  the  moon^s  right  ascension  in  one  minute  of 

mean  time. 


Aa 

logi? 

Aa 

logi? 

Aa 

log^ 

1*.65 

0.01208 

2'.05 

0.01506 

2'.45 

0.01806 

1.70 

0.01245 

2.10 

0.01543 

2.50 

0.01843 

1.75 

0.01282 

2.15 

0.01580 

2.55 

0.01881 

1.80 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85 

0.01356 

2.25 

0.01655 

2.65 

0.01956 

1.90 

0.01394 

2.30 

0.01693 

2.70 

0.01994 

1.95 

0.01431 

2.35 

0.01730 

2.75 

0.02032 

2.00 

0.01468 

2.40 

0.01768 

2.80 

0.02070 

This  table  will  be  useful  also  in  computing  the  term 

=  ,V  SB  sec  3 

15(1  — ;) cos  J       '^ 

The  reduction  of  an  observed  transit  of  the  moon  is  then  as 
follows.  The  transit  over  each  thread  is  reduced  to  the  middle 
thread  (or  mean  thread)  by  adding  the  correction  iF  to  the 
observed  times,  and  the  mean  of  the  several  results  is  taken 
as  the  clock  time  of  transit  of  the  limb  over  the  middle  (or 
mean)  thread;  or  this  time  may  be  found  by  multiplying  the 
mean  of  the  equatorial  intervals  of  the  observed  threads  by  F 
and  adding  the  product  to  the  mean  of  the  observed  times. 
This  time  is  then  reduced  to  the  meridian  by  adding  the  correc- 
tion (m  +  w  tan  d'  +  &  sec  8^)F cos  5'  or  (m  cos  8^  +  n  sin  8^  +  c')F^ 
in  which  we  may  take  8^  =  8  —  ;r  sin  (^'  —  8),  Then,  adding  the 
clock  correction,  we  have  the  right  ascension  of  the  limb  at  the 
instant  of  its  transit  over  the  meridian.     Finally,  adding  or  sub- 


tracting the  term 


8 


we  have  the  right  ascension  of 


15  (1  —  X)  cos  d 
the  moon's  centre  at  the  instant  of  its  transit  over  the  meridian. 

When  the  moon  has  been  observed  on  all  the  threads,  the 

computation  of  F  by  the  above  method  may  be  dispensed  with, 

as  an  approximate  value,  sufficient  for  computing  the  reduction 

to  the  meridian,  may  be  inferred  from  the  observed  times  on  the 

first  and  last  thread.   For,  calling  the  observed  interval  between 

these  threads  jj  and  the  equatorial  interval  i,  we  have  I  =  iFy 

whence 

F  =  L 
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If  we  omit  the  factor  1  —  k  throughout,  the  right  ascension 
obtained  is  that  which  corresponds  to  the  instant  of  the  observa- 
tion instead  of  the  instant  of  meridian  passage. 

Example. — The  transit  of  the  moon's  first  limb  was  observed 
at  the  U.  S.  Naval  Academy  on  May  29,  1855,  as  follows : 


Thread. 

Clock. 

I 

15»  3-  57'.5 

II 

4    10.3 

(Clamp  east.) 

III 

4   28.2 

IV 

4   86.2 

V 

4   49.0 

VI 

5     1.8 

VII 

5    14.6 

For  the  Naval  Academy  we  have  y'=  38°  47'  38",  and  ]ogp 
=  9.99943 ;  and  the  longitude  from  Greenwich  is  5*  5**  57'. 

The  constants  of  the  transit  instrument  were  m  =  +  0*.251, 
?i  =  —  0M62,  c  =  +  0'.093;  and  hence  (Art.  126)  c'=  +  0*.093 
—  0'.016  =  +  0*.077.  The  clock  correction  to  sidereal  time  was 
+  l"*  25'.11.  The  equatorial  intervals  of  the  threads  from  the 
middle  thread  were 

«i  H  »»  H  »6  *i 

+  35*.65       +  23V72       +  llv78      —  11M7       —  23*.77       —  35».67 

From  the  American  Ephemeris  we  find  for  the  culmination 
at  the  Naval  Academy  on  May  29,  1855, 

n  =  57'  46'M  aS  =  15'  46".5 

^  =  —  17°  58'  53"  ^a  =  2V2147 

To  illustrate  the  method  of  reducing  the  observations  to  the 
middle  thread,  we  will  first  find  the  factor  -Fby  direct  computa- 
tion. We  have  tp' —  8  =  56°  46'  31",  log  p  sin  n-  cos  (^'  —3)  = 
7.96355 ;  and  hence 

log  A  =  9.99599 

log  B  =  0.01629 

log  sec  d  =  0.02175 

log  F  =  0.03403 

Multiplying  the  equatorial  intervals  by  Fy  we  find  the  reductions 
of  the  several  threads  to  the  middle  thread  to  be 

I  II  III  V  VI  VII 

+  38*.56       +25'.65       + 12'.74       ~  12v73       —  25v71       —  38*.58 
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The  clock  times  of  transit  over  the  middle  thread,  according 
to  the  observations  on  the  several  threads,  were,  therefore, 


I 

16»  4-  36'.06 

II 

« 

35.95 

111 

35.94 

IV 

36.20 

V 

36.27 

VI 

36.09 

VII 

36.02 

Mean  T  =  15  4    36 .08 

To  compute  the  instrumental  correction,  we  have  tt  sin  (^ '  —  i) 
=  48'. 8,  whence  d'  =  —  18°  47'.2,  m  +  n  tan  ^'  +  c'  sec  J'  = 
+  CSST,  and  therefore 

(m  +  niAnd'+  (f  sec  J')  -Fcos  ^'  =  +  0*.40 
Applying  this  term  to  the  above  mean,  we  have 

Clock  time  of  transit  of  the  limb  =  15*  4«  36-.48 
Clock  correction,  aT   =+    1    25.11 

B.  A.  of  the  limb  at  transit  =  15  6      1 .59 

S 


15  (1  __  i)  cos  a 


=        1      8 .88 


R  A.  ofmoon's  centre  at  transit,  a  =  15   7    10.47 

The  factor  F  might  have  been  approximately  deduced  from 
the  first  and  last  observations,  which  give  the  interval  /=  77M, 
and  the  equatorial  inten^al  between  the  extreme  threads  is 
i  =  as-.es  +  36*.67  =  71*.32,  whence 

log  F  =  log   -  —  =  0.0338 
^  ^  71.32 

which  is  sufficiently  accurate  for  reducing  the  instnimental  cor- 
rection. 
The  "  sidereal  time  of  the  semidiameter  passing  the  meridian," 

or  tt-t; n V  may  be  taken  from  the  table  of  Moon  Culmi- 

15(1  —  i)cos^        "^ 

nations  given  in  the  Ephemeris. 

The  clock  correction  employed  in  deducing  the  moon's  right 
ascension  should  be  deduced  from  stars  as  nearly  as  possible  in 
the  same  parallel  of  declination.  (See  Art.  153.)  The  "moon  cul- 
minating stars"  are  stars  lying  nearly  in  the  moou*s  path  whose 
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positions  have  been  carefhlly  determined  for  this  purpose.  (See 
Vol.  L  Art  229.) 

155.  Dransits  of  the  sun  cr  a  placet. — The  formula  (119)  is  applio- 
able  in  general  to  any  celestial  body ;  but^  in  the  case  of  the  sun 
and  planets,  the  parallax  is  so  small  that  its  effect  upon  the  time 
of  transit  over  a  side  thread  is  inappreciable :  so  that  we  may 
take  simply 

F  =  ^ ==BBecd 

(1  ^X)C(m3 

and,  consequently,  also  put  d  for  ^.  The  formula  for  oompnting 
the  right  ascension  of  the  centre  of  the  sun  or  a  planet  oirer  any 
^ven  thread  is,  therefore, 

a=T+AT+.iBBeo3  +  (m  +  ntan9  +  (fBecdf)B±^SB§eo9  (120) 

in  which  {X  denoting  the  change  of  right  ascennon  in  one  sidereal 
second)  we  have 

1—A 

The  logarithm  of  B  may  be  readily  computed.  Putting  ^a  for 
the  change  of  right  ascension  in  one  hour  of  mean  time  (which 
change  is  given  in  the  Ephemeris  for  the  sun),  we  have,  since 
one  mean  hour  is  equal  to  3610  sidereal  seconds, 

X^    ^* 


3610 


♦log  5  =  -  log/ 1—^*  ^ 


=  ^a 


3610/ 
M 


3610 

in  which  M=  0.43429,  the  modulus  of  the  common  system  of 
logarithms.    Performing  the  division  of  M  by  3610,  we  find 

log  B  =:=  0.00012  X  Aa  (121) 

in  which  Aa  must  be  expressed  in  seconds  of  time. 

In  the  British  Nautical  Almanac,  the  change  of  right  asceuRion 
Aa  in  one  hour  of  longitude  is  given  for  each  planet.  In  this 
case,  we  have 

*  By  the  formula  log  (1  —  z)  =  —  ^(^  +  i  '*+  &o.)t  where  the  squar*  aad 
higher  powers  of  x  are  lo  smaU  m  to  be  inappreeisble  in  the  present  esse. 
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B  =  l  + 


8600 


the  lo^rithm  of  which  may  also  be  found  by  (121)  with  suffi- 
cient accuracy,  that  is,  within  a  unit  of  the  fifth  decimal  place. 

The  term  ^  SB  sec  5,  or  "  the  sidereal  time  of  the  semidiameter 
passing*  the  meridian,"  is  given  in  the  Ephemeris  for  the  sun  and 
each  of  the  planets.  When  both  limbs  have  been  observed  on 
all  the  threads,  this  term  is  not  required,  since  the  mean  of  all 
the  observations  is  evidently  the  time  of  the  passage  of  the  centre 
over  the  mean  of  the  threads.  If  this  mean  is  to  be  reduced  to 
the  middle  thread,  there  will  remain  the  small  correction  ^iB  sec  8 
to  be  applied  (Art  133),  for  which  we  may  take  ^i  sec  d.  We  may 
also  put  m  +  n  tan  d-\-c'  sec  8  instead  of  (m  +  n  tan  d  +  c^  sec  ^)  J5, 
unless  Tn,  n,  and  c'  are  unusually  great. 

The  reduction  of  transits  of  the  sun  observed  with  a  sidereal 
clock  is  greatly  facilitated  by  the  use  of  Table  XII.  of  Bessel's 
TabuUe  BegiomontancBy  which  contains  every  thing  necessary  for 
the  purpose,  for  each  day  of  the  Jictiiious  year  (Vol.  I.  Art.  406). 

156.  TVansUs  of  the  sun  observed  with  a  mean  time  chronometer. — 
A  mean  time  chronometer  is  often  used  with  the  portable  transit 
instrument,  and  transits  of  the  sun  are  then  observed  solely  for 
tbe  purpose  of  determlDing  the  chronometer  correction.  In  this 
case,  the  mean  motion  of  the  sun  corresponds  with  that  of  the 
chronometer,  and  therefore  the  factor  B  may  be  put  equal  to 
unity,  unless  we  wish  to  obtain  extreme  precision  by  taking  into 
ftccount  the  small  difference  between  the  mean  motion  of  the  sun 
aod  its  actual  motion  at  different  seasons  of  the  year,  a  degree 
of  precision  quite  superfluous  in  the  use  of  a  portable  instrument. 
If  we  put 

£  =  the  equation  of  time  for  tbe  instant  of  transit,  positive 

when  additive  to  apparent  time, 
S'  =  7^5  S  sec  d  =  the  mean  time  of  the  sun's  semidiameter 
passing  the  meridian,  which  may  be  taken  from  the 
Ephemeris, 
r  =  the  reduction  to  the  meridian,  found  either  by  (82),  (86), 

or  (87), 
2'=  tbe  observed  chronometer  time  of  the  transit  of  the 
sun's  limb  over  a  thread  whose  equatorial  interval  is  i, 
aT=  tbe  chronometer  correction  to  mean  time, 

t  =  the  chronometer  time  of  the  transit  of  the  sun's  centre, 
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then  we  have 


and 


or 


t=  T+isecd  ±  S'+T 
12^  +  E=zt+  ^T 

Ar=12*  +  ^— f 


(122) 


a23) 


Example. — On  May  17,  1856,  the  transit  of  the  sun  was  ob- 
served at  the  Naval  Academy  with  a  portable  instrument  as  below 
(Clamp  West): 


Thread. 

Mean  time  chronometer. 

Ist  Limb. 

2d  Limb. 

I 

II 

III 

IV 
V 

11*  55«  42*.2 

55  57.4 

56  12.0 
lost 

56    42.3 

11*  57«  56*.6 
lost 

58    26.7 
58    41.7 
lost 

There  had  been  found  a  =  +  CSS,  b=  —  0'.27,  c  =  —  0'.12. 
The  thread  intervals  from  middle  thread  were 


+  28'.25 


+  14M5 


—  14*.  27 


-  28-.31 


The  longitude  being  5*  5"*  57'  west  of  Greenwich,  we  find  from 
the  Ephemeris  for  the  transit  over  this  meridian, 


^  =  -f  19°  29M 


S'  =  67V24 


E=  —  S'^  49V71 


The  reductions  of  the  several  threads  to  the  middle  thread,  or 
the  values  of  isec^,  are,  therefore. 


I 


+  29*.97 


II 
+  15V01 


IV 
15M4 


V 
—  80*.03 


Applying  these  to  the  observed  times,  and  also  the  quantity 
db  S\  we  have  the  chronometer  time  of  the  transit  of  the  sun's 
centre  over  the  middle  thread,  as  deduced  from  the  several 
threads,  as  follows : 
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iBt  Limb^ 


2d  Limb, 


Thread.  Chronometer. 

I  11*  57"  18'.41 

II  19 .66 

III  19 .24 

V  19 .61 

I  19.33 

III  19 .46 

UV       19.32 

Mean  =  11   67    19.42 


The  latitude  being  y  =  38°  68'.9,  we  find,  by  (87),  r  =  —  0'.27, 

and  hence,  finally, 

t  =  11*  67«  19M6 

12*  +  E  =11   66    10.29 
aT=—     1      8.86 

157.  Correction  of  the  transit  of  the  moon  or  a  planet  when  the 
defective  limb  has  been  observed. — Let  us  consider  the  general  ease 
of  a  spheroidal  planet  partially  illuminated.     The  transit  of  the 
observed  limb  is  reduced  to  that  of  the  centre  by  employing 
instead  of  S  in  (119)  the  perpendicular  distance  from  the  centre 
of  the  planet  to  that  tangent  to  the  limb  which  lies  in  the  direc- 
tion of  the  transit  threads,  or,  in  the  case  of  meridian  transits, 
the  perpendicular  upon  the  declination  circle  which  is  tangent 
to  the  limb.     The  formulae  for  computing  this  pei^pendicular,  in 
I    general,  are  discussed  in  Vol.  L,  Occultations  of  Planets^  where  we 
Lave  found  that  in  all  practical  cases  the  formuloe  (628)  of  p.  580 
may  be  considered  as  rigorous.    In  those  formulae  the  angle  <? 
is  the  angle  which  the  required  perpendicular  makes  with  the 
aus  of  the  planet,  so  that,  p  being  the  angle  which  this  axis 
makes  with  a  declination  circle,  we  have  here 

^  =  270**  — ;>        or        *  =  90°  — ;> 

according  as  the  first  or  second  limb  is  observed.  The  values 
of  p  as  well  as  of  F  and  c  required  arc  found  as  in  Vol.  I.  Arts. 
351,  352. 

But  this  rigorous  process  will  seldom  be  required ;  and  when 
ve  regard  the  planet  as  spherical,  the  formulae  can  be  simplified 
18  follows.  For  a  spherical  planet  we  make  c  =  1,  and  substi- 
tnte  the  value  90°  —  /?  for  i?,  which  applies  to  the  2d  limb, 
whence,  by  Vol.  L  formulae  (628)  and  (623), 

sin/  =  cosp  sinF 
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or 

Bin  y  =  --  COS  D  sin  (o'  —  A) 
If 

■  (^^> 

«"=  8  COS/  =  ~  COS  / 

where  a'  and  A  are  the  right  ascensions  of  the  planet  and  the 
^sun  respectively  (and  a'  —  -4.  is  therefore  in  the  present  ease  the 
sun's  hour  angle  at  the  time  of  the  observation);  D=  the  sun's 
declination ;  -R,  M'  =  the  heliocentric  distances  of  the  earth  and 
the  planet  respectively ;  5  =  the  apparent  semidiameter  of  the 
planet  at  the  time  of  the  observation ;  Sq  =  the  mean  semi- 
diameter  (Vol.  I.  p.  578) ;  r  =  the  geocentric  distance  of  the 
planet ;  and  5^'  =  the  required  perpendicular.  For  the  moon  we 
may  put  i2  =  -R'. 

The  above  value  of  sin  jf  is  deduced  for  the  second  limb,  and, 
therefore,  by  Vol.  I.  Art.  354,  it  will  be  positive  when  the  second 
limb  is  defective.  Since  we  should  have  to  substitute  270**  — p 
for  ^,  or  —  cos;?  for  sin  t?,  in  the  case  of  the  first  limb,  which 
would  only  change  the  sign,  it  follows  that  itie  value  of  sbi  jr  coni" 
puled  by  the  above  formula  will  be  positive  or  negative  according  as  t/ie 
2d  or  the  1st  limb  is  defective. 

The  value  of  «"  is  to  be  substituted  for  S  in  (119). 

EFFECT   OF   REFRACTION  IN   TRANSIT   OBSERVATIONS. 

158.  Since  the  refraction  changes  the  zenith  distance,  its  effect 
upon  the  time  of  transit  over  a  side  thread  has  the  same  form  as 
that  of  the  parallax.  If  then  z  and  ^'  denote  respectively  the 
true  and  apparent  zenith  distances,  the  time  required  by  the  star 
to  describe  the  interval  i  is  iF,  where  F  is  found  by  (118) ;  or, 
denoting  this  time  by  /',  and  putting  ^  =  0, 

i      sin  z 

cos^  siny 

Now,  the  refraction  is  represented  by  the  formula  r  =  Atanr', 
k  being  nearly  constant ;  and  for  values  of  z  not  greater  than  85**, 
we  may  here  assume  k  =  58",  and  z  =  z^  -{•  k  tan  ^',  whence 
we  find 

®'"  ^  =  1  +  A*  sin  r  =  1.00028 


sin  / 
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Hence  the  error  in  computing  the  interval  by  the  formula 
/=  i&ecd  is  JX  .00028,  which  amounts  to  O-.Ol  when  /=  36'; 
and  this  is  as  great  an  inten^al  as  is  ever  used  for  an  equatorial 
star.  The  error  of  observation  for  other  stars  increases  with  the 
interv^al  /,  or  as  the  value  of  sec  d :  so  that  the  error  produced 
by  neglecting  the  refraction  is  always  much  less  than  the  proba- 
ble error  of  observation.  Moreover,  the  error  is  wholly  elimi- 
iiLt^'d  when  the  star  is  observed  on  all  the  threads,  or  on  an  equal 
niuuber  ou  each  side  of  the  middle  thread. 

Ify  for  any  special  purpose,  it  becomes  necessary  to  correct  an 
observation  on  an  extreme  thread  for  refraction,  we  can  take,  as 
a  very  accurate  formuh^ 

r  =  i  sec  d(l  +  k  sin  1") 

It  being  found  by  Bessel's  Refraction  Table  (Table  IL),  and,  for 
I  near  approximation, 

/'  =  I  sec  J  X  1.00028 

MERIDIAN   MARK. 

159.  For  a  fixed  instrument,  it  is  desirable  to  have  a  perma- 
lent  meridian  mark  by  which  the  azimuth  of  the  telescope  may 
le  frequently  verified.  A  triangular  aperture  (for  example)  in  a 
metallic  plate  mounted  upon  a  firm  pier,  with  a  sky  background, 
iitkes  a  good  day  mark,  the  thread  of  the  telescope  being  brought 
kto  coincidence  with  it  by  bisecting  the  vertical  angle  of  the 
trisngle.  If  the  mark  is  sufficiently  near,  a  light  may  be  placed 
behind  it  for  night  observations.  A  simple  mark  like  this,  how- 
ever, must  be  so  remote  as  to  be  distinctly  defined  in  the  tele- 
icope  without  a  change  of  the  stellar  focus,  and  even  for  instru- 
Bents  of  moderate  power  this  requires  a  distance  of  upwards 
of  a  mile. 

It  is  found,  however,  that  the  apparent  direction  of  these 
fistant  marks  is  often  subject  to  changes  from  the  anomalous 
kterai  refractions  which  take  place  in  the  lower  strata  of  the 
ttnosphere,  produced  chiefly  by  variations  of  temperature.  If 
a  ifaeet  of  water  intervenes,  the  mark  is  found  to  be  especially 
uisteady.  It  was  to  remedy  this  difiiculty  that  Rittenhouse 
Ent  proposed  the  plan  of  placing  the  mark  comparatively  near 
to  the  instrument,  but  in  the  focus  of  a  lens  which  receives 
the  divergent  rays  from  the   mark  and  transmits  them  to  the 
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telescope  in  parallel  lines;  a  suggestion  wbich  has  resulted 
various  iniportunt  iraprovementa  in  tlie  methods  of  inveelistA 
ing  iiiHtru mental  prrors,  stich  aa  the  coliimatiiig  telescope^  thi 
rufroury  collimator,  kc,  which  have  already  been  fiillj  trealei 
of  in  the  preeeding  pages.  The  apparent  direction  of  the  mirit 
will  be  that  of  the  line  joining  the  optical  centre  of  the  lenl 
and  the  mark.  At  Pulkowa,  the  lens  for  this  pnr|)n»G  is  plaed 
on  a  pier  within  the  transit  room,  and  has  the  extracinUiul| 
focal  length  of  about  556  feet,*  xvhich  is,  therefore,  the  diataiM 
of  the  mark  from  the  pior.  The  mark  consists  of  a  circala 
aperture  ^  of  an  inch  in  diameter,  in  a  metallic  plate.  pre«iitia| 
in  the  telescope  a  planetary  dine  of  only  2"  in  diameter,  which 
can  bo  bisected  by  the  thread  of  the  telescope  with  the  grcwert 
preeision.  The  merit  of  tinch  a  mark  depends  on  tbo  stabili^ 
of  the  two  points,  the  mark  and  the  lens,  which  dclermiue  iht 
direction  of  ib*  optical  line.  These  points,  mounted  as  tJieysr 
upon  solid  stone  piers,  are  not  liable  to  greater  relative  changM 
than  the  piers  of  the  telescope  itself,  and  therefore  the  chanpl 
of  direction  of  their  optical  line  will  be  less  than  those  of  ihi 
telescope  in  the  proportion  of  the  focal  length  of  the  lens  to  lb* 
length  of  the  rotatioD  axis  of  the  telescope,  which  in  this  out 
was  as  556  feet  to  3.61  feet,  or  as  154 : 1,  Now,  according  W 
STRUVE.t  the  'liurual  changes  in  the  direction  of  the  axisofi 
well  mounted  transit  instrument  are  seldom  more  thanoueW 
two  seconds  of  arc ;  but  yj,  of  a  second  of  arc  is  a  quautity  abso- 
lutely imperceptible  even  in  the  best  transit  telescopes.  T"" 
marks  of  the  same  kind  were  used  by  Struve,  one  north  w 
the  other  south  of  the  telescope,  and  they  served  not  onlyw 
meridian  marks,  but  as  collimators  according  to  the  methodof 
Art.  145. 

In  the  same  manner,  one  of  the  collimators  of  the  Greenffioi 
transit  circle  is  used  as  a  meridian  mark,  although  it  is  withio  : 
the  trauriit  room.     In  this  case,  tJie  advantage  gained  is  com- 
paratively small. 

It  is  not  necessary  that  the  mark  be  precisely  in  the  meridian 
of  the  instrument.  It  is  sufBcient  if  it  is  so  near  to  it  that  its 
deviation  in  azimuth  can,be  measured  with  the  telescope  micro- 
meter. Let  j4  be  its  azimuth  west  of  north.  Direct  the  telescope 
to  it,  and  measure  its  distance  m  from  the  middle  thread,  ^ving 

•  DucripCioB  dt  PObuTvatoirt  de  Poalkora,  p.  128.  f  Ibid.  p.  128. 
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he  measure  the  positive  sign  when  the  mark,  as  seen  in  the 
ield,  is  to  the  apparent  west  of  the  thread ;  then,  a  being  the 
udmuth  constant  of  the  telescope  determined  by  stars,  and  c  the 
ooUioiation  constant,  we  have 

A  =  a--m  —  c  (125) 

Bo  long  as  the  values  of -4  thus  found  appear  to  vary  only  within 
tiie  limits  of  the  probable  errors  of  observation,  their  mean  is  to 
be  taken  as  expressing  the  constant  position  of  the  mark,  and 

inring  this  period  the  azimuths  of  the  transit  instrument  will  be 

fMind  at  any  time  by  the  formula 

a  =A  +  m  -}-  c 

If  the  instrument  is  reversed  and  the  micrometer  distance  of 
the  mark  west  of  tLe  middle  thread  is  now  m',  we  have 

a  =A  +  m! —  c 
iHiich,  combined  with  the  former  equation,  gives 


a  =  il  +  }  (m  +  w!) 
c  =i(m'  —  m) 


}    (126) 


which  last  equation  gives  c  with  its  proper  sign  for  the  first  posi- 
tion of  the  instrument/ 
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160.  It  is  often  found  that  two  observers,  both  of  acknowledged 

ikill,  will  differ  in  the  time  of  transit  of  a  star  observed  by  "  eye 

ind  ear,"  by  a  quantity  which  is  nearly  the  same  for  all  stars. 

Sach  a  consinnt  difference  does  not  necessarily  prove  a  want  of 

Aill  in  subdividing  the  second  according  to  the  method  of  Art. 

lil,  but  may  proceed  from  a  discordance  between  the  eye  and 

Ac  ear,  which  affects  the  judgment  as  to  the  point  of  the  field  to 

which  the  clock  beats  are  to  be  referred.     Thus,  if 

« and  6,  Fig.  44,  are  the  true  positions  of  a  star  at 

tiro  successive  beats  of  the  clock,  we  may  suppose 

the  observer  to  allow  a  certain  interval  of  time  to  p  ^ 

dapse  after  each  beat  before  he  associates  it  with  the 

star's  position  (possibly  in  some  cases  he  may  antici- 

ptite  the  beat) :  so  that  he  refers  the  beats  to  two  different  points 

tf'  and  y^  whose  distance  from  each  other  is,  however,  the  same 


9^ 

or  a 
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as  that  of  a  and  b.  The  ratio  in  which  the  distance  a^V  ia  dividec 
he  may  still  estimate  correctly. 

The  distance  between  a  and  a'  may  be  called  the  abaohitepas 
sonal  equcUwn  of  the  observer,  and,  if  it  could  be  determini 
might  be  applied  as  a  correction  to  all  his  observations.   Bat, 
long  as  his  observations  are  not  combined  with  those  of  anotlu 
observer^  the  existence  of  such  an  error  cannot  be  discovc 
nor  is  it  then  of  any  consequence.    For  the  process  of  d^ 
mining  the  right  ascension  of  an  unknown  star  consbts 
tially  in  applying  to  the  right  ascension  of  a  known  star 
difference  of  the  clock  times  of  the  transit  of  the  two  stars  (i 
rected  for  instrumental  errors  and  rate),  and  this  difference 
evidently  be  the  same  as  if  the  observer  had  no  personal  eqi 

In  order  to  combine  the  observations  of  two  individui 
example,  to  deduce  the  right  ascension  of  an  unknown 
whose  transit  is  observed  by  A,  from  the  time  of  transit  ol 
known  star  observed  by  B — ^it  is  necessary  to  know  the  di 
of  their  absolute  equations, — Le.  their  rdaiioe  pergonal 
Thus,  if  the  times  ^observed  by  A  are  later  than  those  obB< 
by  B  by  the  quantity  Ey  then  B's  observations  may  be  reda( 
to  A's  (that  is,  to  what  they  would  have  been  if  observed  by 
by  increasing  them  all  by  E. 

The  relative  personal  equation  may  be  found  by  the  following 
methods : 

First  Method. — ^Let  one  observer  note  a  star's  transit  over  the 
first  three  or  four  threads,  and  the  other  observer  its  transit 
over  the  remaining  threads.  Reduce  the  observations  of  eacb 
to  the  middle  thread  (or  to  any  assumed  thread)  by  applying  th6 
known  equatorial  intervals  multiplied  by  sec  d.  The  difference 
between  the  mean  results  for  the  two  observers  will  be  a  vala€ 
of  their  xequired  personal  equation.  The  mean  of  the  values 
found  from  twenty  or  thirty  (or  more)  such  observations  will  be 
adopted,  provided  the  probable  error  of  such  a  determination  (ai 
found  from  the  discrepancies  of  the  individual  results)  is  no* 
greater  than  the  equation  itself;  in  which  case  the  difference 
between  them  should,  of  course,  be  regarded  as  accidental,  and 
the  use  of  a  constant  equation  would  introduce  error  instead  of 
cliniindting  it.  This  remark  may  be  necessary  to  guard  inexf^e' 
rienced  observers  against  an  incautious  adoption  of  an  equation 
derived  from  insufficient  data.  TVe  may  also  remark  here  thai 
constant  personal  equations  are  more  apt  to  exist  between  trained 
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observers  than  between  inexperienced  ones,  the  former  having 
by  practice  acquired  a  fixed  habit  of  observation. 

Second  Method. — The  preceding  method  is  liable  to  the  objection 
that  as  the  second  observer  takes  the  place  of  the  first  in  a  some- 
what hurried  manner,  his  usual  habit  of  observation  may  be 
disturbed.  To  obviate  this,  let  each  observer  independently 
determine  the  clock  correction  by  fundamental  stars ;  then  the 
difference  of  these  corrections,  both  reduced  for  clock  rate  to  the 
same  epoch,  will  be  the  personal  equation.  The  equation  thus 
found  involves  the  errors  of  the  stars'  places  and  of  the  clock 
late.  The  first  will  be  inconsiderable  if  only  fundamental  stars 
ire  used,  but  may  be  entirely  eliminated  by  the  observers'  ex- 
ehanging  stars  on  a  following  day  and  taking  the  mean  of  the 
two  results.  The  effect  of  error  in  the  rate  will  be  insensible  if 
the  stars  are  so  distributed  that  the  means  of  the  right  ascensions 
of  the  stars  of  the  two  groups  employed  by  the  two  observers 
are  nearly  equal. 

Third  Method. — ^An  equatorial  telescope  is  sometimes  used  for 
Ae  purpose,  as  follows.     Two  transit  threads  of  the  micrometer 
are  adjusted  in  the  direction  of  a  declination  circle,  and  the  tele- 
scope is  directed  towards  a  point  in  advance  of  any  star  not  far 
from  the  meridian,  and  clamped.     The  observer  A  notes  the 
transit  of  the  star  over  the  first  thread,  and  the  observer  B  the 
transit  over  the  second  thread.     The  telescope  is  then  moved 
forward  again  in  advance  of  the  star,  and  clamped.     The  ob- 
server B  now  notes  the  transit  over  the  first  thread,  and  A  the 
transit  over  the  second  thread.     This  gives  one  determination 
of  their  personal  equation ;  for,  putting  JE  =  the  reduction  of 
B'g  observation  to  A's,  and  /=  the  interval  of  the  threads  for 
the  observed  star,  M  and  M'  the  observed  intervals,  we  have 

M=I  +  E  M'=I^E 

whence 

• 

This  process  being  repeated  a  number  of  times,  Jifwill  be  the 
mean  of  all  the  intervals  when  A  begins,  and  M'  the  mean  of 
those  when  B  begins. 

This  method  is  also  open  to  the  objection  that  the  observers 
succeed  each  other  so  rapidly  that  their  usual  habit  of  deliberate 
observation  is  likely  to  be  disturbed.     Moreover,  if  their  per- 


I!>2  TRAXgIT    ISSTRUMEXT    I.N    TOE    MERIDUy. 

eonal  equation  is  required  to  reduce  their  olwervationa  nad« 
witU  u  transit  iiistninieiit,  it  should  W  dvtemiiued  with  IUih  in- 
strument; for  it  is  possil^le  that  thu  vquutiuu  may  not  bv  tiw 
siime  with  inatrumeDts  of  different  puwera. 

The  same  clock,  aluo,  should  he  used  in  dctenntning  th«  pev< 
Bonal  equation  that  U  used  in  the  obsen-ations,  fur  it  ia  vetf 
probable  tkat  the  peculiarity  of  the  clock-beat  affects  the  eqnfr 
tion.* 

It  18  one  of  the  advontagoa  of  the  American  (the  elcctro-chro. 
iioiKraphic)  method  of  recording  tran^itit  that  the  personal  eqi* 
tion  19  very  much  reduced  :  etill  it  'id  uot  wholly  destroyed.  Tlw 
same  methods  may  bo  employed  to  determine  its  amount  Hi 
when  the  observations  are  made  by  eye  and  ear. 

It  may  also  be  remarked  that  not  only  should  the  same  telfr 
scope  and  the  same  clock  be  employed  in  determiuing  thei>a^ 
sonal  equation,  as  in  the  observations  to  which  it  is  to  bt 
applied,  but  also  the  observer's  general  phijsical  condition  should 
be  as  nearly  as  possible  the  same.  Even  the  posture  of  the  hoij 
has  been  found  to  have  some  effect  upon  the  obser^'er's  estimaW 
of  the  time  of  transit;  and  it  can  hardly  be  doubted  that  tb« 
personal  equation  will  fluctubte  more  or  less  witti  ihs  obser?er'Pi 
health,  or  the  condition  of  his  nervous  system. 

That  the  personal  equation  depends  upon  no  organic  defect 
of  either  the  eye  or  the  ear,  but  upon  an  acquired  habit  of  ob- 
8er%'ation,  seems  to  follow  from  the  fact  that  it  is  usually  greawri 
in  the  case  of  the  most  practised  observers.  In  1814  there  was 
no  personal  equation  between  those  eminently  skilful  astrono- 
mers Bessbl  and  Sthuvb;  but  in  1821  they  differed  by  O'-S. 
and  in  1823  by  a  whole  Hccond  ;  a  progressive  increase  indieal- 
ing  the  gradual  formation  of  certain  fixed  habits  of  observation- 
So  far  from  invalidating  the  results  of  either  obserNer,  ihiafs'^' 
would  indicate  that  their  absolute  personal  equations  were  in  all 
probability  very  constant  for  moderate  inter\'als  of  time,  anu 
tlierefore  had  no  appreciable  effect  upon  their  results  so  longs^ 
these  results  did  not  depend  upon  a  combination  of  their  obacr- 
vations  with  those  of  other  observers. 

■  BE9aEL  round  ihsL  wjtb  n  chronom 
ly.lS  later  than  wJlii  a  clock  betiliDg  r 
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PERSONAL  SCALE. 

161.  Pro£  Peiroe  has  called  attention  to  the  fact  that  expe- 

lieiiced  observers  often  acquire  a  fixed  erroneous  habit  of  esti- 

.  m6ng  particular  fractions  of  the  second.    Thus,  when  a  star  is 

9tHj  at  O'.S  from  a  thread,  one  observer  may  have  a  habit  of 

fining  it  0'.4,  while  another  may  incline  rather  to  0*.2 ;  or,  again, 

wben  the  fraction  is  less  than0.1,one  invariably  takes  0.1,  while  the 

i.^ther  as  invariably  neglects  it  and  puts  0.0.     Thus  each  observer 

ii  conceived  to  have  his  own  personal  scale  for  the  division  of  the 

I  leeond. 

k  a  very  large  number  of  individual  transits  over  threads  by 
4e  same  observer,  there  is,  according  to  the  doctrine  of  proba- 
Klities,  the  same  chance  for  the  occurrence  of  each  of  the  deci- 
Buds  .0,  .1,  .2,  4c.,  if  the  observations  are  jyerfecdy  madcy  or  if  the 
0mrs  of  the  observers  are  purely  accidental;  otherwise,  one  or  more 
of  these  decimals  will  occur  more  frequently  than  the  rest. 
Hence,  by  simply  counting  the  number  of  times  each  decimal 
occurs  in  a  very  large  number  of  observations  by  the  same 
observer,  the  personal  scale  of  this  observer  may  be  determined. 

It  is  easily  shown  that  the  effect  of  an  erroneous  personal 
leab  is  to  increase  or  diminish  the  mean  result  of  a  large 
mmber  of  observations  by  a  constant  quantity.  For  example, 
lappose  that  in  1000  observations  of  a  certain  observer  the  frac- 
tion 0.3  appears  but  20  times,  while  0.4  appears  180  times,  and 
[  ftst  each  of  the  other  fractions  appears  100  times.  Then,  since 
Cich  fraction  should  appear  100  times,  the  mean  of  any  large 
number  of  observations  by  this  observer  will  probably  be  too 
great  by  the  quantity 

(0.4  X  180  +  0.3  X  20)  -  Ca4  X  100  +  0.3  X  100)  ^  ^  ^^g 

1000 

The  effect,  therefore,  being  constant,  will  be  combined  with 
tbe  personal  equation  determined  from  a  large  number  of  obser- 
TitioBS,  and  may  be  regarded  as  always  forming  a  part  of  it. 
Hence  it  follows  that  the  application  of  the  personal  equation, 
vhieh  involves  the  errors  of  the  personal  scale,  does  not  neces- 
lirily  eliminate  the  observer's  constant  error  from  each  observa- 
tion, but  that  it  probably  does  eliminate  it  from  the  mean  of  a 
large  number  of  observations. 

Vol.  XL^lt 
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PROBABLB   ERROR   0?   A   TRANSIT  OBtiBRVATION. 

162.  That  part  of  the  error  in  the  observed  time  of  transit 
n  Btiir  which  is  independent  of  the  personal  equation  and  othtt 
ronRtant  errors,  and  is  irregtilar  or  accidental,  may  be  disiia 
gTiishod  as  the  probable  error;  and  it  will  he  the  only  error  of 
obserii-ation  which  will  affect  the  final  result,  if  the  obaorvatiMt 
of  two  obser\'ei'B  are  not  combined.  It  may  be  dotermined  tot' 
each  obflor\'er  by  comparing  the  several  values  of  the  thretl 
iutervalfl  given  by  his  observations.     Let 

/  .=  the  observed  interval  of  two  threads  whose  cqaatorial 
interval  is  i; 

then,  since  we  should  have  t  =J  cos  3,  each  observation  furnishes 
a  valuu  of  t;  aud  from  a  great  number  of  values  the  probnble 
error  r  of  ciicli  siugle  determiuation  ia  deduced  by  the  formula* 


in  which  the  values  of  v  are  the  residuals  found  by  subtracting 
the  known  value  of  i  from  ciieh  value  found  from  observation, 
and  m  is  the  number  of  observatioue. 
Now  put 

c  =  the  probable  error  of  the  observed  time  of  transit  of  on 
equatorial  star  over  a  thread ; 

then,  einoe  the  time  of  transit  over  each  thread  is  affected  b; 
this  error,  we  have 


5  J- 


^jv') 


-1) 


Example. — From  the  transit  observations  made  by  Mr.  EuB 
at  the  Greenwich  Observatory  in  1843,  the  observed  intervals 
between  the  successive  threads  (i.e.  from  1st  to  2d,  from  2d  to  3d, 
&c.)  were  found  as  in  the  following  table:  the  true  equatorial 
intervals  being  those  given  in  the  fourth  column.   The  difference 
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between  the  computed  and  the  true  equatorial  interval  (r)  is 
given  in  the  fifth  column,  and  the  last  column  gives  if. 


1848. 


March  8. 
/  Tauri 


i  Tauri 

«  =  +  21**  21' 


Pi  Geminor, 
a  =  +  22«  35' 


Obserred 
I 


13-.8 
13.8 
14.0 
14.0 
13.7 
13.6 


13.8 
13.8 
13.9 
13.9 
13  ;8 
13.7 


13.7 
14.0 
14.0 
14.0 
13.9 
13.8 


Computed 

True 

M 

i=/Bec(5 

• 

• 

V 

12-.79 

IZ-.SO 

CIO 

.79 

.76 

+     .03 

.93 

.87 

+    .06 

.93 

.91 

+     .02 

.66 

.88 

.22 

.57 

.86 

—    .29 

.85 

.89 

.04 

.85 

.76 

+     .09 

.94 

.87 

+    .07 

.94 

.91 

+    .03 

.85 

.88 

—    .03 

.76 

.86 

—    .10 

.65 

.89 

—    .24 

.93 

.76 

+     17 

.93 

.87 

+     .06 

.93 

.91 

+     .02 

.84 

.88 

.04 

.74 

.86 

.12 

0.0100 
9 

36 
4 

484 
841 


16 

81 

49 

9 

9 

100 


576 
289 

36 
4 

16 
144 


m 


18, 


J(t?«)=  0.2803 


Hence  we  find,  by  the  above  formula, 

c  =  0'.06 

Taking  a  much  greater  number  of  the  observations  made  by 
Mr.  Ellis  of  stars  from  the  3d  to  the  5th  magnitude,  I  found 
«=0'.O56,  which  is  probably  smaller  than  will  be  found  for 
>>08t  observers.  In  the  case  of  another  well  trained  observer,  I 
fcand  e  =  COS. 

In  the  same  manner,  from  a  large  number  of  Mr.  Ellis's  ob- 
^f^ons  of  the  moon  I  found  his  probable  error  in  observing 
fte  transit  of  the  first  limb  over  a  single  thread  to  be  0*.074,  and 
fer  the  second  limb  O'.OTl.  In  the  case  of  another  observer,  I 
found  for  the  first  limb  0'.078,  and  for  the  second  limb  0'.094. 


If  we  9mmxtk»f  then,  th»t  for  moderftely  dolfol  olMefv< 
e  =  O'.OS  fbr  a  fltfir^  the  prctbi^ble  error  of  the  mem  of  thct 
servations  over  seven  threads  will  be  O'.OS  -i-  y^7,  or  only  0*.0^O 
the  star  being  in  the  equator.  For  the  declination  3  the  pc^'- 
bable  error  will  be  O'.OS  sec  d. 

The  probable  error  thus  found  is  the  accidental  error,  cof:^^' 
posed  of  the  error  of  the  observer  in  estimating  the  fiuclioas  c^^ 
a  second  (including  the  errors  of  his  personal  scale),  and  of  tt*^^ 
error  arising  from  unsteadiness  of  the  star ;  but  it  most  not 
taken  as  the  measure  of  the  degree  of  precision  in  the  deduce- 
right  ascension  or  time.^ 

163.  The  error  of  the  right  ascension  derived  from  a  ringl^ 
complete  transit  is  composed  of  the  following  errors : 


1st.  The  undetermined  instrumental  errors,  depending  upon 
errors  in  the  determination  of  the  constants  a,  A,  and  c; 

2d.  The  errors  of  the  assumed  clock  correction  and  rate; 

8d.  The  error  arising  from  irregularity  of  the  clock; 

4th^  The  error  in  the  observer's  personal  equation,  arising  ftooi 
an  imperfect  determination  of  the  eqaation,  or  from  flnotqa* 
tions  in  its  value,  depending  on  the  observer'a  physical,  aM 
mental  condition  ; 

5th.  The  accidental  error  of  observation^  composed  of  the  ob- 
server's error  in  estimating  the  fractions  of  a  second,  and  of 
errors  arising  from  unsteadiness  of  the  star; 

6th.  The  error  arising  from  an  atmospheric  displacement  of  the 
star,  which  may  possibly  be  constant  during  the  transit  over 
the  field  of  the  telescope,  and  may  be  called  the  ctUminatUm 
error. 

We  may  form  an  estimate  of  the  total  effect  of  all  these 
sources  of  error  by  examining  the  several  values  of  the  right 
ascension  of  a  fundamental  star  deduced  from  different  culmi*^ 
nations,  and  reduced  for  precession  and  nutation  to  a  common 
epoch.  Thus,  there  were  found  from  the  different  observations 
of  the  transit  of  a  Arietis,  in  the  year  1852  at  the  Greenwich  Ob- 
servatory; the  following  values  of  its  mean  right  ascension  on 
Jan.  1, 1852.   Putting  a  =  1*  SS**  50*  +  x,  the  values  of  x  were— 

*  In  this  eonneotion  8e«  the  remarks  of  Bbsbel  in  the  BerUn  Jahrbach  for  1S21| 
p.  166. 
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s 

X 

z 

X 

0'.40 

0'.84 

(f.&d 

CST 

.44 

.81 

.42 

.84 

.39 

.42 

.42 

.84 

.89 

.45 

.46 

.59 

.42 

.68 

.88 

24 

.40 

.85 

.82 

81 

The  mean  is  ar  =  0*.40 ;  and  from  the  differences  between  this 
mean  and  the  several  values  of  x  we  deduce  r  =  0*.057  as  the 
probable  error  of  a  single  determination  of  the  right  ascension 
of  this  star.  In  the  same  manner,  I  find  from  the  observations 
otfCeti  during  the  same  year  r  =  0*.063,  and  for allrsce  Majoris 
f  =  0'.181.  If  these  be  multiplied  by  the  respective  values  of 
coaJ,  we  have  O-.OSS,  COGS,  0'.063,  the  mean  of  which,  or  0-.06, 
expresses  nearly  the  probable  error  of  a  single  determination  of 
an  equatorial  star  with  the  transit  circle  of  the  Greenwich  Ob- 
senratory  in  1852.  A  larger  number  of  stars  should  be  ex- 
amined to  determine  this  error  with  certainty ;  but  the  above 
will  suffice  to  illustrate  the  mode  of  proceeding.  It  must  not 
be  forgotten,  however,  that  this  instrument  is  never  reversed, 
and  all  its  results  may  be  affected  by  small  constant  errors 
peculiar  to  the  several  stars. 

If  we  denote  the  probable  error  of  observation,  or  the  5th  of 
the  above  enumerated  errors,  by  e,  and  the  combined  effect  of 
all  the  rest  by  Cj,  we  have 

whence,  taking  r  =  0*.06,  and  e  =  0*.03,  as  above  found,  We 
deduce  Cj  =  0*.052 :  so  that  if  e  were  reduced  to  zero— that  is, 
if  the  observations  were  made  perfectly — the  right  asQension 
determined  by  a  single  transit  would  be  improved  by  only  0*.01. 
Hence  it  follows  that  an  increase  of  the  number  of  threads  for  the 
fwrpose  of  reducing  the  error  of  obseroation  would  be  attended  by  no 
imporiant  advantage. 
Bessel  thought  five  threads  sujffi'cient. 

164.  We  see  from  these  principles  that  the  weight  of  an  ob- 
Kired  transit  is  not  to  be  assumed  to  vary  as  the  number  of 
threads,  as  it  would  do  were  there  no  culmination  error  or  un- 
ki«own  instrumental  errors.  For  practical  purposes  it  will  be 
aoffieieiit  to  regard  the  probable  error  of  a  transit  as  composed 
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ouly  of  the  error  of  observation  and  the  eulminaticn  error.  The 
latter  will  theD  be  the  quantity  denoted  above  by  «, ;  and,  if  we 
nov  put    ' 

«  =c  the  probable  error  of  a  transit  over  a  single  throAAg^'ViJ 
n  =*  the  DDinber  of  threads  observed,  ^i*  ' 

r  ^the probable  erroroftlie  obaerved  rifbtuoeiuioiL^  ^ 

w«  fball  fawie  i  .  d ,  li 


lU>-.if    I 


■••+-. 


,  , ., 


If  th«B  we  i^ao  ppt 

£sE  the  probabk  error  of  an  obscrratioD  ivhoae  weight  fa 

P  ^  the  weight  of  the  given  observation, 
we  tibaU  W^fli  aceordlog  to  the  theory  of  least  squares. 

The  Quit  of  weight  is  arbitrary,  and  hence  E  also  h  arbitrary.  I 
If  itr  is  the  total  number  of  tlii-utids  in  the  reti^uk,  and  a  i.'um|jlete 
observation  on  them  all  is  to  have  the  weight  unity,  we  shall 
have 


£'=f. 


and  the  formula  will  become 


'  N 


(128) 


If  we  substitute  the  values  tj  —  0.052,  e  =  0.09,  which  are  soflt 
ciently  accurate  for  an  approximate  estimation  of  the  weights  of 
observations,  we  shall  find,  veiy  nearly,* 


1  +  7 


(i») 


"  8«e  ftbo  V«l.  L  Art.  286,  whet •  a  alightlj  diffeNnt  fbrmvU  !•  •d>t>iB«d. 
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This  will  be  a  very  convenient  formula  in  practice  in  cases 
where  there  is  no  reason  to  depart  from  the  above  assumed  values 
of  Cj  and  e.  The  observer  who  has  determined  these  quantities 
for  himself  will,  of  course,  employ  (128)  directly. 

It  may  be  useful  to  illustrate,  by  the  aid  of  this  formula,  the 
proposition  announced  at  the  end  of  the  preceding  article.  If 
y=  7  and  JE=^  0'.062,  the  weights  and  probable  errors  of  obser- 
vations on  one  or  more  threads  will  be  as  below : 


n 

P 

1 

0.86 

2 

0.57 

8 

0.71 

4 

0.82 

5 

0.90 

6 

0.95 

7 

1.00 

25 

1.25 

ao 

1.43 

0-.104 
0.082 
0.073 
0.069 
0.065 
0.063 
0.062 
0.065 
0.052 


We  Bee  that  the  advantage  of  seven  threads  over  five  is  almost 
insignificant,  and  Bessel's  opinion  is  confirmed. 

165.  The  probable  error  of  a  single  transit  of  a  star  recorded 
by  the  electro-chronograph  does  not  appear  to  be  much  less 
than  that  of  one  observed  by  eye  and  ear  by  experienced  ob- 
lenrers  ;*  but  it  must  be  remembered  that  it  takes  but  a  short 
time  to  acquire  the  requisite  skill  in  the  use  of  the  chronograph, 
while  the  small  probable  errors  by  eye  and  ear  above  adduced 
ire  evidences  of  long  training.  The  personal  equation,  however, 
ii  much  less  in  the  use  of  the  chronograph,  and  probably 
more  constant.  It  is  not  unlikely  that  a  considerable  portion  of 
the  total  error  of  a  determination  of  right  ascension,  as  above 
Iband,  is  the  result  of  variations  in  the  observer's  personal  equa- 
tion ;  and,  if  so,  the  substitution  of  the  chronograph  for  eye  and 
ear  will  carry  these  determinations  to  a  still  more  remarkable 
degree  of  accuracy. 


*  See  Dr.  6.  A.  Gould*8  Eeport  in  the  U.  S.  Coast  Surrey  Report  for  1857,  p.  807. 
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APPLIOiTION  OF  THE  MBTHOD  OF  LEAST  SQUARES  TO  THE  WnSR- 
MINATION  OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRtTlUn 
IK  THE   MERIDIAN. 

166.  In  the  use  of  the  portable  transit  instrament  in  the  field, 
it  is  not  always  possible  to  mount  it  so  firmly  that  its  azimuth 
and  level  can  be  absolutely  relied  upon  as  constant  for  a  whole 
day.  Frequently  it  is  necessary  to  take  all  the  observations  at 
a  given  place  within  a  few  hours.  We  must  then  observe  such 
stars  as  are  available  at  the  time,  and  so  conduct  the  observations 
and  their  reduction  as  to  obtain  the  most  probable  result. 

First,  as  to  the  observations. — The  instrument  having  been 
brought  very  near  to  the  meridian  (see  Art.  125),  a  number  of 
stars  must  be  observed  in  both  positions,  of  the  rotation  axis, 
and,  in  general,  about  the  same  number  of  stars  in  each  position. 
Among  these  must  be  included  at  least  one  circumpolar  star, 
and,  if  possible,  two  or  three,  one  or  more  being  below  the  pole. 
The  level  should  be  observed  at  the  beginning  and  end  of  the 
series,  and  before  and  after  each  reversal  of  the  axis. 

Secondly,  as  to  the  computation. — We  assume  that  the  thread 
intervals  have  been  well  determined,  as  also  the  value  of  a 
division  of  the  level.  If  they  have  not  been  found  before  the 
observations,  they  must,  of  course,  be  determined  subsequently, 
only  observing  that  no  change  of  the  instrument  has  occurred 
which  might  change  the  value  of  the  thread  inten-als-  Th« 
mean  of  all  the  level  determinations  should  be  adopted  as 
the  constant  value  of  b  for  all  the  observations,  unless  the  dif- 
ferences of  the  several  values  are  greater  than  the  probable 
errors  of  obsei-v^ations  made  with  the  particular  spirit-level  used, 
in  which  case  it  will  be  better  to  interpolate  a  value  of  b  for 
each  star  from  the  actually  obsei'ved  values.  The  chronometer 
time  T  of  transit  over  the  middle  thread  or  the  mean  thread 
being  found  for  each  star  by  employing  the  thread  inten^als  when 
necessary,  we  shall  suppose  that  observation  has  furnished  only 
Tand  b  for  each  star.  The  rate  3T  of  the  chronometer  is  also 
supposed  to  be  approximately  known.  The  constants  a  and  c, 
and  the  clock  correction  aT,  are  then  to  be  found  by  a  proper 
combination  of  the  observations.   Let  us  put  in  formula  (87),  for 

each  star, 

A  =  the  azimuth  factor  =  sin  (^  —  S)  sec  S, 

B  =  the  level  factor        =  co8(^  —  ^)8cc  ^, 

C  =  the  collimation  factor  =  sec  t) 
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alsa,  let  each  observation  be  reduced  to  some  assumed  time  T^ 
and  {Hit 

aT^=£  tbe  chronometer  correction  at  the  time  T^ 

whence 

aT  =  a7;+  dT{T^  T^ 
Let 

d  =  an  assnmed  approximate  value  of  a  T^ 

A*  =  the  required  correction  of  d 
flo  that 

*  +  Ad  =  at; 

then  the  formula  (82)  becomes 

•  =  T+  ^  +  A*  ■+-  STiT—  T^  +  Aa  +  Bb  +  Cc 

m 

in  which  every  thing  is  known  except  the  small  quantities  ai?,  a, 
and  c.     If  we  now  put* 

tV=^  — (o  —  t) 

then,  aince  a  —  t  and  i9  are  each  nearly  equal  to  the  clock  cor- 
rection, t£7  is  a  small  residual,  and  the  equation  is 

Aa+  Cc  +  Ai^  +  w  =  0  (130) 

Etch  star  gives  an  equation  of  condition  of  this  form,  and  from 
iQ  these  equations  the  most  probable  values  of  a,  c,  and  a«9  will 
be  found  by  the  method  of  least  squares.  The  sign  of  the  tenn 
CkwiH  be  changed  when  the  axis  of  the  instrument  is  reversed. 

If  the  observations  are  extended  over  a  number  of  hours,  it 
will  not  always  be  safe  to  assume  that  the  azimuth  a  has  been 
constant  during  the  whole  time.  "We  may  then  divide  the  obser- 
Tidons  into  two  groups,  in  one  of  which  the  azimuth  will  be 
denoted  by  a  and  in  the  other  by  a'.  The  normal  equations, 
famed  by  combining  all  the  equations  in  the  usual  manner,  will 
then  involve  the  four  unknown  quantities  a,  a',  c,  and  a«?. 

To  determine  the  mean  error  of  the  resulting  value  of  a^,  it 
most  be  remembered  that  when  a  and  c  have  been  eliminated  by 

*  F«r  grtftter  preotaion  (not  always  required  ia  the  use  of  a  portable  instrument), 
ve  Bay  allow  for  the  diurnal  aberration.  Since  a  requires  the  correction  -|-  0'.Q21 
tmfwtcSf  we  haye  merely  to  take 

i  =  T+  dr(7'—  T;)  +  Bb  —  0'.021 008^  sec  d 
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BucCQ39iv6  BubBtitution,  taking  oare  to  iutroduce  nonewtko 
into  the  equatioua,  the  coefficient  of  &9  in  the  reeuitiug  finai  ' 
equation  will  bethe  weighty  of  the  value  of  a^JthuB  determined* 
Then,  substitutiog  the  values  of  a,  c,  and  i(?  in  the  equations  of  1 
coudition,  aod  denoting  tlie  residual  in  each  by  v,  we  have  the  | 
mean  error  of  a  single  observation  by  the  formula 


in  which  [cr]  =  the  sum  of  the  eqaares  of  the  residuals,  m  =  thel 
number  of  observations,  and  fx  =  the    number  of   tmkuon; 
quantities.  , 

The  mean  error  of  at?  and  a  7^  will  b«  ^       '  •■* 


and  if  we  wish  the  prob<^  errors,  we  multiply  the  mean  errors 
by  0.6745. 

If  any  residuals  are  so  large  as  to  throw  a  doubt  upon  th9 
observations,  such  doubtful  observations  may  be  examined  by, 
Pbibcb'b  Criterion.f 

If  an  observatiou  consists  of  transits  over  only  a  portion  of  th^ 
threads,  it  may  be  well  to  give  it  a  diminished  weight,  multiply- 
ing its  equation  of  condition  by  the  equare  root  of  the  weight 
found  by  (129).  " 

If  the  coUimation  constant  c  has  been  previously  determined, 
we  hare  only  to  inclnde  the  t«nn  Cb  is  the  quanti^  t;  tha% 
putting 

tbe  equation  for  each  star  will  be 

Aa  +  ik»  +  w  =  Q  (181) 

and  the  determination  of  a  and  &t?  from  these  eqoatioiu  is  then 
exceedingly  simple. 

Example. — The  following  observations  were  taken  on  tbe 
tTnited  States  North-'Weatern  Boundary  Survey  with  a  portabtB  ■ 

■  Sm  Appendix.  t  8m  Appmdii,  Arte.  67-60. 
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tnoflit  instrament  in  the  meridian.  The  Btara  were  mostly 
leJected  from  the  British  Association  Catalogue,  and  are  con- 
tmently  designated  by  their  numbers  in  this  catalogue.  But 
leir  apparent  places  have  been  derived  from  the  more  reliable 
tbori^  the  Greenwich  Twelve  Year  Catalogue.  The  apparent 
ice  of  a  Ursa  Majoris  is  derived  from  the  American  Ephemeris. 
[ler  stars  from  the  British  Association  Catalogue,  observed 
tlie  same  evening,  have  been  excluded  because  they  are  not 
eu  in  the  later  catalogues. 


Camp  8iBiUbinoo.-~1867,  JdI;  27.     LkUtad*  40"  tf  H. 
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1.A.C 

6890 

IV.S 

4S'.e 

I2'.3 

4iy.8 

B'.2 

87'.9 

6'.2 

22'   4- 

^o-.Te 

+  0'.75 

6484 

27.2 

16.2 

38  .8 

2.3 

2S.3 

50.1 

22  10 

38.68 

6441 

23.8 

47.8 

36.3 

68.6 

22.6 

46.3 

22   11 

86.10 

S489 

21.3 

46.8 

12.5 

37.8 

2.8 

22  IB 

37.58 

60361 

30.8 

88.8 

88.2 

42.0 

23   13 

41.68 

62.3 

48.2 

48  .b 

23   13 

40.49 

-0.70 

323-2  8.  P. 

82.1 

30. B 

43.2 

49.4 

r>4.5 

.'>9.9 

6.9 

0  4e 

48.84 

—  0.51 

3346  S.  P. 

89.7 

22.7 

7.0 

50.1 

33. fi 

tli.Q 

0.8 

1     6 

60.04 

-0.48 

1       " 

T68« 

53.1 

40.0 

28.7 

13.9 

0.7 

48.8 

85.8 

1   22 

14.04 

-0.44 

1       - 

T7T8 

48.8 

B.e 

iB.2 

19.4 

10.3 

30.8 

51.2 

1  84 

49.73 

—  0.42 

\      " 

3C47  8.  P. 

28.8 

2i>.T 

IT. 6 

11  .8 

7.3 

1.9 

67.01  1   57 
17.4!  2   19 

11  .86 

—  0.88 

'»Ur« 

tUj.   B.  P. 

32.7 

19.8 

7.1 

.JS.O 

42  .fl 

HO.O 

65.0(i 

-0.88 

he  threads  are  numbered  from  the  end  of  the  axis  at  which  the 
Ituninating  lamp  is  placed,  and  the  seconds  of  the  chronometer 
re  recorded,  not  in  the  order  of  observation,  but  in  the  columns 
ppropriated  to  the  several  threads.  The  column  "Mean"  gives 
he  time  of  passage  over  the  mean  of  the  threads,  employing  in 
he  case  of  the  defective  transits  the  following  equatorial  iuter- 
ib  from  the  mean : 

h  S  ^  '4  'l  *.  h 

!-6&'.82    +44'.05    4-21'.84    — O'.Og    ~22'.00    — 43'.79    — 65'.85 


here  the  signs  are  given  for  Lamp  "West.  The  column  marked 
'gives  the  position  of  the  lamp  end  of  the  axis.  The  value  of 
le  division  of  the  level  was  O'.IOS.  Only  one  observation  of 
e  level  was  made  during  the  observations  "lamp  west."  Two 
eervations  of  the  level  were  made  during  the  observations 
amp  east,"  one  near  the  beginning,  the  other  near  the  end,  of 


''■'.  ""f-^    .  ' '  >    ■'■J 


m 


vi^nTAsm  mmmr^wmtmrnmau 


the  presumption  U  that  in  reversiilg^'lM^^ili^liMoiiitefVW' 
turbed  the  mstrament,  a  supposition  rendered  still  more  pro' 
by  the  change^  »df)I#v«L  i  It7«irUV^li^W^S'>>%  Jl»^^^  <^m] 

the  observations  Upon  the  Bnpp<»ition  of  a  diffi^r^iitiaBriiinitii 
the  tjwo  pofll^ns  of  the  axis.  ' "  ^  #    ^ 

The  apparent  |idaoes/of  4lfe/^st«V9  oft  |ti^  given  d!ate  werci 
follows: 


» ♦  • 


1 .  t. 


t- 


B.4:C.6l90 

et8» 

6886 
3232 
3346 
7686 
7778 
8647 
a  Urs.  Maj. 


({ 
u 
a 

ii 
u 

u 

t( 
it 


-  k;;^  .-I 


'.  !.'  '*■   :.'  '.  Li'*. '»» 


—  80  6 


18  46  'siii 

18  68  84.86 

19  48  41.61 
9  21  46.76 
9  40  48.22 

21  57  14.44 

22  9  49.07 
10  82  9.78 
10  54  53.21 


1^ 


+  69  58 

+  70  29 

+  59  44 

+  72  28 

+  66  18 

+  66  80 

+  62  81 


't  n 


•V 


The  observed  times  of  transit  are  to  be  reduced  for  the  c 
nometer's  rate  to  some   common   epoch,  which  we  shall  he 
assume  to  be  7^,,  =  0*  by  the  chronometer.     The  assumed  cO 
tion  of  the  chronometer  at  this  time  will  be 


—  3*  25"  0'. 


The  formation  of  the  equations  of  condition  for  the  first  anill 
last  stars  is  as  follows : 


I 
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log  C08  (f 

log  sin  (f 


d 

^  —  d 

log  sec  d 

log  cos  (f  —  d) 

log  sin  (^  —  S) 

d)  sec  d  =  log  B 

^)8ec  ^=:  logii 

A 

sec  d  =  C 

b 


Observed  mean 

Rate  to  0* 

Bb 

lamal  ab.  =  — ^  0'.021  cos  f  sec  d 

i 

a 

Assamed  ^ 


L.W. 


B.  A.  C.  6890. 


+ 


+ 
+ 
+ 


22*    4"  40*.  76 

—  0.03 
+    0.10 

—  0.02 


22     4    40.81 
18  39    38.71 


—  3  25 

—  3  2^ 


2.10 
0. 


+  2.10 


L  £. 


a  UrssB  Mig.  S.  P. 


J9'  81' 

117°  29* 

9  29 

—  68  29 

0.1127 

nO.8858 

9.9940 

Sf.OtHn 

9.2169 

n9.9686 

0.1067 

n9.9002 

9.3296 

0.3044 

0.214 

+  2.016 

1.296 

—  2.166 

O-.OS 

+  O-.OS 

2»  19"  55-.06 
+  0.04 
+  0.02 
+  0.03 


2   19    55.15 
22   54    53.21 


—  3   25      1.94 

—  3   25      0. 


+  1.94 


Denoting  the  azimuth  of  the  instrument  for  L.  W.  by  a,  and 
lat  for  Li.  E.  by  a',  and  changing  the  sign  of  c  for  L.  E.y  the 
qoations  of  condition  for  these  two  stars  are,  therefore, 

+  0.214  a  +  1.296  c  +  a»9  +  2«.10  =  0 
+  2.016  a'+  2.166  c  +  a*  +  1 .94  =  0 

The  equations  for  the  other  stars  being  found  in  the  same 
mannery  we  have  then : 

1.  +  0,214  a  +  1.296  c  +  a.^  +  2'.10  =  0 

2.  +  1.032  a  +  1.086  c  +  a»>  +  2  .96  =  0 
8.  +  1.031  a  +  1.085  c  +  a»>  +  3  .17  =  0 
4.  +  1135  a  +  1.156  c+  A'^+ 3.19  =  0 
6.  —  0.732  a  +  2.056  c  +  0.707  A.9  +  0 .15  =  0 
6.  —  0.732  a'  —  2.056  c  +  0.707  a*  —  0 .97  =;  0 
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7.  +  2.fiOG  a'  +  2.993  c  -f  d*  +  2 .22  =  0 

8.  +  1.879n'+ 1.9S4C  + A»-|-  1.91  =0 

9.  —  l.S22a'  — 8.319C  + a#  — 0.5S=0 

10.  —  0.229 «'— 1.802c -f  a* +  0.68  =  0  ' 

11.  +  2.264  rt' +  2.M8  c  +  a* +  2.18  =  0 

12.  +  2.016  a'  +  2.166  c  +  a*  +  1 .94  =  0 

where  the  5th  and  6th  oqnatioiiB  have  been  multiplied  bjil. 
thuB  giving  eiK'h  but  ono-half  the  weight  of  an  ordinary  oblle^ 
vation,  because  the  star  was  ubscrvvd  uii  but  half  the  threaik' 
Thu  uoruiiil  equstloiu  are 

3.998  fl  +  0     +    2.325  f+    2.894  a*  +  10.283  =  0 

0     +  21.848a'+ 27.881c  +    6.697 a*  +  lfl..V.9  ^ 0 

2.325  a  +  27.881  a'  +  51.969  c  +    9.153  a#  +  36.852  =  0 

2.894a+    6.697rt*+    9.1o3c  +  11.000  a*  +  19.090  ^0 

from  which  we  liud 

a  =  —  V.QBl 
a'=  —  0  .083 
c  =  —  0 .423 
aS  =  —  0 .891  with  the  weighty  =  6.775 

This  example  in  instnictive  in  sPTeral  respects.  The  inirtin- 
meiit  was  reveraed  upon  the  star  B.  A.  C.  6836  for  the  purpose 
of  deducing  the  value  of  c.  But,  upon  the  supposition  that  th* 
aziiUQth  remained  unchanged  during  the  reversal,  we  find 
c  =  —  0'.267.  The  danger  of  disturbing  the  instrument  in  re- 
versing the  axia  ia,  of  course,  greater  with  email  instnimente, 
end  always  requires  great  caution.  Again,  the  observer  neglected 
to  observe  the  level  immediately  before  and  after  the  revenal 
the  values  of  b  given  in  the  table  being  inferred  from  observa- 
tions taken  at  tlio  time  of  the  transits  of  Xos.  1,  7,  and  11.  If 
the  level  had  been  observed  more  frequently,  as  it  should  be, 
the  disturbance  of  the  azimuth  might  have  been  suggested  to  the 
observer  himself,  who,  however,  appears  not  to  have  suspected  it 

But  we  shall  obtain  still  further  instruction  from  this  example 
by  substituting  the  values  of  a,  a\  c,  aS  in  the  original  equa- 
tions of  comlition.  The  residuals  r  will  exhibit  to  us  the  ano- 
malous ohaen'.itions.     We  find : 

■  To  proceed  more  aecunlelj,  vc  shouM  have  computed,  by  (129),  Ihe  weights  of 
Ibe  four  defeciiTc  obaerTkliont.  the  2d.  4th.  Gth,  uid  Glh.  We  ahould  have  found 
(he  veigbu  0.06,  0.89,  0.B2,  0.71  rcBpectiTelj. 
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No. 

• 

« 

w 

1. 

+  0'.302 

0.0912 

2. 

—  0 .125 

.0166 

8. 

+  0 .086 

.0074 

4. 

—  0 .098 

.0096 

5. 

—  0 .120 

.0144 

6. 

—  0 .669 

.4475 

7. 

—  0 .163 

.0234 

8. 

+  0 .024 

.0006 

9. 

+  0.048 

.0018 

10. 

+  0 .470 

.2209 

11. 

+  0 .040 

.0016 

12. 

—  0.084 

.0012 

[rv]  =  0.8352 
ice,  the  number  of  observations  being  denoted  by  m  =  12, 
the   number  of  unknown  quantities  in  our  equations  by 
4,  we  have  the  mean  error  of  an  observation  of  the  weight 


=  JJ^  =  0..323 
\  m  —  ti 


J  large  residuals  of  Nos.  6  and  10  point  them  out  as  probably 
malous;  but,  before  rejecting  them,  we  will  apply  Peirce's 
terion.  Since  Table  X.  is  adapted  only  to  the  cases  of  one 
two  unknown  quantities,  we  shall  have  to  employ  Table  X.  A. 
nmencing  with  the  hypothesis  of  but  one  doubtful  observa- 
1,  we  assume  for  a  first  trial  x  =  1.5. 

let  Approx. 

m  =  12,  /a  =  4,  n  =  1  )c    1.6 

Table  X.A.  log  T    8.6051 
logj?    9.3973 

log  J    9.1078 


u 


« 


2d  Approx. 

1.78 

8.5061 

9.3464 

9.1587  . 


2n 


m  —  n 


=  n      '<■«'•=  "^(s)* 


1—   ;• 


m  —  fiL  —  n 


=  7,  x«— 1  =  7(1 -;») 

x« 

X 


9.8378 
0.3117, 

2.1819 
3.1819 

1.78 


9.8470 

0.2970 

2.0790 
3.0790 
1.76 
x<  =  0'.568 


SOS  P01tTAllI.E  TRANSIT   INBTftUUBST 

The  residual  0.G69  surpasses  the  liniit  0*.&6R,  and  hence  ti 
6th  observation  is  to  be  rejected.  Wo  must  thou  pasa  to  tliS 
hypothesis  o;^'  two  doubtful  obgervations,  lor  which  wo 
mcQce  by  assuming  x  —  1.6,  and  tlicn  with  ri  =  2  we  find 
X  =  1.49,  xt  —  0'.481.  Ilonee  tlie  10th  ohaervation  ia  not  to  bd 
rejected.  Thus  the  only  oliservation  to  be  rejected  as  aiuimaloni 
is  Hie  (Jth;  and  our  hypothesis  nf  a  disturbed  state  ol'th«  itistni' 
raent  produced  by  reversal  is  confirmed. 

If  we  now  form  normal  equutiona  from  the  remaining  elevett 
equatiaus  of  coudition,  we  shall  liud  thd  values  of  the  uukno* 
quantities  to  be 

a  =  ~  1'.638 
fl'=  — 0.092 
c  =  —  0  Ml 
i*  =  —  0 .999  with  weight  p  =  B.968 

and  these  values  substituted  in  the  equations  of  coudition  gi* 
the  residuals  and  mean  errors  aa  follows: 


+  0'.276 

0.0762 

—  0.126 

.OlfiS 

-f  0  ,086 

.0074 

—  0  ,0H3 

.0079 

—  0.114 

MSQ 

—  0.120 

.0144 

+  0.010 

.0001 

—  0  .239 

.0571 

+  0  .264 

.0697 

+  0.051 

.0026 

—  0  .040 

.ooia 

1^  =  7 

[vv]  ^  0.26fia 

.  =  ^/i^"J. 

=  0-.195 

The  10th  oheprvntion  is  now  well  represented,  and  the  Crite- 
rion does  not  reject  any  of  them. 
The  mean  error  of  &&  ia 


and  the  probable  c 
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Hence  we  have,  finally,  the  chronometer  correction  at  0*, 

aT^=  *  +  Ad  =  —  3*  25"  KOO  ±:  COS 

THX  imAKSIT  INST&UMIlfT   IV  ANT  VERTICAL   PLANE. 

167.  The  formnlsB  (78)  and  (79)  apply  to  any  position  of  the 
instrament.  When  the  instrumental  constants  m  and  n  are  known, 
tfr  when  a  and  b  are  given,  from  which  m  and  n  can  be  found  by 
(78),  the  formula  (79)  determines  the  apparent  east  hour  angle 
r  of  the  observed  object  at  the  time  of  its  transit  over  any 
given  thread  whoAe  distance  from  the  collimation  axis  is  c.  The 
constants  are  found  by  combining  observations  of  stars  near  to 
and  remote  from  the  pole,  as  will  be  illustrated  hereafter. 
When  the  transits  over  several  threads  have  been  observed, 
etch  may  be  separately  reduced  by  the  general  formulre ;  but  it 
is  necessary  also  to  have  the  means  of  reducing  them  all  to  a 
oommon  instant.  I  shall,  therefore,  here  consider  the  most 
general  case  of  an  observation  of  the  moon's  limb  on  any  given 
thread,  and  investigate  the  formula  for  reducing  it  to  the  middle 
thread,  or  to  the  collimation  axis  of  the  instrument.  This 
general  formula  will  be  applicable  to  any  other  object  which 
has  a  proper  motion  and  a  sensible  diameter.     Let 


e  = 

t  = 

S  = 


the  sidereal  time   of  the  observed  transit  of  the 

moon's  limb  over  the  given  thread, 

the  equatorial  interval  of  the  thread  from  the  middle 

thread, 

the  trae  R.A.  and  decl.  of  the  moon's  centre  at  the 

time  8, 

the  apparent  B.  A.  and  declination, 

the  moon's  geocentric  semidiameter, 

the  moon^s  apparent  semidiameter. 


At  the  instant  the  moon's  limb  touches  the  thread  whose  dis- 
Ittiee  from  the  middle  thread  is  i,  the  centre  of  the  moon  is  at 
the  distance  i  d:  s'  from  the  middle  thread,  and,  consequently,  at 
fte  distance  e  +  i±:8^  from  the  collimation  axis  of  the  telescope. 
The  apparent  east  hour  angle  of  the  moon's  centre  at  this 
BHtmtifl 

T  =  a'  — e 

Patting  then  c  +  i  ±  a'  for  c  and  a'  —  0  for  r  in  (79),  we  have 

Tm.il— 14 


SlO  TRANSIT    raSTHUMBST 

Bill  (c  •{-  i  ±  ^  =:  —  sin  n  sin  3'  —  coa  n  cos  8'  sin  (&  —  a'  -f  ■) 

=;  —  sin  n  sin  i'  —  cos  n  coa  nt  cob  3'  sio  (9  —  •') 

—  COB  n  ein  m  cosJ' coe(0  —  •') 

where  the  apparent  decHnation  and  right  ascension  are  empWed, 
mnce  it  ia  the  moon's  apparent  place  which  is  observed.  To  iu- 
troduce  the  geocentric  quantities,  let 

IT  —  the  moon's  equalorisl  horiEontal  parallax, 
p,  <f'  =  the  earth's  radius  and  reduced  latilndo  of  the  plnea 

of  obscrTotion, 
A,  i'  =  the   moon's  diBtanco  from  the  centru  of  the   earth 

and  the  observer  respectively ; 

then,  putting 


J  find  frarn  Vol.  I.,  equations  (132), 

/COB  a'ain  (G  —  »')  =  cos  Jsin  (9  —  •) 

/OOB  a' cos  (6  —  »')=  cos  4  COS  (6  —  »)  — /tBinK-cosf' 

/flln«'  =  sin  a  — fiBanwip  if 


Stibstitiiting  these  values,  we  obtain 

/  (c  +  i  ±  «')  sin  I"  ^  —  sin  n  sin  6  —  cos  n  cos  3  sin  (0,  —  ■  +  m) 

-f  psinxsiD  f'sinn-l- 10  sin  n  cob  p' cos n un ■ 

(IM) 

The  right  aBcension  and  declination  are,  however,  variable,  and  I 
we  should  introduce   into   the   formula  their  values  for  some  I 
assumed  epoch.     Let  this  epoch  be  the  sidereal  time,  ©^  which 
is  the  common  instant  to  which  tlie  ohservations  on  the  several 
threads  are  to  be  reduced.     Let 


n^,  S^  ^  the  true  right  ascension  and  declination  at  the  time 


^a  ^  the  incroaso  oi  the  right  ascension  in  one  minute 

of  mean  time, 
&2  r=  the  increase  of  the  declination  (towards  the  north) 

in  one  minute  of  mean  time, 


and  put 
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J=  8jj  —  6  =  the  required  redaction, 

X  = =  the  increase  of  a  in  1*  of  sidereal  time 

60.164 

A'=— ^=  "  6  "  " 

60.164 

then,  if  /  is  expressed  in  seconds  of  arc,  we  have 

9 

e  -  •  =  e.  -  a,- (8,  -  0)  +  (a,  -  •)  =  e.  -  o,  -  (1  -A)  J 

gin  (6  —  a  4-  m)  =  sin  (6^  —  a^  +  m) 

—  (1  _  ;) co8[e^ '-'ao  +  m  —  i(l—X)r]2s\niI 

[in  which  (1  —  X)  sin  J  /  is  put  for  sin  J  (1  —  ^)  i] 

sin  ^  =  sin  ^0  —  -- cos d^,2  sinil 

15 

cos  d  =  COS  d^  -] sin  ^^ .  2  sin  i  7 

15 

Substituting  these  values,  our  formula  becomes  (omitting  a  term 
multiplied  by  the  exceedingly  small  quantity  ^  X'  sin*  J  /) 

/(c+t ±  ^)  sinl"=  —  sin  n  sin  d^  —  cos  n  cos  d^  sin  (0^  —  a^  +  ^) 

+  /o  sin  r  sin  ^ '  sin  n  +  />  sin  r  cos  ^'  cos  n  sin  m 
-f  (1— >l)cosncos^pCOs[0o--Oo+m— i(l — X)r\ 2 sin  J/ 
+  tV  [flinncos^j — cosnsin  ^^in(0^, — a^'^m)']2B\niI 

(183) 

In  this  formula,  we  may  consider  /as  the  only  quantity  which 
varies  with  the  time ;  for,  although/,  y,  and  n  vary  slightly,  their 
Tsriations  will  not  usually  be  sensible,  or,  if  sensible  for  a  single 
thread,  their  effect  will  disappear  when  the  epoch  is  nearly  the 
mean  of  all  the  observed  times. 

If  now  0^  is  the  time  of  transit  of  the  moon's  centre  over  the 
great  circle  of  the  instrument,  this  formula  gives 


0  =  —  sin  n  sin  d^  —  cos  n  cos  d^  sin  (0,^  —  a^  +  m) 
-}-  />  sin  ^  sin  f '  Bin  n-^-p  sin  n  oos  ^ '  cos  n  sin  m 

Subtracting  this  from  (188),  and,  for  brevity,  putting 

t  '=  0p  —  00+^ 

jR  =  sin  n  cos  \  —  cos  n  sin  d^  sin  t 


}   (184) 
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we  find 


i#f 


(1  —  k)oo»nooBi,  006^  —  i(l  —^yt}  +  i^^'-B 

«  

This  is  equivalent  to  the  formula  given  by  Sawitsch  {I^raeL 
Aa&cn.j  Vol.  L  p.  808) ;  but  he  has  not  observed  that  the  ezprea- 
sion  for  E  may  be  pxit  under  a  much  more  simple  tbrtk.  In  M> 
small  a  term  as  ^X'Sf  we  need  not  consider  the  effect  of  the 
parallax  upon  the  factor  JB;  but  when  we  neglect  the  parallax 
We  have,  by(184)| 

0  ==  —  sin  II  sin  ^«-—  oos  n  octo  t^sin  t 

Multiplying  this  by  sin^^  and  subtracting  the  product  fitxm 
^coB.^^  we  find 

£cos9«=k8iqii,.  or  Jisssflinfisecd^ 

It  is  also  to  be  observed  that  by  the  formula  (246)  of  YoL  L 

we  have 

/^=:  8  =  the  true  semidiameter. 

Hence  our  formula  becomes 

(1  — X)  cosn  cos  ^pCOs  [f—  1  (1 — ^)  -T]  +  |^5>l'8mnB6c^j> 
or,  when  /  is  small,  as  it  usually  is, 

j= nc  +  i)±s 

(1 — A)  cos  n  cos  3q  cob  [t — 1(1  —  X)I'}-{-j\  >l'Bin  n  sec  d^ 

This  formula,  then,  gives  the  reduction  of  the  observed  time 
of  transit  of  the  moon's  limb  over  any  given  thread  to  the  time    , 
of  transit  of  the  moon's  centre  over  the  great  circle  of  the  inatm- 
ment.  , 

If  we  omit  s  in  the  numerator  of  the  second  member,  I 
becomes  the  reduction  to  the  time  of  transit  of  the  limb  over  the    . 
great  circle  of  the  instrument. 

If  we  omit  fc  ±  Sj  /becomes  the  reduction  to  the  lime  of 
transit  of  the  limb  over  the  middle  thread. 

The  factor/ is  determined  rigorously  by  (137),  Vol.  L ;  bat  it 
generally  suffices  to  take 

sm  C 
sin  C' 
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which  is  very  nearly  exact,  according  to  (101)  of  Vol,  L  The 
finder  of  the  instrument  will  give  the  apparent  zenith  distance 
^%  and  the  difference  between  this  and  the  true  zenith  distance 
Z  ^rill  be  found  with  sufficient  accuracy  by  the  formula 

Bin (C'  —  0  =  p  Binit  sin (C'  —  r) 

in  which,  a  bemg  the  azunuth  constant  of  the  instrument, 


or,  very  nearly, 


r  =(9  —  9')  cos  a 

r  ^=i(<9  —  9^)  cos  n  008  m 


For  the  sun  or  a  planet  we  can  always  put  >l'  =  0  and  f  =  f ', 
and  the  formula  becomes 


1= 


c  +  i  dzs 


(1  —  ^)  COS  n  cos  Jp  cos  (t  —  i  /) 


(186) 


For  a  fixed  star,  we  further  put  jl  =  0,  5  =  0,  / 
and  the  formula  becomes  for  stars  near  the  pole, 

(<?  +  i)ginl^ 


=  00— a  +  m, 


2  8ini/  = 


cos  n  cos  d  cos  (t  —  i  7) 


(137) 


and  for  other  stars. 


J= 


0  -f  t 


cos  n  cos  d  cos  (t  —  17) 


(137*) 


in  all  oases,  we  must  carefully  observe  the  sign  of  7  in  the 
denominator  of  the  second  member,  7  will  be  negative  when 
the  observed  time  is  later  than  the  time  to  which  the  reduction 
is  made,  and  then  —  J  7  will  be  essentially  positive.  An  approxi- 
■uite  value  of  /must  first  be  found  by  neglecting  7in  the  second 
member,  and  then  a  more  precise  value  by  the  complete  formula. 
If  the  azimuth  a  and  the  level  6  are  given,  m  and  n  must  first 
be  found  by  (78),  in  which,  however,  we  may  usually  neglect  b 
when  oar  object  is  merely  to  reduce  the  several  threads  to  a 
eommon  instant 

168.  For  a  fixed  star,  another  formula  has  been  ^ven  by 
HAHSBir.    We  have 


un(c  -f-  0  =  —  sinnsin  d  —  cosncos^sin  (f  —  7) 

=  —  sin  n  sin  d  —  cos  n  cos  dsin  ^cos  7+  cos  n  cos  ^cos  t  sin  7 
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If  the  rtdiUGon  is  made  to  the  collimation  axis,  we  have 

1.0^  —  sin  n  sin  d  —  coe  n  cob  i  sin  t 
which,  snlfln^ed  from  the  above,  gives 

iin(c  +  i)  =  2coB  n  cos  a  Bin  ^sin'J  /-j-cos  ncoa  Jcos  (ain  / 
Trhmcaj:iM.iiii 

ttnZ=       "'"(g  +  O 2tanrainM/  (138) 


which  is  a  rigorous  formula.     We  see  aUo  tliat '  may  be  found 
by  the  formnla 

':  unji  ■>  eiii  ( =  —  tan  n  tan  i  (139) 

169.  2b  deduce  the  moon's  right  ascnision  from  an  observed  iransu 
vy^^y  gieen  poattion  of  the  wstrumeni. — We  first  find  the  clock  time 
of  transit  of  the  moon's  ceutre  over  the  great  circle  of  the 
inBtmment,  from  each  thread,  by  applying  to  the  obser\'ei]  time 
tfife  reiuetiOli  given  by  the  formula  (135).  Let  7^  be  the  mean 
of  the  resnlting  timea,  and  aT^  the  corresponding  correction  of' 
the  clock ;  then  we  have  0,  —  T^-\-  aT^,  and  from  (134)  we  deduce. 


n(©.-a.+  m)= 


— tann  tAiiii„-^pia 


n^j'tann+cosy'sinm 


(140) 


in  which  Og  and  3^  are  the  true  right  ascension  and  declination 
at  the  sidereal  time  @^ 

If  it  is  preferred,  we  may  first  find  the  apparent  right  ascen* 
sion  by  the  formula 

Bin  (6,  —  o,'  +  m)  ^  —  tan  n  tan  9^ 

and  deduce  tbe  tme  right  ascension  by  applying  the  parallaai 
computed  by  Art.  102,  Vol.  I ;  but  it  will  then  be  neceswuj  to 
compute  tbe  apparent  declination  d^'. 

It  will  be  easy  to  deduce  from  (140)  the  formula  for  the  caw  ■ 
where  the  insbument  is  in  the  meridian,  which  has  already  beea 
given  in  Art.  154. 

The  constants  m  and  n,  above  supposed  to  be  known,  may  be 
found  frpm  the  tranaits  of  two  stars  as  in  the  next  article. 
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FINBIKG    THE  TIME  WITH  A   PORTABLE  TRANSIT  INSTRUMENT  OUT 

OF  THE  MERIDIAN. 

170.  The  number  of  Nautical  Almanac  stars  near  the  pole  is 
lo  small,  that  the  observer  in  the  field,  when  pressed  for  time, 
cannot  always  wait  for  their  transits  over  the  meridian,  and 
mast  then  either  employ  catalogue  stars  whose  places  are  not  so 
well  determined,  or  have  recourse  to  extra-meridian  observations. 
If  the  transit  instrument  is  mounted  so  as  to  be  readily  revolved 
in  azimuth  and  clamped  in  any  assumed  position  (as  is  the  case 
with  the  "  universal  instruments"),  it  may  be  directed  at  once  to 
&  fundamental  star  near  the  pole,  and  then,  its  rotation  axis  being 
levelled,  its  colUmation  axis  will  describe  a  vertical  circle  not  far 
from  the  meridian.  The  transit  of  any  star  over  this  circle  being 
observed,  the  general  equations  of  Art  123  will  enable  us  to  find 
the  hour  angle  of  this  star,  and  hence  the  time,  when  we  have 
determined  the  constants  m  and  n  for  the  assumed  position  of 
the  instrument 

The  stars  best  adapted  for  the  purpose  in  the  northern  hemi- 
sphere are  Polaris  (a  UrscB  Minoris)  and  8  Ursce  Minorisj  one  of  these 
being  always  near  the  meridian  when  the  other  is  most  remote 
from  it ;  and  it  will  be  advisable  always  to  employ  that  which  is 
nearest  to  the  meridian.  In  the  southern  hemisphere,  the  best 
star  is  a  Octayiiis,  which  is  less  than  1°  from  the  pole ;  but,  as  it 
IB  of  the  6th  magnitude,  it  may  be  necessary,  with  small  instru- 
ments, to  use  either  fi  Hydri  or  ^  Chamcdcaaiis, 

To  take  the  observation,  make  the  axis  approximately  level, 
and  turn  the  telescope  upon  the  circum-polar  star.  The  star 
moving  very  slowly,  set  the  instrument,  so  that  a  few  minutes 
must  elapse  before  the  star  will  cross  the  middle  thread.  During 
this  interval,  apply  the  spirit  level  and  determine  the  constant  6. 
Observe  the  transit  of  the  star  over  the  middle  thread  by  the 
chronometer.  The  instrument  now  remaining  clamped  in  azi- 
muth, revolve  the  telescope  upon  its  axis,  and  observe  the  transit 
q£  an  equatorial  star  over  all  the  threads.  Then  determine  the 
constant  b  again,  and  employ  the  mean  of  its  two  values. 

In  order  to  eliminate  an  error  of  colli mation,  the  rotation  axis 
id  to  be  reversed,  and  another  similar  observation  is  to  be  taken, 
the  instrument  being  set  at  a  new  azimuth  slightly  in  advance 
of  the  polar  star  as  before.  Each  observation  of  a  pair  of  stars 
must,  of  course,  be  separately  reduced.     We  may,  however, 
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combiiio  t'ach  transit  of  the  polar  star  with  the  truiisits  of  sevenl 
c-(iuatoriu]  stare. 

The  follimation  constant  shonld  have  been  miule  as  mud! 
as  possible  iKtfore  the  obwrvationa ;  bat,  in  any  case,  we  duB 
assnine  that  its  vaJao  is  knmvn. 

To  reduce  the  ubscrrutiuns,  we  must  firtt  find  the  constaniB 
which  determine  the  |>osition  of  th«  instrurnvnt.  For  this  pn^ 
]iose,  wu  use  only  the  ob«vn-utioiis  on  tbe  middle  thread.  \M 
thill  T'  and  T  he  the  ob»»rv<.'d  chronoinetwr  time«  of  tmiitiit  tt 
the  polar  and  iH|ua1oriiil  stiir  rospectivoly  orer  the  middle  threH^ 
reduced  for  rat«  to  an  assumed  time  T„:  and  let  a7^  bo  tfaediRK 
nomctcr  correction  at  this  time ;  o',  a,  the  right  ascenKloiiH,  f.), 
the  declinations ;  r',  r,  the  east  hoar  angles,  or  reductionii  to  th* 
meridian;  90° — m,  and  n,  the  hour  nnf;le  and  declination  rf 
the  point  in  which  the  rotation  axis  produced  towania  the  Wert 
meets  the  celestial  sphere;  c  the  collimation  constant:  th«iiin 
have,  by  (79), 


sin  {r  —  m)  ^  tan  r  tan  i  -^-  sin  c  sec  n  sec  i 
sin  (t* —  m)  ^  tan  n  laa  3'-^-  siu  c  sec  a  sec  3' 


("1} 


If  we  could  put  e  =^  0,  these  equations  would  give  ne  m  and" 
by  a  very  simple  transformation ;  but,  retaining  c,  wo  can  eliU 
reduce  them  to  the  form  they  wonld  have  if  c  were  zero,*  For 
tills  pur}>ose,  let  m'  and  n'  be  approximate  valuer  of  mi  and  it 
determined  by  the  conditions  | 

sin  (r  —  m')  =  tan  n'  tan  4  | 

sin  (r'  —  Di')  =  tan  n'  tan  3' 

from  which  we  shall  find  n'  and  then  the  correction  to  reduce  it 
to  n.    Put 

ihen  ;-  is  known  from  the  observation,  since  we  have 

^  =  K.'-r-c«~r)]  (143) 

•ThutrancToTinatioaiagiTenbj  Hanmh,  Ailr.  AocA.,  Vol.  XLVItl.  p.  IIG. 
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We  have  then 


X  —  r  =  ^  —  ^ 


and  hence 


i  +  r  =  ^— »>' 


Bin (i  —  r)  =  tan  It' tan  a  0in(Jl  +  r)s=  tan  n'tan  a' 

tk  som  and  difference  of  wliich  give 

2Bin  X  cos  X  cos  d  cos  a'  =  tan  n'  sin  (a'  -f  a) 
2ooB  A  sin  ^^  COB  a  cos  d'  =  tan  n'  sin  (d'  —  d) 

]!j  therefore,  we  make 


Lsm  X  =  — ^^ — I — ^ 

COSf 

7.        ,       sin  (d'  —  ff) 

i  cos  A  =  — ^^ 1 

sin  y 


(143) 


these  equations  will  ^ve  us  X  and  Z/,  and  then  we  shall  have 


tan  n'  = 


2 COS  dcos  d' 


(144) 


It  is  to  be  observed  that  a'  is  always  to  be  regarded  as  greater 
ftan  y,  and  in  finding  y  by  (142)  the  difference  a'  —  T'  is  to  be 
feand  by  increasing  a'  by  24*  when  necessary,  but  a  —  Twill  be 
poritive  or  negative.  This  makes  y  less  than  180^,  and,  since 
!  +  ;'(=  r'  —  m')  must  be  less  than  860®,  it  follows  that  X  must 
^1  liio  be  less  than  180®.  Hence,  L  will  have  the  same  sign  as 
«»;',  and  n'  will  be  negative  when  y  >  90®. 

Now,  we  have  r  —  m  =  T  —  m'+  (m'  —  m),  and,  since  m'  —  m 
UY^  small, 

sin  (t  —  m)  =  sin  (t  —  m')  +  sin  (mf  —  m)  cos  (t  —  m') 
^ch,  substituted  in  the  first  equation  of  (141),  gives 

Ane  =  sin  (r  —  m')  cos  n  cos  d  —  sin  n  sin  d 
+  sin  (m' —  m)  cos  (r  —  m')  cos  n  cos  * 


To  rimplify  this,  let  us  put 

sin  w 
from  which  and  the  equation 


sin  ^ 

COSf? 


sin  (t  —  wi')  =  tan  n'  tan  * 
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there  follows  also 

cos  w  =■  COS  (t  —  m')  cos  3 

for,  if  we  add  together  the  Hcinares  of  the  first  and  third  of  these   i 
equations,  the  sum  is  reduced  by  nieauB  of  the  secoud  to  the  J 
identical  equation  1  =  1.  By  substituting  the  values  of  ain  (r  —  m'),  i 
cos  (r  —  jfl'),  and  sin  d,  which  these  equations  give,  in  the  expree- 
aion  for  c,  it  becomes 

sin  c  =  sin  (»'  —  n)  sin  lo  -(-  sin  (m'  —  m)  cos  n  cos  to 

In  the  same  manner,  if  for  the  polar  star  we  take 

sin  US'  = ;         *  cos  w'  =  cos  (  t'  —  m')  oos  )' 

cos  n' 

we  shall  have 

sin  c  =:  sin  (n'  —  n)  sin  w'  -|-  sin  (m'  —  m)  cos  n  cob  uf 
Comhining  these  two  values  of  sin  c,  we  have 

sin  c  (cos  If  —  cos  uf)  ^  sin  (»'  —  n)  sin  (u/  —  «?) 


whence 


or,  putting  71 


n(n' 


n)  = 


Bin  iivf+w) 
cos  J  (m'  —  uj) 


The  angles  w'  and  jo  here  required  are  found  by  the  equations 
,  tan  if  ,  tan  8 


co8(A-|-rJcosn 


IB  (,A  —  J-)  cos  fi' 


1  ("«) 


observing  that  for  a  negative  value  of  tan  io',  to'  is  to  be  taki 
in  the  2d  quadrant,  but  that  for  a  negative  value  of  tan  w,  w 
to  be  taken  numerically  leas  than  90°,  and  «"ith  the  negative  sign. 
To  find  m,  we  have,  by  eliminating  a  from  (78), 


whence 


9  n  cos  f  ~\-  sin  n  sin^jo  =  sin 

sin  b 
=  —  tan  n  tan  »  +  ■ 


:eU 
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[f  then  -we  take 

Bin  fi  =  —  tan  n  tan  f 

b 
•  '^       COS  n  co»  /I  cos  f  f    C^"*  * ) 

we  liave 

The  constants  being  thus  found,  we  proceed  to  find  the  cor- 
rection of  the  chronometer  by  the  equatorial  star.  We  must 
first  reduce  the  transits  over  the  several  threads  to  the  collima- 
tion  axis,  which  may  here  be  done  by  the  formula  (138),  omitting 
the  last  term,  which  is  insensible  when  the  instrument  is  so  near 

the  meridian  as  we  here  suppose  it  to  be.     If,  therefore,  we  first 

find  t  by  the  formula 

sin  t  =  —  tan  n  tan  d  (148) 

and  then  pat 

F=  cos  n  cos  d  cos  t 

we  most  apply  to  the  observed  time  on  each  thread  the  correction 

I=-  (149) 

F 

(where  t  is  the  equatorial  interval  of  a  thread  from  the  middle 
thread),  and  to  the  mean  of  the  results  we  must  apply  also  the 

€(HTection  -p  to  reduce  to  the  collimation  axis.     Let  the  resulting 

time,  reduced  for  rate  to  the  assumed  epoch  T^,  be  denoted  by  ( T). 
Then,  if  ©0  is  the  true  sidereal  time  at  the  same  instant,  we  have 

•nd,  by  Art  167, 

whence  we  derive* 

£kT^=a—(^T)+t^m  (150) 

If  we  wish  to  take  into  account  the  diurnal  aberration,  we  must 
idd  to  the  right  ascension  of  each  star  the  correction  0'.021  cos  ^ 
lecJcosr. 

171.  In  the  above,  we  have  supposed  c  to  be  given.    To  inves-* 
tigate  the  effect  of  an  error  in  the  assumed  value  of  e,  let  c  -{-  ^c 

*  It  is  easily  seen  that  the  general  formula  (150)  reduces  to  Hamseji's  formula  (86) 
Uie  insimment  is  in  the  meridian. 
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1)6  its  trae  valac ;  then  the  corroctdon  of  n  correepondiiig  to  u 
18,  by  (145), 

_  sin  J  f  w"  4-  PC) 


and,  by  differentiating  the  exprcgeioDs  (147),  (148),  and  (143),  ve 
find  the  correaponding  correctioDs  of  m,  t,  and  /to  be 


eoB 

HCOBM 

u 

r 

- 

AM 

tan  i 

cos 

noQat 

ac 

cofl  1(11''  —  tr)  coo'  II  uM  I 

Bin  i  (tc*  +  If)  Wn  J 
"coel  (m'  —  tpjcoa'ncosl 


cos  d  cos  n  cos  ( 


The  correction  of  the  quantity  (7^  —  t  +  m  will  be  compsed  of 
the  corrections  of  /  (by  which  ( T)  is  obtained),  of  m,  and  of  t 
Dt-notiiig  the  whole  correction  by  ar,  we  have 

Clt  —  ^I  —  At  +  am 

Snbstituting  the  values  of  the  corrections,  we  find 


1^  r     1 mi_ 

IB  n  Lcos  10  e 


i{'P'+"')tan.o  _ 


Bin  i(ir'  +  k)  t«nf__ 


By  observing  that   J  {w'  —  w)  =  ^  (w'  +  ir)  —  ic,   the   first  two 
terms  within  the  parentheses  become 


-to)  —  gin  i  (ir'  +  w)  ein  w 


cos  Kw'+'o) 

cost(«j'^«') 


cos  n  cos )  (ui' 
Finally,  if  we  put 


i  (lO*—  W)C09UJ 

coa  l(io' -I-  ic) -I-  sin  J (uj"  +  ic) 


cosncaenj 


tftni»'  = 


tan  f 


the  expression  becomes* 


cos[Kw'+'o)  — r1 

coa  n  COB  y '  cos  J  (to'  —  ic) 


Oil) 

(15!) 


tN,  Attr.  JV«*.,  Vol  XLVin.  p.  120. 
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If  iv-e  denote  the  coefficient  of  Atf  in  this  equation  by  C,  and  the 
true  chronometer  correction  by  ^T^  the  first  computed  correction 
being  (a  T)j  we  have 

A  T  =  (A  T)  —  Cac  (153) 

For  another  observation  in  the  reversed  position  of  the  axis 
the  coefficient  of  act  computed  by  (152)  being  denoted  by  C",  and 
the  computed  chronometer  correction  by  (a  T')y  we  have,  since 
the  sign  of  At?  is  changed. 


Ar=(Ar)  +  c"Ac 


(154) 


uid,  combining  the  two  results,  we  can  determine  both  a  7  and 
^.  If  we  have  taken  a  number  of  stars  in  each  position,  we 
can  treat  all  the  equations  of  this  kind  by  the  method  of  least 
tquarea. 

172.  The  designation  ^^  equatorial  star,"  in  the  preceding  ex- 
planations, has  been  used  to  designate  the  star  from  which  the 
dironometer  correction  has  been  deduced;  but  it  is  by  no  means 
necessary  that  this  star  should  be  very  near  the  equator.  A  star 
which  passes  near  the  zenith  will  be  preferable,  since  an  error  in 
tiie  determination  of  n  will  then  have  little  or  no  effect  upon  the 
computed  time. 


^'--^ 


Example.* — ^In  1848,  August  17,  at  Cronstadt,  latitude  ip  = 
Sy*  Sy.S,  the  following  observations  were  taken.  The  value 
of  one  division  of  the  level  was  (V.llS.  The  correction  for  in- 
tiiaality  of  pivots  was  p  =^  +  0'.14  for  circle  west.  The  equatorial 
intervals  of  the  threads,  numbered  from  the  circle  end  of  the 

•Da,  were 


/. 


+  84^.S0 


+  18'.74 


16'!l4 


m 

H 

33'.33 


\^ 


ISl 


Ik  warned  collimation  constant  was  c  =  —  0'.33  for  circle  west. 
The  chronometer  correction  was  approximately  ^T=  +  40*; 

ili  Wng  rate,  1'.72,  or  dT=:  +  1'.72  daily. 

— — -^  -  ■  -  —  —  -..^j^ — -^ 

*  Sawxtscb,  Praet  Attron.,  Vol.  L  p.  848. 
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Ux  poiiiion  of  the  mBirumetii :   Clrite  Weil. 

LeTol.    Direct 

E. 

w. 

B=^  O'.S! 

-12.0 

+  27.0 

Reversed         — 17.8 
Ue&n  B=     +4 

+  21.2 
.6 

f  =  +  0  U 
6  =  -i-  0.66 

Tl.re»d, 

I 

n 

ni 

IV 

T 

a  Urs.  Min. 

_ 

_ 

17*  23-  IC.O 

_ 

fi  Draconis 

88'.0 

3'.9 

17  28    S6.0 

1'.4 

29-5 

E. 

w. 

B  =  +0'.49 

Level.    Direct 

-18.0 

+  21.0 

Reversed 
Uean 

-12.4 
B=    +4 

+  26.8 
.35 

;,  =  +0.14 

fc  =  +0.63 

"        1 

LeveL    Direct 

Eevereed 


E. 

w. 

-18.4 
—  17.4 

f  21.0 

+  23.1 

E. 

W. 

—  16.2 

—  18.3 

+  23.6 

+  21,5 

=  -0.14    \ 
.40.11 


Thrend. 

V 

■  V 

lit 

II 

' 

a  Un.  Min. 
r  Draconis 

8'.1 

_ 

35'.8 

l-»  52-  45'.5 
17  65      1.4 

31'.6 

5;-.i 

Level.    Direct  — 16.2         +  23.6  S  =  +  0 

Reversed         —18.3         +21,5  ;j  =  — 0.14 

Mean  B  =    +  2''.65  fc  =  +  0 .16 

For  the  given  date  we  find,  from  the  Kautical  Almanac, 
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a  S 

aVrs.Min.  1»  3~46'.70  88<>  28' 24".2 
fi  DraconU,  17  26  55  .73  62  25  25  .5 
r  Draconis,    17  53      0 .35        51    30  51  .0 

Computation  of  the  observations,  circle  west — ^We  shall  reduce 
the   observed  times  for  the  chronometer  rate  to  the  common 
epoch  T^=  Is*.     To  allow  for  the  diurnal  aberration,  we  take 
for  the  approximate  times  of  the  observation  of  a  Ursce  Minoris  and 
^Drttamis^  17*  24"*  and  17*  29"',  which,  subtracted  from  the  re- 
spective right  ascensions,  give  for  their  eastern  hour  angles,  or 
the  values  of  r,  7*  40"*  and  —  0*  2"*,  and  hence  the  values  of 
0'.021  cos  f>  sec  d  cos  r  for  the  two  stars  are  —  0'.17  and  +  0'.02, 
wluch  are  to  be  added  to  the  right  ascensions.     The  corrected 
qoantities  are  then : 

^Vn,Min.  a'=    1*    8-*45*.63    !r'=17»23«  ^M  d'=  88*28'24".2 
iDraconis,  «  =  17  26    55.75    T  =17  28  84.96  a  =   52   25  25  .5 

T=    7  40    35^  ^'+^  =  140   53  49.7 

^'  — ^=  36     2  58  .7 


a  —  ^   =    7  40    35 .57 
—  r  =  —     1    39  .21 


2r=    7  42    14  .78  =  115<>  83' 41".7 

r=  57^46'50".9 

Hence,  by  the  formula  (143)  and  (144), 
logsin  (a'+  a)  9.799833       log  sin  (^'—  d)  9.769736 


log  cos  r  9.726857 

log  i  sin  ;i  0.072976 
log  Un  ;i  0.230618 

I  =      59*  32'  39".2 


log  sin  r  9.927378 

log  L  cos  X  9.842358 
log  cos  X  9.704899 

log  L  0.137459 
log  2  cos  ^'cos^  8.511788 

n'  =  +  1^  21  22".8  log  tan  n'  8.374324 

By  the  fonnulae  (145)  and  (146), 

X^r=     117^  20' 

logsec(;i  +  ^)  n0.3380 
log  sec  n'  0.0001 
log  tan  d'     1.5743 

log  tan  u/  nl.9124 
u/  =       90**  42' 
J(i£/+tc)=       71    35 


=  _  o..a3  =  —  4".95 

!»  =  —  4  .97 
h'  — y  =  n=  +  r  21'27".8 


log  cos  ^'8.425554 
log  cos  a  9.785199 
log  2        0.301080 

8.511783 


x^r- 

1*»46' 

log  sec  (X  —  y) 

0.0002 

log  sec  n' 

0.0001 

log  tan  d 

0.1138 

log  tan  w 

0.1141 

w  — 

52<>  27' 

\{x&-w) 

19      8 

log  sin  \(y/-\-  w) 

9.9772 

log8ec}(u/ —  w) 

0.0247 

logc 

nO.6946 

logy 

nO.6965 

By  the  forraulte  (147) : 


Iog(— lann) 

n8.S747G9 

b^  +  0:645  = 

=  +  9".68 

log  tan  f> 

0.238415 

logfr 

0,9859 

log  Bio  /. 

n8.013184 

log  sec  » 

0.0001 

2°2V   T'.O 

log  BCC  /i 

0  0004 

;S  = 

+  19.4 

log  80C  <p 

0.3009 

m  —  — 

2    20  47  .6 

log? 

'l>i8"73 

The  Constanta  of  the  instrument  being  thus  found,  we  proceed 
to  find  the  chronometer  correction  hy  ^Draeonia.  We  first  find 
t  and  the  thread,  iuterviils  by  (148)  a  id  (149) : 


log 

log 

-.6         log 

tann    8.374769 
tan  J    0.113823 

log».» 
log  eos  3 

log  COS  ( 

logF 

9.99988 
9.78620 

(  =  —  I'  45'  M 

siB  (  «8.488592 

9.99979 
9.T8487 

t 
log  i  1.53782 

U 
1.27277 

IV 
»1.20790 

V 
Fll.52284 

c  = 
l»g<: 

=— caa 

n9.518 

log  / 1.75285 

1.48790 

.1.42803 

nl.73797 

'"4. 

n9.733 

/  +  66.62 

f  30'.75 

—  26".49 

_ 

54'.70 

Applying  theae  rednctiona,  we  have,  for  the  time  of  paRsage  over  i 
the  middle  thread,  and  the  chronometer  correction  by  (150),  J 


17' 

28- 

34*.62 
84,65 

85  .oe 

34.91 
84.60 

17 

28 

84 .7« 

c  _ 
F~ 

Rod.  for  rate  to  18'  = 

— 

QM 
0.04 

(7')  =  17 
»  =  17 

28 
26 

84.18 
55.75 

a-(70  =  - 
/  —  m  ^  +  0"  34'  63".0  =  + 

1 
2 

38.43 
19.53 

Chron.  corrootion  at  18*  =  iT,  =  + 

41.10 
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Computation  of  the  observations,  circle  east — This  being  in  all 
feepects  eimilar  to  the  above,  we  shalt  only  put  down  the  prin- 
cipal results.  The  approximate  hour  angles  (r)  of  a  Vr8(B  Minoris 
and  Y  jyractnds  are  7*  10*"  and  —  0*  8*,  whence  the  correction  of 
the  right  ascensions  for  diurnal  aberration  are  —  0'.12  and  +  0*.02. 
Beducing  the  times  for  rate  to  18*,  we  find 


m  Urs.  JUin.  a' =  1»   8- 45'.58 

Z"  —  17*  52-  46'.49    i'—  88»  28'  24".2 

rI>raeomit  a  =17  53     0.37 

r  =  17  55     1 .39    4  =  51   30  51  .0 

whence 

r=        54"    7'38".8 

k  =      55»  56'  54."2 

ii'  =  +      1    26    2  .5 

C  —  +  0'.33  —  +  4".95 

l-\-T=       110°    4' 

i  —  r=      1**  48' 

uf  —        90   31 

w—       51    32 

y—               +    6".0 

n h      1»  25'  57".5 

b  =  +  0'.13  =  +  1".95. 

A 2    28  54  .7 

/J  =  +  3".9 

m  =          2    28  50  .8 

t 1    48    9.6 

log  F  —      9.79366 

Tor  the  reductions  of  the  threads  for  yDraconis,  we  find 

V                       IV 

"                  I             - 

I      -|-5a'.60        +25*.96 

—  80'.14        —  55*.48        -  =  +  0'.58 

and  hence 

y  Drwoonia. 

Transit  over  middle  thread  =  17^  55*    1-.59 

L=        +      0.53 

Bed.  for  rate  to  18*  =        —     Q  .01 

(ST)  =  17  55     2.11 
o  =  17   53     0.37 

tt-.(!r)  =  --     2      1.74 
<  — m     =+     2   42.75 

a7;=        +    41.01 

The  mean  value  derived  from  the  observations  in  both  positions 
of  the  instrument  is^  therefore, 

Are=  +  41'.06  at  18». 

In  generali  however,  unless  the  declinations  of  the  two  stars  are 
nearly  equal,  the  true  value  of  a  T^  will  not  be  the  mean  of  the 
values  found  in  the  two  positions ;  but  we  shall  have  ta  proceed 
as  follows. 

Vol  IL— Ift 
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To  estimate  the  effect  of  an  error  in  the  assumed  value  of  c  in 
this  computation,  we  might  here  put  ^'  =  ^  in  (162),  since  n  and 
m  are  here  small ;  but,  for  the  sake  of  illustration,  we  shall  use 
the  complete  formulse.    We  find 


Circle  WtiL 

CirtU  BatL 

9'- 

60»  1'.2 

60'  1'.4 

K«^+ «')—!»'  = 

11    34 

11    0 

log  COS  [J  (w'  +  w)  —  f '] 

9.9911 

9.9919 

log  sec  \(vf  —  ic) 

0.0247 

0.0257 

seen 

0.0001 

0.0001 

sec/ 

0.8013 

0.3013 

logC 

0.3172 

logC 

0.3190 

C  — 

+  2.075 

C"-- 

+  ^84 

Hence 

(Circle  west)     a  7;  =  +  41M0  —  2.076  ac 
(Circle  east)     a  i;  =  +  41 .01  +  2.084  ac 

whence  ' 

^'^ =  +  S- =  +  ^-^^^^ 

(Circle  west)    a  7;  =  +  41-.10  —  0-.04  =  +  41*.06 
(Circle  cast)     a  7;  =  +  41 .01  +  0  .05  =  +  41 .06 

This  result  agrees  with  the  mean  value  found  before,  because 
hero  the  declinations  of  the  stars  were  nearly  equal,  and  the  posi- 
tion of  the  instrument  with  respect  to  the  meridian  was  nearly 
the  same  in  both  ob8er\'ations. 

As  the  value  of  c  is  often  but  imperfectly  known,  it  will  be 
best  always  to  take  a  pair  of  stars  in  each  position  of  the  axis, 
and  then  to  compute  the  two  clock  corrections  upon  the  sui)i)osi- 
tion  of  c  —  0.  The  tnie  correction  will  then  be  found  by  com- 
puting C:^('  as  above,  and  the  value  of  c^c  will  be  the  true  value 
of  r.  Thus,  in  the  preceding  example,  if  we  had  first  taken 
c  rrz-.  0,  we  should  have  found  from  ^ Draconis  (c^T)  =  -\-  40*.42, 
and  from  y  Dracoms  (a  7"')  —  +  41'.70,  and,  computing  the  coeffi- 
cients Cand  C  as  above,  we  should  have  had 

(Circle  west)     a  7;  =rz  +  40'.42  —  2.075  c 
(Circle  cast)      a  7;  =  +  41  .70  4-  2.084  c 

whence 

—  1*28 

c  =-.  — —  =  -  0'.308 
4.159 

(Circle  west)     a  7;  =  +  40-.42  +  0'.64  =  +  41 -.06 
(Circle  east)      a  7;  =  +  41 .70  —  0  .64  -=  +  41  .06 
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APPLICATION  OF  THE  METHOD  OP  LEAST  SQUARES  TO  THE  DETER- 
MINATION OP  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN    THE  VERTICAL  CIRCLE   OF   A   CIRCUMPOLAR   STAR. 

173.  We  here  suppose  the  observations  to  be  made  essentially 
as  Mirected  in  Art.  170,  with  this  difference,  however,  that  we 
shall  not  restrict  the  observation  of  the  star  near  the  pole  to  its 
transit  over  the  middle  thread.  The  instrument  being  brought 
near  the  vertical  of  a  circumpolar  star :  1st,  the  transit  of  this  star 
over  avyane  of  the  threads  is  observed ;  2d,  the  transits  of  a  number 
of  equatorial  stars  are  observed ;  3d,  the  axis  of  the  instrument  is 
reversed,  and  the  transit  of  the  polar  star  again  observed  over 
one  thread ;  and  4th,  the  transits  of  a  number  of  equatorial  stars 
are  observed.  The  level  is  read  for  each  star.  If,  however,  the 
circumpolar  star  has  passed  all  the  threads  by  the  time  the  axis  has 
been  reversed,  the  azimuth  of  the  instrument  must  be  changed, 
eo  as  to  bring  the  star  near  a  thread ;  then,  clamping  the  instru- 
ment in  azimuth,  the  transit  over  this  thread  will  be  observed, 
and  also  the  transits  of  a  set  of  equatorial  stars  as  before.  In 
this  case  the  observations,  being  made  in  two  different  vertical 
circles,  must  be  separately  computed  according  to  the  following 
method.  It  is  hardly  necessary  to  observe  that  the  observations 
of  the  equatorial  stars  may  either  precede  or  follow  that  of  the 
drcumpolar  star,  as  may  happen  to  be  most  convenient.  In  this 
method,  we  form  an  equation  of  condition  from  the  observation 
of  each  star,  and  all  those  for  which  the  azimuth  of  the  instru- 
ment is  the  same  are  combined  by  the  method  of  least  squares. 

Let  e  denote  the  collimation  constant  for  the  mean  of  the 
threads,  and  i  the  equatorial  distance  of  a  thread  from  the 
mean;  then,  r  denoting  the  hour  angle  of  the  star  when  observed 
onthe  thread,  i  +  e  must  be  substituted  for  c  in  our  fundamental 
equation  (79) ;  and,  since  this  quantity  is  always  sufficiently  small, 
we  shall  put  it  in  the  place  of  its  sine.     Thus,  we  have  for  each 

Aread 

{!  -f  i*  =  —  sin  n  sin  ^  -^-  cos  n  cos  d  sin  (r  —  m) 

ffhen  several  threads  are  observed,  the  mean  of  the  observed 
times  corresponds  to  that  point  of  tlie  field  which  we  call  the 
mean  of  the  threads  only  when  the  instrument  is  in  the  meridian. 
When  the  instrument  is  not  in  the  meridian,  two  methods  of 
procedare  offer  themselves.  The  first  is  that  which  has  been  used 
in  the  preceding  articles,  and  consists  in  reducing  each  thread 
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either  to  the  middle  or  the  mcfin  thread  by  means  of 
jmU'd  inierrale.  But  to  compute  these  intervals  we  must,  u 
has  lieen  seen,  know  the  position  of  the  instrtiiaent.  The  eei'ond 
method,  which  we  owe  to  BegfEL,  in  nut  only  more  simple  in 
Itrai-tice,  but  is  wholly  independent  of  the  position  of  the  iiwtni- 
ment;  and,  as  it  will  he  uneful  both  in  the  preaeiit  pmhleiu  and 
in  that  of  finding  the  latitude  by  transits  over  the  prime  vertical, 
I  Hhall  treat  of  it  here. 

If  we  denote  the  nnmber  of  observed  threads  by  q,  we  have) 
equations  of  the  above  form,  i  and  r  being  different  lu  etdk 
The  mean  of  these  equations  is 

c  -f-  -  Ji  ^=  —  sin  n  sin  J  +  coa  n  cob  8  -  X  ain  (t  —  m) 

where  £  is  the  usual  summation  sign.     Now  let 

T  =  the  mean  of  the  observed  times  on  the  several 
threads, 
T —  /=  the  obi>er\'ed  time  on  any  thread; 

then  Zi8  the  interval  found  by  Bubtracling  each  observed  tinW 
from  the  mean  of  all,  and,  consequently,  the  algebraic  sqiq  of 
ail  these  intervals  is  zero.     Also  let 

*  ^=  the  clock  correction, 

/  =  B  _  (  7"  +  fl) 

then  for  each  thread  we  have 


r 

=  .-(r 

-/+»)  = 

=  (+/ 

■in(r-m)  = 

■in(l 

-m  +  /)  = 

sin  (( — 171 

)  COS  I  -f  COS 

('- 

fn)Gin 

1 

»)  = 

Bin  ((  —  m 

i--' 

+  008  ((  -  . 

">7 

_-««/ 

Let  k  and  X  be  determined  by 

the  conditions 

•eo.. 

=     ir 

!08/ 

then  we  have 

1    . 

3 

in/ 

il. 

„(,-m) 

.j.i„(, 

-.->») 
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cor  equation  becomes 

...   COS  n  cos  d  sin  (r,  —  m) 
c  4-  t©  =  —  sin  n  sm  ^  4 = ' 

K 

Thus,  X  and  k  being  fonnd,  we  find  r^  by  using  the  corrected 
time  T+  x  instead  of  T,  as  in  (155),  and  then  this  single  equation 
represents  the  mean  of  the  q  equations.  We  may  bring  this 
equation  still  nearer  in  form  to  that  for  each  thread,  by  substi- 

tating 

r  COS  ^,  =  —  cos  d 

'  '       k 

Y  sin  d^  =  sin  d 
which  give 

cA-i 

^  =  —  sin  n  sin  d^  +  cos  n  cos  ^,  sin  (r,  —  in)        (156) 

iriiere  t'  is  so  nearly  equal  to  unity  (as  will  presently  appear)  that, 
« the  divisor  of  the  small  term  c  +  i^,,  it  may  usually  be  omitted. 
Thus,  the  mean  equation  is  precisely  of  the  form  for  one  thread, 
when  we  use  both  a  corrected  mean  time  and  a  corrected  decli- 
nation. The  quantities  x  and  ^j,  or  else  x  and  log  /:,  are  readily 
found  by  the  aid  of  tables  such  as  Tables  Vni.  and  VULA  at 
the  end  of  this  volume,  the  construction  of  which  is  as  folIoWd- 
The  equations  which  determine  k  and  x  may  be  written  thus : 

-cosx  =  l  —  l2:2sin*t/ 
k  q 

—  sin  K  =  —2(1  —  sin  /) 

k  q 

for,  since  11=  0,  this  last  equation  is  the  same  as  the  one  before 
given.  But  the  quantity  /—  sin  /  is  of  the  order  /*,  and  there- 
fore extremely  small,  so  that  we  may  put  cos  x  =  1,  and  hence 

~  =  1  — ll'2»in«i7 
k  q 

X  =lr(i'— sinJ) 

q 
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tan  S  =  k  I. 


''+1. 


-1  I 


;  + 


r 


k+l   »in  1" 
or,  eubatituting  the  value  of  k, 

».  =  »  +  ^-, 

1 £  Bin'  i  J 


-  +&C. 


Bessel  givesf  a  table  ft-om  which  with  the  argument  I  we  find 

/ — sin  7  in  seconds,  and  —, — -— ■     The   meanii  of  the   tabular 

sin  1" 
quantities  taken  for  the  several  values  of /are  respectively  x  and 
the  numerator  of  the  coefficient  of  25-  A  small  subsidiary  table 
corrects  for  the  neglect  of  the  denominator.  In  the  tables  at  the 
end  of  this  volume  I  have  adopted  a  diiferent  arrangement.  By 
the  logarithmic  formula 

log  (1  —  jr)  =  —  M  (X  +  }  J-'  4-  &c.) 

in  which  M=  0.4342945,  we  find 


]ogk  =  —  loe^=Jf   -ii'2Bin'l/-f  J    --2  8inM/ 


I'+H 


where  the  second  term  of  the  series  will  mostly  be  inappreciable. 
The  approximate  value  of  log  k,  neglecting  this  term,  will  be 


logA  = 


and,  employing  this  value  in  the  second  term,  the  complete 
value  will  be 

logJ  =  l.'2J/.in'l/+^«-^'' 
q  'i  M 

Table  Vlll.  gives,  in  the  column  log  k,  the  value  of  2Jlfflin*  Ji 
corresponding  to  each  interval  /.  The  mean  value  of  log  k, 
which  is  required  in  reducing  several  threads,  will  be  found  by 
taking  the  mean  of  the  several  values  from  the  tabic.     When 


•  PI.  Trig.,  Art  2fi<. 


t  J»(ron.  JVaeA.,  VoL  VI.  p.  2«. 
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extreme  precision  is  desired,  this  mean  is  to  be  increased  by  the 

small  correction  given  in  Table  Vin.A,  which  contains  the  value 

(log  k)* 
of  the  term      Qitf*  with  the  argument  "mean  log  k."     The 

column  marked  x  gives  the  value  of  /—  sin  /in  seconds  for  each 
value  of  /;  and  the  mean  of  the  several  values  is  likewise  to  be 
tiken  as  the  correction  of  the  mean  of  the  observed  times  T. 
The  sign  of  J  is  different  for  threads  on  opposite  sides  of  the 
mean,  and  the  sign  of  x  must  be  the  same  as  that  of  J.  Hence 
the  mean  x  will  be  evanescent  when  the  observed  threads  are 
symmetrically  disposed  about  the  mean. 

These  tables,  then,  effect  the  reduction  of  the  threads  to  a  single 
instant  in  a  remarkably  simple  manner,  without  requiring  a  pre- 
vious knowledge  of  the  position  of  the  instrument.  We  have 
only  to  add  x  to  the  mean  of  the  observed  times,  and  to  find  the 
corrected  declination  by  the  formula 

tan  ^j  =  A:  tan  d  (167) 

Then,  taking  the  mean  of  the  equatorial  intervals  i  of  the  ob- 
served threads,  we  proceed  to  use  equation  (156),  as  representing 
the  mean  of  all  the  threads.  The  divisor  y  is  found,  from  the 
equations  which  determine  y  and  d^y  to  be 


r  = 


cos  (^j  —  d) 


where  we  may  put  cos  {3^  —  ^)  =  1.  Since  i^  is  zero  when  all 
the  threads  are  observed,  we  may  put  ^^  =  1  in  such  cases  with- 
out hesitation,  since  it  is  then  the  divisor  only  of  the  very  small 
quantity  c.  But  in  the  method  of  observation  here  adopted  we 
may  in  all  cases  put  y  =  1;  for  we  suppose  the  slow-moving  star 
to  be  observed  on  but  one  thread,  in  which  case  we  have  rigor- 
oosly  f  =  1;  and  for  the  equatorial  star  (even  if  we  extend  this 
denomination  to  stars  of  the  declination  50^  or  60^)  the  intervals 
/will  always  be  less  than  2~,  and  then  the  mean  log  k  will  always 
be  leas  than  0.00001,  and  log  y  will  be  less  than  0.00002.  We 
take  then,  as  complete,  the  equation 

€?  4-  *e  =  —  sin  n  sin  ^,  +  cos  n  cos  d^  sin  (r^  —  m) 
SnbetitatiDg  sin Tj cos m  —  cos Tj sin m  for  sin^r^— m)  and  then 
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aubstitnl 

he  values  of  Bin  n,  eoB  H  COS »?(,  COS  »  sin  m,  from  fTSy.* 

thee 

jecomes 

■:  +  1,  = 

-  t  (.in  ,  .in  J,  +  CO.  ,  CO.  J,  cos  r,)  +  cm  a  CO.  J,  .in  ,, 

+  .in  n  (CO.  ,  .in  a,  -  .in  r  Cos  J,  cos  r,) 

Thie  equation  will  be  satisfied  when  a  is  the  true  value  of  the 
azimuth  of  the  instrument  and  r,  has  been  found  by  employing 
the  true  clock  correction  d.  But,  if  a  and  d  deuote  assumed 
approximate  valuea  of  these  quantities,  aq  and  ai?  their  required 
corrections,  and  if  r^  is  found  hy  the  formula 

then  we  must  substitute  in         at      i  equation  a  +  aa  for  a,  Aud 
r, —  aS  for  r,.     We  thus  n  ecting  the  {»-oduclB  of  the 

small  quantities  b,  ao,  and  &&/  J 

C  +  i.=  -&(8inp8ma,  +  (  «        009  r.)  ] 

-)-co8  a  cos  J,  sin  -  a(vis  p  sin  3,  —  sin  jbcob  ^, cos  *,) 

—  Ai:iiiinacos(T,si:  .rteo8(  (cosf  ein  S^ — eitif>coed,ao«r,) 

—  A  A  cos  ^(cot  a  coo  a  a  sin  fisin  r,} 

To  adapt  this  for  con  md  A  be  the  zenith  distiince 

and  azimuth  of  the  |iui,.v  v..  .m;  s   liere  whose  declination  is  <}, 
and  hour  angle  r,:  then  we  have  (Vol.  I.  Art.  14)  | 

cos  2  ^=      'sin  f  Bin  J,  +  cos  ^  coa  3,  cos  r,    "» 
sin  J  cos  A  =  —  cos  f  sin  d^  -\-  sio  f  cos  J,  cos  r,      >    (159) 
ein  z  Bin  A  ^  cos  J,  siu  r,    } 

and  our  equation  becomes 

c  +  lo  =  —  6  cos  z  —  sin  ((I  —  A)  ein  i  —  Ad  cos  (ff  —  ^)  sin  z 
—  a4  cos  •>,  (cos  A  COB  r,  -|-  BID  a  sin  91  sin  T,) 

Here  a  —  A  must  he  of  the  same  order  as  c  +  ^  and  there- 
fore may  also  be  put  for  its  ain«,  and  its  cosine  may  be  put  =  1. 
In  the  coefficient  of  a(9  we  may  put  co»  3  for  cos  d,.  Trauaponug; 
the  equation,  and  collecting  the  kuowa  terms,  by  putting 

h  =  i,+  b  cos  2  +  (a  —  A)eia  2  (160) 

we  obt»n  I3ie  equation  of  condition 

c  -f  an  sin  c  +  a4  COB  f  (cos  a  cob  r,  -f  sin  n  sm^f  sin  t,)  -f  A  z=  0   (161) 
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in  which  the  %\ga  of  c  must  be  changed  when  th«  axis  of  the 
iDBtrumeiit  is  reversed.  It  must  also  be  observed  that,  (as  in 
meridian  observations  where  2  =  f  —  ^),  sin  z  must  be  negative 
when  the  star  is  north  of  the  zenith :  this  sign,  however,  will  be 
given  by  the  equations  (159)  if  attention  is  paid  to  the  signs  of 
|.  the  other  quantities.  To  compute  z  and  A  by  logarithms,  let  g 
and  ff  be  determined  by  the  conditions 

g  Bm  G  =  sin  9^ 

g  cos  G  =  cos  ^,,C08  Tj 

then 

cos  z  =^g  cos  (^  —  G) 

.  sin  z  cos  A  =  ^  sin  (f  —  G) 

sin  z  sin  A  =  cos  \  sin  r^ 

or  (observing  that  tan  ^^  =  k  tan  X) 

k  tan  S 


tan  6  = 


cos  r. 


.       tan  T,  cos  G  y     ^^^ 

tanA  =  -7— -> —  )   (162) 

tan  (fip  —  G) 
tan  z  = > 

cos  A 

in  which  G  and  -4.  are  to  be  taken  less  than  90°,  positive  or 
aegative  according  to  the  sign  of  their  tangents,  and  the  sign  of 
tao  2  will  be  determined  by  that  of  tan  (y>  —  G). 

If  we  put 

tan  jP  =  tan  r,  sin  ^  (163) 

the  coefficient  of  a9  may  be  computed  under  the  form 

_.      cos  i  cos  T,  cos  (a  —  F)  ^^/.^n 

J^  = ' — ~  C  lo4) 

The  whole  process  of  forming  the  equation  of  condition  for 
each  star  is,  therefore,  as  follows : 

Ist.  Find  X  and  log  k  from  Table  VIII.,  and  add  x  to  the  mean 
g[  the  observed  times  on  the  several  threads.  Call  the  resulting 
time  T^  and  find 

^i  =  »-(r,+  *) 


in  which  &  is  the  assumed  clock  correction  reduced  to  the  time  7\. 


I 
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2(1.  Compote  A,  z,  Phy  the  equations  (162),  (1C3),  and  (164), 
and  h  by  the  equation 

A  :=  i'^  -f-  ^  COS  r  +  {a  —  A)  ain  z 
in  which  ij,  ia  the  mean  of  the  equatorial  inten'als  of  the  observed 
threads  from  the  mean  thread,  b  is  the  inclinatiou  of  the  rotatiuu 
axis,  and  a  is  the  aesumed  azimuth  of  the  instrument. 

Then  the  equation  of  condition  ia 

±  c  +  &a  mm  -\-  P.  as  -i-  h  =  0 


\ 


in  which  the  sign  of  c  is  to  be  determined  by  the  position  of  tl 
rotation  axis  of  the  instrument. 

Prom  all  the  equations  thus  formed,  tlie  most  probable  values 
of  e,  A«,  and  At?  will  be  found  by  the  method  of  least  squares. 

If  the  azimuth  of  the  instrument  has  been  changed  during 
the  observations,  these  must  bo  divided  into  two  sets,  and  two 
different  assumed  azimutiis  a,  a',  with  the  corrections  aa  and  ao', 
will  be  used  in  the  formation  of  the  equations. 

It  is  hardly  necessary  to  remark  that  all  the  quantities  j^,  b. 
a  —  A,  c,  a.a,  a'>  are  expressed  in  the  same  unit,  either  of  time  or 
arc:  the  latter  will  perhaps  be  most  convenient. 

Example. — The  following  observations  were  taken  by  Bessel 
with  a  very  small  portable  inetrumeut,  to  determine  the  time. 

Munich,  1827.  June  27. 


X  Seorpii 

Ophiuchi 
a  UnecMinoris 


(- 12".2 
14   22.4 


Circle  Weel. 
.Ursie  Minoris 

24  Scvti  Sob. 


ii-as-.s 
:6  11.4 


7-5: 

14     2.S11  18  43.2 
11 


l-56'.S 
26  31 .( 


13M9-5: 

16.2 
13  26  52.3 


:2-3-'.0 
27    12.8 


l',080| 

o.eofti 

0  .0791 


+  1'.583 
22"58'.8[+l  .67C 
34.4+1  .g3' 


The  azimuth  of  the  instrument -was  changed  between  the  t*^ 
sets  of  observations,  circle  east  and  circle  west. 

The  place  of  observation  was  in  the  garden  of  Dr.  Steinbeil  *' 
house,  where  the  latitude  was  ^  =  48°  8'  40", 

The  chronometer  waa  a  pocket  mean  time  chroaometer  o^ 
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KissEL.  Its  correction  to  sidereal  time  at  12*  (chronometer  time) 
was  assumed  to  be  <?  =  5*  !"•  3'.00,  and  its  rate  on  sidereal  time 
was  +  9'.19  per  hour  (losing). 

The  equatorial  intervals  of  the  threads  from  the  mean  thread 
were  as  follows  for  circle  west : 


I 


+  598".08 


n 

+  303".09 


III 
+  6'M9 


IV 
—  294".91 


V 
—  612".46 


The  value  of  one  division  of  the  level  was  4".49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  pre- 
riouslj  been  found  to  be  —  1".89  for  circle  west 

The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


a 

6 

/  Scorpii 

16*    2"36'.71 

9«  36'  34".2 

t  Ophiuchi 

16     9    13.90 

4    16     8  .9 

a  UrscB  Minoris 

0  59      5.28 

+  88    23     2  .5 

*  a  (Anon.) 

18   18     8.49 

+  14    52  36  .7 

24  Scuti  Sob. 

18   19    24.11 

—  14    39  56  .0 

The  reduction  of  the  observations  of  ^  Scorpii  and  e  Ophiuchi  on 
the  several  threads  to  a  mean  will  serve  to  illustrate  the  mode 
of  using  our  Table  VIII.,  although  in  this  case  the  quantity  x  is 
^iiite  insensible  and  log  k  nearly  so.     We  have,  then,         / 


'■*■] 


CfadeEAst. 


I  Scorpii  I. 
II. 

Means 
<  Ophiuchi 


Xeans 


T 

/ 

X 

IP   8-12'.2 
7    62.5 

9'.85 
+   9.85 

0.00 
0.00 

11     8     2 .85 

0.00 

0.00 

log* 


0.0000001 

1 


0.0000001 


598".08 
303  .09 


—  450  .59 


11  14    22.4 

—  sg'.oo 

0.00 

0.0000018 

598."08 

14     2.6 

20.10 

5 

303  .09 

13    43.2 

—  0.70 

0 

—     6  .19 

13    22.7 

+ 19 .80 

5 

+  294  .91 

13      1.6 

4-  40 .90 

0.00 

19 

+  612  .46 

11  13    42.50 

0.00 

0.00 

0.0000009 

0  .00 

EM                                   PORTABLE    TRANSIT    IX6TRFUEXT 

^^ 

To  form  the  equations  of  condition  for  the  three  stare  observtd,  | 

cmle  east,  we  now  find  hy  tlie  funnuln-  (158,  Av 

)• 

r  +  «  =  r, 

xa-T-ii. 

aCrm  Ma 

Il»    8"   2'.8B 

llM8-43'-Cli 

n»2u-  vyi 

Auunnltf 

+    S      I      S.flO 

+    5     1      8.00 

+      6     1     !.!« 

-      7.W 

-      7.0B 

—    « i: 

18     8   hl.Vi 

16   14    88.41 

16  21     Ou* 

• 

W     2   ll«.71 

10     0    18 .9ft 

0  69    .va 

--    0  4o.<a 

—     G    24.81 

+      8  88     6,M 

(in««) 

-  !•  at'  w.i 

—  1"  ar  r.« 

129"  81'  18".« 

kfMO  r, 

0.000168 

0.000121 

■O.1962S0 

lngtu<l 

■9.228077 

■8,678022 

1.649573 

log* 
logUnO 

0.00f»00 

0.000001 

0.00OUO0 

n9.2'28MS 

■8.878144 

n1. 746868 

0 

-    fl»80'4T-.2 

—    4»  16'  18".2 

—   B8°58'i:*.S 

*-o 

67    ih  27  .2 

62    24  63  .2 

137      0  67  8 

log  t»n  r. 

n8.  4123)7 

«8.372e75 

«0.083$GI 

1«B  eoi  0 

B.9988S8 

9.008798 

6.3WOS7 

W«»»«(#-G) 

0.OT2784 

0,101030 

0.1671<!1 

log  CM  ^ 

■>S.5l>8tl'J!) 

■8.472798 

■8.604789 

8.990774 

9.999808 

9.999778 

logt«i(f-0) 

aaooliw 

TI.IIS68S 

■9.967894 

log  i»n  , 

o.i-oijaB 

0.11387 

n9.9G8]2 

log  .in  . 

9.92733 

0.89904 

■9.83  2Sfl 

log  CO.  » 

9.72fi97 

9,78517 

9.86484 

A 

—    1°  GO-  65".B3 

—  1"  42'  4''.Bfi 

-      1-  49'  52'.;» 

Ammedfl 

—    1    42    0. 

1 

a  — J 

+          8-  65-^3 

+               4".85 

+             T  63',71 

A 

—                2  .90 

—              0.84 

+                  I,H 

(.-^).mi 

+             453-.20 

+               3-.81 

-               S2r.SI 

ico»r 

—                1  .68 

-              0.61 

+                  1.11 

'g 

450  .m 

0.00 

+               29*  .»1 

A 

+                   1-.12 

+               8''.38 

_           2S-.;o 

L  tan  T,  do  ^  =  1.  i»n  /■ 

«8.<1430t 

n8.2460n2 

><9.9UC18 

F 

—    1"  lO'  Gi" 

-  I"   o-;;0" 

—  4«    *-39- 

m  —  F 

—          81      6 

—         41  34 

40    22  39 

log  00.^ 

9.09380 

9.90'*70 

8.46026 

log  CO.  T, 

9.B9983 

9.990fa 

■9.80371 

log  cm  («-/■! 

«.09!'98 

9.119!>07 

0.86184 

log  B«  f 

afM)0r9 

0.00007 

0.12948 

logi' 

y.'J'J370 

9.99878 

■8.26526 

sible  qunnliij  in  olilem-    , 
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Hence  the  equatioiia  of  coudition,  circle  east,  are: 

/  Scorpii  —  c  +  0.8459  Aa  +  0.985.7  A*  +  l'M2  =  0 
€  Ophiuchi  —  c  +  0.7926  i^a  -(-  0.9971  A*  +  3  .33  =  0 
a  Urs.  Min.  —  c  —  0,6807  Aa  —  0.0184  a*  —  25  .76  =  0 

In  the  same  manner,  we  fiad  for  the  stars  observed,  circle  west. 


a  Ursm  Min. 

•a 

24  Smti  Sob. 

T,  +  S 

18»21-   8'.08 

18»  23-  32'.34 

18»28-    8'.81 

^1 

99"  29*  18".75 

—    1»20'57".75 

—   2°11'10".5 

log  A: 

0.000000 

0.000001 

0.000001 

log  tan  A 

n8.6X7908 

n8.618105 

n8.618199 

log  sin  2 

n9.82&74 

9.73943 

9.94926 

log  cos  z 

9.87007 

9.92217 

9.65941 

A 

—  2°  22'  32".22 

—  2°  22*  8r.20 

_  2O22'8&".06 

Afisumed  a' 

—  2    22  40  . 

af^A 

—              7  .78 

3  .80 

—               1  .95 

b 

+              5  .22 

+              6  .61 

+              6  .36 

(«'— ^)  sin^ 

+              5  .22 

—              2  .09 

—              1  .74 

b  cosz 

+              3  .87 

+              4  .69 

+              2  .90 

• 

+              6  .19 

0  .00 

0  .00 

A 

+            15  .28 

+             2  .60 

+              1  .16 

logP 

117.74071 

9.98501 

9.98544 

1 

lid  hence  the  equations  for  these  stars  are 

•  Urs.  Min,     +c  —  0.6710  Aa'  —  0.0055  A^ '+  15".28 
*a  +c  +  0.5488  Aa'  +  0.9661  a.9  -f    2  .60 

24  Scuti  Sob.  +c  +  0.8897  Aa'+  0.9670  ai>  +    1  .16 


0 
0 
0 


The  six  equations  involve  four  unknown  quantities,  which 
Kight  be  determined  from  the  four  normal  equations  formed  in 
the  nsoal  manner.  But,  where  the  number  of  equations  is  so 
Ettle  greater  than  that  of  the  unknown  quantities,  it  is  not 
rorth  while  to  employ  this  method.  We  can  here  obtain  the 
ame  result  by  eliminating  Aa  from  the  first  set  and  iku'  from 
he  second,  and  then  combining  the  resulting  equations  for  the 
etennijiation  of  c  and  a^^    Thus,  substituting  the  values  of  Aa 


and  41'  found  from  the  equations  for  a  Ursm  Mm.  in  the  w 
tions  of  the  other  two  stars  in  the  two  groups  rcspoctivoly, 
have  the  four  equations 

X  Scorpii  —  2.2427  c  +  0.9629  &»  —  30".89  =  0 

.  Ophiuchi  —  2.1642  c  -J-  0.9757  a»  —  26  .66  =  0 

•a  +  1.8179  c  +  0.9616  A*  -(-  15  .10  =  0 

24  Scuti  Sob.  4-  2.3259  c  +  0.9597  afl  +  21  .42  =  0 

from  which  we  derive  the  normal  equations 

18.4281  c  —  0.2908  a*  -f  204".25  =  0 
—    0.290BC  + 3.7249  i*—    20.61^  =  0 
which  give 

a.9  =  4-    4",69  =  -f  O'.Sl 
c=^  — 11".01  =  — 0'.73 

Ilence  we  have,  finally, 

#  =  +  5'  1-  3'.31 

By  the  four  time  BtarB,  severally,  we  have  3*.43,  3".18,  3'.34,  3' 
The  methods  which  have  hero  been  given,  for  finding 
time  with  a  transit  instrument  out  of  the  meridian,  are  intcn 
for  the  use  of  observers  in  the  field  who  have  but  little  timi 
a^nst  their  instruments  and  wish  to  collect  all  the  data  possi 
reserving  their  reduction  for  a  future  time.  The  greater  la 
of  these  reductions,  compared  with  those  of  meridian  obsei 
tions,  IB'  often  more  than  compensated  by  the  saving  of  time 
the  field. 

DETBRMINATIOBT   OF  THB   GBOORAPRICAL   LATITUDE   BY  A   IRAKI 
INSTRUMENT    IN    THB    PRIME    VERTICAL. 

174.  The  transit  instrument  is  said  to  be  in  the  prime  vert 
when  the  great  circle  described  by  its  collimation  axis  is  in 
prime  vertical.  The  rotation  axis  is  then  perpendicular  to 
plane  of  the  prime  vertical,  and  lies  in  the  intersection  of 
planes  of  the  meridian  and  horizon.  "We  owe  to  Bessbl  the 
plication  of  the  instrament  in  this  position  to  the  determina 
of  the  latitude  of  the  place  of  observation. 

The  fundamental  principle  of  the  method  may  be  bri 
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Stated  as  foUows.*  Let  PZ,  Fig.  45,  be  the  meridian;  SZS* 
the  prime  vertical  of  the  observer;  8MS* 
the  diurnal  circle  of  a  star  which  crosses 
the  meridian  between  the  zenith  and  the 
equator.  Such  a  star  crosses  the  prime 
vertical  above  the  horizon  at  two  points 
S  and  S'  on  opposite  sides  of  the  zenith 
and  at  equal  distances  from  the  meridian. 
If  then  we  observe  the  transits  at  these 
two  points  with  an  instrument  perfectly  adjusted  in  the  prime 
vertical,  and  note  the  times  by  a  clock  whose  rate  is  well  known, 
we  determine  the  hour  angle  ZPS*  =  <,  which  is  equal  to  one- 
half  the  elapsed  sidereal  time  between  the  two  observations; 
and,  therefore,  in  the  right  triangle  TZS'  we  know  this  angle 
and  the  hypothenuse  PS'  =  90®  —  8,  from  which  we  find  the 
side  PZ  =  90®  —  f ;  whence  the  formula 

tan  0  =  tan  d  sec  t 

in  which  f  is  the  latitude.  It  is  evident  that  only  those  stars 
can  be  observed  on  the  prime  vertical  whose  declinations  are 
ketween  0  and  f.  The  nearer  the  observations  to  the  zenith,  that 
)•»  the  less  the  difference  between  the  declination  and  tlio  latitude, 
the  less  the  efiect  of  errors  in  the  obsei'ved  times  upon  the  value 
rfsec/,  and,  consequently,  upon  the  computed  latitude. 

The  advantage  of  this  method  of  finding  the  latitude  lies 
chiefly  in  the  facility  with  wliich  all  the  instrumental  errors  may 
he  eliminated  by  using  the  instrument  alternately  in  opposite 
positions  of  the  rotation  axis,  reversing  it^  either  between  the 
observations  on  tv^'^o  difierent  stars  or  between  observations  of 
the  game  star,  or  using  it  in  one  position  on  one  night  and  in 
the  reverse  position  on  the  same  stars  on  another  night.  Dif- 
ferent methods  of  reduction  apply  to  these  several  methods  of 
•bservation,  which  will  be  hereafter  investigated.  We  must  first 
4ow  how  to  place  the  instrument  in  or  near  the  prime  vertical. 


1T5.  Approximate  adjustment  in  the  prime  vertical — The  middle 
'^I  fcead  must  be  carefully  adjusted  in  the  collimation  axis,  or  as 
^f  Wttfy  80  as  possible.     Then  compute  the  sidereal  time  of  pass- 
ing &e  prime  vertical  for  some  star  whose  declination  is  small, 


*  See  also  Vol.  I.  Arts.  192  and  193. 


3M  TRANSIT   INSTftFMBST 

that  Is,  t)  star  which  paaees  the  primo  vertical  at  a  low  altitode. 
It'  t  =  the  hour  augli^  \n  tht;  prime  vertical,  J  =  the  decliatlio^i 
and  f  =:  the  aisauiued  latitude,  we  have 

cos  I  ^  tan  J  rot  f 

and,  if  «  =  the  star's  right  aecttnsion,  &  =  the  sidereal  timcil 
piiBsiiig  the  prime  vertical, 

_     (  —  for  east  transit ) 
=  •  ■+■  f  I  ^    "   west      "       J 

At  this  time,  therefore,  by  the  clock  (allowing  for  the  corrcctiot 
of  the  clock),  bring  the  middle  thread  upon  the  star,  obeervii^ 
to  keep  the  rotation  axis  as  nearly  horizontal  an  [Ktesible.  The 
zenith  distance  at  which  the  star  will  he  observed  maj  also  bo 
previously  computed,  to  facilitate  the  finding.  For  this  purpuse 
we  have 


which  gives  the  true  zenith  distance,  from  which  we  should  anb- 
tract  the  refraction  in  the  case  of  very  low  stara 

After  the  instrument  has  thus  been  bronght  near  the  priiM 
vertical  by  one  star,  the  rotation  axin  should  be  carefully  levelled, 
and  the  aitjaatmont  verified  by  another  star.  In  the  first  adjust- 
ment the  frame  of  the  instrument  would  he  moved  ;  but  in  the 
second  only  the  V  which  is  pro^-ided  with  a  small  motion  in 
azimuth.  When  the  instrument  is  provided  with  a  graduated 
horizontal  circle,  the  most  satisfactory  method  is  to  adja^l  il 
first  in  the  meridiaruand  then  revolve  it  in  azimuth  90°. 

In  preparing  for  an  observation  on  the  extreme  threads,  »9 
must  know  the  interval  required  by  the  star  to  pass  from  one  ai 
these  to  the  middle  thread.  It  will  be  shown  hereafter  that  if 
i  =  the  equatorial  interval  of  the  sidereal  threiid  from  the  middle, 
the  corresponding  star  interval  /,  near  the  prime  vertical,  vriil  be 
nearly 

I  =  -■    -    ' ^-  ^ 1 

sin  ^cosilitia  t        sin  ^sinf 

and  it  is  easily  shown  that  when  the  hour  angle  t  becomes  (  ±1 
the  zenith  distance  becomes  z  ±  15/cob^,  where  the  factor  15 
is  used  to  reduce  /trom  time  to  arc.  The  first  observation  on  a 
side  thread  at  the  euat  transit  will,  therefore,  be  expected  about  i 
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seconds  before  the  time  of  transit  already  computed,  and  at  a 
greater  zenith  distance  by  about  15/cosf^;  while  the  first  ob^ 
senration  at  the  west  transit  will  also  be  expected  /  seconds 
before  the  time  of  transit  computed^  but  nearer  the  zenith  by 
about  15/ cos  fp.  These  simple  calculations  are  accurate  enough 
bt  the  putpose  of  preparing  for  the  observation.  When  the 
intervals  of  the  threads  are  not  known  at  first,  they  will  be 
obtaiued  accurately  enough  from  the  early  observations  for  sub- 
sequent use  in  finding  stars. 

For  stars  whose  declination  is  very  nearly  equal  to  the  lati- 
tude, the  zenith  distance  and  hour  angle  on  the  prime  vertical 
Qtt;  be  more  accurately  computed  by  the  formulee 


sin  r  =  |/^  (.9  —  ^)  Bin  (y  +  ^) 

sinf 


Bint  = 


sin« 
cosd 


'1 

in 


r 

-  *! 


176.  Correction  for  mclination  of  the  axis. — ^When  the  rotation 
txid  is  in  the  meridian,  but  is  inclined  to  the  horizon,  the  great 
circle  described  by  the  coUimation  axis  is  still  perpendicular  to 
Ae  meridian,  but  intersects  it  in  a  point  whose  angular  distance 
&om  the  zenith  of  the  observer  is  precisely  equal  to  the  inclina- 
&m  of  the  rotation  axis.  This  point  may  be  called  (he  zenith  of 
iemtrumeni;  and  the  great  circle  described  by  the  collimation 
t&fl,  (he  prime  vertical  of  the  ins(rumenL    Jf  we  put 

f^=  latitude  of  the  zenith  of  the  instrument, 
f=r      "  "      observer, 

h  ==  inclination  of  the  rotation  axis,  positive  when  north 
end  is  elevated| 

9  =  9'  +  f> 

•i  the  only  consideration  of  the  level  correction  required  in 
^  case  is  to  apply  it  directly  to  the  latitude  found  from  the 
^troment  by  the, same  methods  that  are  used  when  the  axis  is 
Wy  horizontal. 
Bat  if  the  rotation  axis  is  not  in  the  meridian,  nor  the  middle 
^^etdin  the  collimation  axis,  the  simple  solution  given  in  Art. 
^^  irequiree  some  modification.  I  proceed  now  to  consider 
flto  iflstrament*  in  the  most  general  manner,  with  deviations  in 
^oth,  level,  and  collimation,  and  to  show  how  to  eliminate 
Ae  effects  of  these  deviations. 

Tn.IL— le 
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177.  To  find  the  Intifude  from  the  ohsenvd  timet  of 
given  afar  over  a  tjiten  Ihrcad  nw(  and  west  of  (he  meritlian,  the 
pjjj  j^  lion  axis  being  in  the  same  jjoaition  at 

obitrrrxilions. — Let  the  rotution  axis 
in  the  vertical  circle  2A,  Fig.  46. 
eui'imse  the  north  end  elevateii, 
that  the  great  circle  of  the  in^mment 
ia  E'Z"W',  and  a  thread  at  tlie  dis- 
tance c  south  of  the  collimation  aii* 
deecribes  the  email  circle  SS'.    Let^ 
be  tlie  point  in  which  the  rotation  anil 
produced  meets  the  eeleatial  sphere, 
and  through  A  and  the  polo  /"draw 
the  great  circle  APZ".     This  great  circle  la  perpendicular  to 
E'Z"  W,  and  the  observations  of  tlio  star  on  the  thread  at  S  aud 
5'  are  equally  diiitant  from  it.     We  may  call  PZ"  the  meridiKn, 
E'Z"  W  the  prime  vertical,  and  Z"  the  zeuith  of  the  insttumad. 
Now,  the  equations  (78)  and  (79)  of  Art.  123,  being  entirelj 
general,  apply  to  the  instrument  in  this  position,  but  it  is 
venient  to  make  some  modifications  of  the  notation.   The  point, 
being  now  near  the  north  point  of  the  horizon,  its  azimuth 
nearly  zero  and  its  hour  angle  nearly  180°.     If  we  put 


tlio  aitimnth  of  .4  = 
the  hour  angle  of  A  ■■ 


90" 
=  90". 


-W: 


:  —  (T,  or  {a)  =  —  (90-'  +  a) 
r^  180°  +  i,  or  m  =  —  (90^  -f  I) 


where  we  distinguish  the  a  of  the  equations  (78)  by  enclosing  it 
ill  brackets;  then  a  is  the  small  azimuth  of  the  rotation  axis 
reckoned  from  the  north  towards  the  east,  aud  X  is  the  hour  angle 
of  the  meridian  of  the  instrument  {or,  as  we  might  call  it,  the 
west  longitude  of  the  instrument) ;  and  the  substitution  of  these 
quantities  in  equations  (78)  gives 

cos  a  cos  l^^  —  sin  6  cos  p  -|-  cos  h  cos  a  sin  p>     "J 
cos  n  sin  i  ^       cos  6  sin  a  >   (1S5) 

sin  n  ^      sin  6  sin  ip  +  cos  h  cos  a  cos  p     J 

and  as  r  in  (70)  is  the  hour  angle  east  of  the  meridian,  while  it 
is  here  more  convenient  to  reckon  it,  in  the  usual  manner, 
towards  the  west,  we  shall  change  its  sign,  so  that  the  factor 
sin  (r  —  m)  will  become 

sin  (—  r  -(-  90"  +  ^)  =  COB  (r  —  X) 
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d  the  equation  (79)  will  become 

sin  c  =  —  sin  n  sin  d  -\-  cos  n  cos  d  cos  (t  —  X)  (166) 

)r  the  convenience  of  future  reference,  I  shall  here  recapitulate 
e  notation  used  in  these  our  fundamental  equations :  namely, 

^  ==  the  latitude  of  the  place  of  observation,  positive  when 

north; 
i  =  the  declination  of  the  star,  positive  when  north; 
r  =  the  hour  angle  of  the  star; 
a  =  the  azimuth  of  the  rotation  axis,  positive  when  east  of 

north; 
b  =  the  inclination  of  the  rotation  axis,  positive  when  the  north 

end  is  elevated; 
c  =  the  collimation  constant  of  a  thread,  positive  when  the 

thread  is  north*  of  the  collimation  axis; 
X  =  the  longitude  of  the  meridian  of  the  instrument,  positive 

when  toest; 
n  =  the  declination  of  the  north  end  of  the  axis. 

,  farther,  when  the  star  is  observed  at  both  the  east  and  west 
msits,  we  put 

T,  t'  =r  the  hour  angles  of  the  east  and  west  observations, 
respectively;  ^ 

T,  T*  =  the  clock  times  of  observation ; 
aT,aT'  =  the  corresponding  clock  corrections; 
a  =  the  right  ascension  of  the  star; 
2^=  the  elapsed  sidereal  time  between  the  east  and 
west  observations  on  the  same  thread ; 

3  have 

T=  T+  AT—a  T^  z=  T'  +  £iT'  -^  a 

lience      6  =  7^  —  X  =  X  —  t 

^e  see  that  tf  will  be  well  determined  when  the  clock  ralej  or 
r'  —  aTj  is  known ;  but  to  find  X  we  must  also  know  the  clock 
rrection  and  the  star's  right  ascension. 


*■  When  the  thr$ad  is  north  of  the  prime  yertical,  the  smaU  circle  of  the  sphere 
ich  corresponds  to  it  is  $outh  of  the  prime  yertical,  and  vice  vena. 


m 
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Now,  let  A  aod  j9  be  assumed  so  its  tu  sslinf;^  the  con^t£ 


h  CQH  ^  =  coe  6  CM  a 

then  the  equations  (165)  become 

cos  n  COB  A  =  A  Bin  (y  —  ;9) 
COB  n  Bin  ^  =  cob  b  sin  a 

§in  n  =  A  co»  (f  —  ,9) 

Substituting  in  (160)  the  values  of  cos  n,  sin  n,  given  hy  tbeaa ' 
equations,  and  also  oos  (r  —  >)  =  cos  (I  —  r*)  =  cos  5,  we  hate     ^ 


[•pill 


n  3  +  h  sinfa  —  Sj cos  J       -,- 


Bin  c  ^  —  A  COB  f ))  —  ^)  I 
to  reduce  which  wc  aesuise  A'  and  ^'  to  eati^y  tha  condiliODi 


A'  cos  •'  =  cos  it 

cos  i 

which  transform  tlic  preceding  equation  into 

flin  c  ^  hft'  sin  (,y  —  y'  ^  ;?) 
whence 

But,  as  c  is  never  more  than  15',  and  h'  - 


•  m 


- — ,  will  never  be  l^* 

uinip 

than  J,  while  h  differs  from  unity  only  by  a  quantity  depending 
upon  sin' a,  the  angle  f  —  f'~^  will  never  exceed  30':  w  tnrt 
we  may  write,  without  sensible  error. 


To  find  /9,  wc  have 

tan  ;9  ^^  tan  b  sec  a 

or,  since  6  is  only  a  few  seconds  aud  a  but  a  few  minutea, 

and  yi'  ia  determined  by  (168),  which  give 

tan  If'  =  tan  S  sec  0  cos  A 
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and  then  we  have 

f  =y+*  +  — r-f  (170) 

Bin  d 

It  is  evident  that  the  factor  cos  X  in  (169)  corrects  for  azimuth 
deviation,  the  term  b  in  (170)  for  inclination  of  the  rotation  axis, 

•     •  # 

and  the  term  — r~r"  ^^  ^^^  distance  of  the  thread  from  the  col- 
1.     ^.        „.      «in  o 
lunation  a^s. 

In  these  equations,  ??  and  A  are  obtained  from  the  observed 
times  oil  the  same  thread,  the  rotation  axife  being  in  the  same 
po^on  at  the  two  observatioiis.  The  constant  c  has  then  the 
lame  sign  at  both  observations,  +  for  north  threads,—  for  south 
flireads;  and  itia  value  must  be  ktiown  for  each  thread.  We 
deduce  then,  by  (169)  and  (170),  from  each  thread  separately,  a 
talne  of  the  latitude,  aiid  take  the  mean  of  all  the  results  as  the 
latitude  given  by  the  instrument  in  this  position  of  the  axis.  But 
if  the  pivots  are  unequal  the  striding  level  does  not  give  the 
true  value  of  b  directly.  (See  Art.  137.)  Moreover,  the  constant 
e  is  composed  of  the  equatorial  interval  of  the  given  thread  from 
fte  middle  thread  combined  with  the  collimation  constant  of  the 
middle  thread,  and  will,  therefore,  involve  both  the  error  in  the 
determination  of  the  interval  and  in  the  adjustment  for  colli- 
mation. 

ISTow,  to  eliminate  aH  these  instrumental  errors,  repeat  the 
observations  on  the  same  star  on  a  subsequent  night  in  the 
reverse  position  of  the  axis.  Let  p  be  the  (unknov^)  correction 
for  inequality  of  pivots,  q  the  (unknown)  correction  of  c  for  error 
m  the  interval  of  thread  and  collimation  adjustment;  let  ^',  f)" 
be  the  latitudes  given  by  (169)  for  the  same  star  on  different 
nights  and  in  reverse  positions  of  the  axis ;  6,  6'  the  inclinations 
of  the  rotation  axis  given  by  the  spirit  level.  The  true  inclina- 
tions are  b  +  p  and  6'  —  py  and  the  true  value  of  the  collimation 
constant  for  the  given  thread  i&  c  +  q:  so  that  in  the  first  posi- 
tion of  the  axis  we  have 

sin  <p' 
^=V+b+p  +  (ic  +  q)        ^ 


sin  d 
and  in  the  second  position, 

sm  o 
ftad  tke  mean  of  these  is 
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v  =  Hr'+f>  +  9"  +  *')  H 


+  q  rsiii  ff'  —  Bin  y^n 

2      L  8ifta  J  I 


BO  that  the  inequality  of  pivots  is  wholly  eliminated,  and  tike 
error  of  thread  and  colliraotion  is  reduced  to  the  term 


y  rwn  y  —  gin  y"! 
2  L  Bin  a  J  ' 


wLieh  for  q  =  1",  <p'  —  if>"  =  1°,  is  0".008  cos  f  cosee  3,  and  that 
part  of  this  small  quantity  which  depends  on  the  coUimationof 
tiie  middle  thread  will  have  dilferent  aignu  for  north  and  aouth 
threads,  and  will  also  wholly  disappear  from  the  mean.  Thei* 
will  remain,  therefore,  in  the  result  only  that  part  of  this  term 
which  depends  on  the  errors  of  the  thread  intervals.  As  thi 
thread  intervals  can  easily  be  determined  in  tlie  meridian  h*! thin 
I",  this  remaining  error  in  the  latitude  will  be  iiisensibte  In 
practice,  and  we  may  assume  the  mean  of  two  nights"  observs' 
tions  to  he  wholly  free  from  the  instrumental  errors. 

There  remain  yet  the  errors  of  observation  and  of  the  clock. 
Those  atfcct  both  the  angles  i?  and  i.  As  A  is  always  small,  their 
effect  will  not  generally  be  appreciable  in  cos -I,  and  their  effect 
in  sec  S  will  be  less  the  nearer  the  star  is  to  the  zenith  ;  for  ths 
clock  errors  that  appear  in  &  are  only  the  variations  of  rate,  Wid 
the  less  the  interval  the  less  the  effect  of  these  upon  J,  and,*^ 
the  same  time,  the  less  the  angle  t?  the  less  effect  will  any  chang* 
in  &  produce  in  sec  &. 

The  expression  for  the  error  in  f  resulting  from  an  error  b  ^ 
is  found  by  differentiating  (169) ;  whence 

df  sec'  /  =  (fj  tan  >  sec  9  tan  itcoa  l=d9  tan/  tan  9 

or  nearly 

dy  =  —  sin  2y  tan  * 

and  sin  2  {p  is  greatest  for  fi  ^  45°,  in  which  case  we  have 
df~  —  tm&.  For  tf  =  1*,  d^j  =  t/iJ  X  0.13 ;  or  an  error  in  tf  of 
1'=  15"  produces  an  error  in  p  of  less  than  2".  If  we  assume, 
then,  that  &  can  always  be  obtained  within  1',  we  ought  to  expect 
the  mean  of  the  latitudes  obtained  in  two  nights  from  the  eame 
thread  and  with  the  same  star  to  agree  with  that  foond  in  the 
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iame  way  from  any  other  thread,  within  2'\  when  the  ohservar 
ions  are  taken  within  one  hour  of  the  meridian.  This,  in  fact, 
8  the  experience  of  observers  in  the  use  of  this  method. 
Finally,  the  latitude  is  affected  by  an  error  in  the  tabulated 
eclination  of  the  star.  When  f  <  45°,  the  error  in  the  latitude 
I  always  greater  than  the  error  of  the  declination ;  but  when 
>  45**,  the  error  in  the  latitude  will  be  less  than  the  error  in 
e  declination,  if  we  use  stars  whose  declinations  fall  between 
e  limits  90°  and  90°  -—  ^,  as  will  be  seen  at  once  by  examining 
3  equation 

sm  2d 

dch  is  found  by  differentiating  (169)  with  reference  to  y>  and  d. 
is  evident,  therefore,  that  this  method  is  better  suited  to  high 
itudes  than  to  low  ones,  although  satisfactory  results  may  be 
tained  by  it  even  in  latitudes  not  greater  than  80°. 

178.  Instead  of  deducing  a  value  of  the  latitude  from  each 
read,  it  is  usually  more  convQuient  to  reduce  the  observations 
1  the  several  threads  to  the  middle  thread,  and  then  to  find  the 
due  of  the  latitude  from  the  mean.  This  value  will,  of  course, 
e  the  same  as  the  mean  of  the  several  values  found  from  the 
ireads  individually.  I  proceed,  therefore,  to  investigate  the 
ormula  for  reducing  the  observations  on  the  side  threads  to  the 
wddle  thread. 
Let 

t  =  the  equatorial  interval  of  any  given  thread  north  of  the 

middle  thread, 
J=  the  corresponding  star  interval, 

ben,  T  being  the  hour  angle  of  the  star  when  on  the  middle 
bread,  r  —  /is  its  hour  angle  when  on  the  given  thread :  so  that 
DOW  denoting  the  coUimation  constant  of  the  middle  thread, 
id,  consequently,  c  -\-  i  being  now  put  for  c  in  (166),  we  have 

Bin  (t  -f-  c)  =  —  sin  n  sin  d  -{-  cos  n  cos  d  cos  (t  —  X  —  /) 
bile  for  the  middle  thread  we  have 

sin  c  =  —  sin  n  sin  ^  +  ^*  ^  co*  *  cos  (r  —  k) 

le  difference  of  these  equations  gives 
2  cos  (}  t  +  c)  sin  Jt  =  2 cos  n  cos  ^  sin  (r  —  k  —  i  J)  sin  }  J 
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lii  th-i  first  raembor,  since  i  and  c  are  botli  email,  wo  may  pmJ' 
2 cos i <siit  J 1,  or  sin i,  itad  Leuce 

coa  tt  C08  J  oil)  tr  —  i  —  i  /) 

Tf  the  nzimnth  a  of  the  iiistriimeiit  is  even  as  great  aa  20'  (and 
it  will  always  "be  much  less),  it  is  easily  shown  that  log  A  in  (167) 
will  not  be  less  than  9.99!)fl93,  that  is,  it  will  not  change  the 
fifth  decimal  place  by  a  unit  in  the  compntation  of  log  ixwtt," 
and,  as  this  dcgreu  of  accuracy  in  evidently  even  more  than  Htlf- 
tieicnt  in  computing  /,  we  shall  here  tuko  cos  n  —  em  [ip  —  />),  and 
hence 

2  Bii,  j  r  = -"!"-l (TTl) 

Bin  {f  ~  *)  COB  3  sin  (r  —  i  —  i  /) 

This  very  exact  fonnula  will  be  required,  however,  only  where 
the  star  is  very  near  the  zenith.  In  inont  cases  we  can  employ 
sin^  for  ein(y!  —  b)  and  put  |/ instead  of  its  sine. 

^VHien  the  star  has  been  observed  on  the  middle  thread,  both 
east  and  west  of  the  meridian,  we  may  fiud  r  —  /  =  ^  willi 
stifhcient  accuracy  for  computing  th«  rudui:tioii8  of  the  threads, 
by  taking  the  half  difference  of  thu  ob^^rvod.  tiliius  on  tliu 
thread ;  and  heuce  the  formula  will  he 


28ini/= "-^^ (1721 

6in  (y  —  6)  COB  i  sin  («  —  1 /) 


/  = (1T2") 

sin  f  COB  4  Bin  (0  —  }  /) 

lo  applying  these  formulse,  the  signs  of  i,  /,  and  5  must  be 
carefully  observed.  Thus,  i  will  be  positive  for  north  and 
negative  for  south  threads;  tf  positive  for  a  star  west,  and 
negative  for  a  star  east  of  the  meridian.  The  value  of  /  re- 
quired in  the  second  member  may  be  found  with  eufBcient 
accuracy  from  the  observations  theraselvea;  and.  in  order  to 
obtain  it  with  the  proper  sign,  it  is  to  be  observed  that  the  ob- 
scn'ed  time  on  the  given  thread  ia  always  to  be  subtracted  from 
that  on  the  middle  thread. 

Having  reduced  the  several  obseirations  to  tlie  middle  thread 
by  adding  the  valueaof  /  thus  found,  the  means  of  the  results 
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for  the  680t  and  west  transits,  respectively,  will  now  be  denoted 
iyTani  T\  after  which  t^  and  k  wiU  be  accurately  foand,  and 
the  latitude  computed  preoieely  as  in  the  preceding  article.  The 
quantity  e  in  equation  (170)  will  now  denote  the  ooUimation  con- 
stant of  the  middle  thread. 

The  level  constant  should  be  determined  both  before  and  after 
each  transit  east  and  west,  and  the  mean  of  the  four  values 
employed  for  hy  partioalar  care  being  required  in  the  determina- 
lion  of  this  quantity,  since  any  error  in  it  affects  the  resulting 
ktitude  by  its  whole  amount. 

Example. — The  following  observations  were  taken  by  Hansen 
in  Heligoland  with  a  tiansit  instrument  in  the  prime  vertical.'*' 
The  hours  are  given  only  for  the  middle  thread,  and  the  observa- 
tions on  threads  VII.,  VL,  and  V.  are  placed  immediately  below 
ihoee  on  L,  11.,  and  HL,  respectively. 

1624,  July  Zh-^areU  North. 


y  DraeoniM, 


{ 


I.  tnd  VII. 

II.  and  VI. 

III. 

andV. 

14-  28'.8 

18" 

•  86'.8 

12-  46'. 

9   26. 

10 

13. 

11 

3.8 

27  85. 

28 

26.8 

29 

17.5 

32   87.5 

31 

50. 

31 

0. 

rv. 


16*  11-  54*. 
19  30     9.8 


last  transit 
West     «       I 

CloelL correction  (sidereal)  at  14»  22«  =  -f  !"•  47*. 40.    Daily  rate,  -|-  4M2 


LeTel. 


40 
1.37 


1821,  August  S.—Oirele  South. 


I  ■ 

'      y  Draeonit, 

1 

I.  and  VII. 

II.  and  VI. 

III.  andV. 

IV. 

Lerel. 

1 

1  East  transit  | 
{ Wert     «      1 

Cloek  eorrectio 

8-  57*. 
13    59. 

32    16. 
27    14. 

n  at  14*  8"«  = 

9-47*. 
13      9.5 

31    26. 
28     3. 

-  4-  !"•  59*. 

10«  36*. 
12   17.5 

30   36.5 
28   55. 

98.     Daily  r 

16*  11-  27-.5 
19  29   44. 

ate,  4-  4'.  27 

1  — 1^.50 
1      0.03 

Th«  threads  are  numbered  from  the  circle  end  of  the  axis,  so 

that  for**  circle  north"  stars  at  the  east  transit  are  observed  first 

on  thread  VIA.    Tfa^ir  equatorial  intervahsi  as  found  by  observa- 

tioni  in  the  meridian,  were — 

I  n  m  V  Ti  vn 

tCircleii«rili)4  -f  82».882    -f21«.567    -f  10-. 968    — 10«.662    — 21».426    —  81'.672 


♦  Attron.  Nach,,  Vol.  VI.  p.  117.^ 
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The  value  of  one  division  of  the  level  was  2". 5  (of  are). 
The  collimutioii  conetaiit  wa«  c  =  +  2". 18  (in  arc),  arcU  norlk. 
The  oeeumed  latitude  was  ^  =  54"  10'.8. 
For  the  given  datca,  the  appureiit  places  of  the  star  were— 

y  Draeonit  a  S 

1824,  July  81,  17»  62-  34-.42  +  51°  SO"  57".W 

"      Aug.  8,  "      "     34.87  "      "  a8  .W 

Wc  shall  first  reduce  the  observations  of  July  31.  To  com[iiite 
the  thread  intfrvals,  we  find  an  aiijiniximate  value  of  d  from  tJie 
observed  times  on  the  middle  thread,  the  difference  of  wliicbb 
3*  18"  15*.8,  and,  since  in  this  time  the  clock  rate  ia  4-  O'.S,  we 
take  25  =  3*  18-  I6'.4,  and  hence 

(Approx.)  fl  =  1»  39-  8'.2 
Taking  the  differences  between  the  observed  times  on  eacb  siJo 
thread  and  that  on  the  middle  thread  for  both  the  east  aiiJ  west 
transits,  the  mean  of  the  two  values  for  each  thread  may  be  iiseJ 
as  a  sufficiently  exact  value  of  /  to  be  used  in  the  second  mciubcr 
of  (172),  namely : 

1  n  ra  T  Ti  Til 

(Appwi»)/,+  2"3<'-8  +  l-42>.9  +  0-65<.2  — O-fiO-.S  —  1"  W-.O  -^W-i 
«  — ]/,l*S7M.8    1*3616.7     1*8842.1    1*8933.8    l*89fia.6    I'WSi 

whence  the  reductions  to  the  middle  thread  are,  for  the  mA 
transit, 

/,  -)-  2-  34'.!tT  +  \~il'.H  +  0-  52'.04  — 0-50'.16  — 1-40'.49  -  2-;S'.ill 
and  the  same  values,  with  their  signs  changed,  are  used  forth* 
east  transit.  Those  being  applied  to  the  observed  times,  we  have- 


E»l. 

Weal, 

I 

16*11 

53'.83 

19"  30-  »■.»; 

II 

54.06 

9.51 

III 

53.96 

9.51 

IV 

54.01) 

9.80 

V 

53.96 

9.»1 

YI 

53.49 

9.51 

TU 

54.01 

9.49 

T  = 

Ts" 

11 

53.90 

r 

=  19   30   9 .61 

aT  = 

±_ 

16 

1 
13 

47.71 
41.61 

T'  +  A  7" 

=  +      1  48  .28 

T  +  ^T  = 

=  19   31  57  .95 

19 

.31 

57.95 

16   13  41 .61 

i  sum  = 

17 

52 

49.78 

{ 

!  diff. 

=    1   39    8.17 

c  = 

17 

62 

34,42 

=  * 

=  24''47'2".55 

i  = 

15.36 

= 

0" 

3 

50" 
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Hence,  by  (169)  and  (170), 

log  tan  ^  0.0996440 

log  sec  *  0.0419648  — .  j.  2"  1 8 

log  COB  A    9.9999997  ^-+    .^Jgg 

log  tan  f^  0.1416085  log  gin  /    9.9089 

/  =  54^  lO' 47".41  logcosec^   0.1064 


csinf' 


4-    2  .26 0.8588 


Bind 

6= —    2  .21 

^  =  54    10  47  .46 

For  the  observations  of  August  8,  we  find,  from  the  observed 
tunes  on  the  middle  thread, 

(Approx.)  *  =  1*  89-  8*.5 

and  from  the  observed  times  on  the  side  threads  compared  with 
the  middle  thread, 

I  n  in  V  VI  vn 

(ipprox-)/,  —  2«8(y.8  —  1"»4K2   —  0«.62».0  +  a«49'.6  -f  1-«41».5  -f  2-«  8(y.8 
^-J/,  1*40  28.9  1*89  69.1    1*89  84.6    1*88  48.7    1*88  17.7   1*37  58.1 

wifli  which  we  find  the  true  values  of  /to  be  as  follows : 

/,  —  2"  8K28— l'-41M0  — 0-«61-.61  -f  O^GCSS  -f  1"»42M0  +  2"8K62 

Applying  these  to  the  observed  times,  and  taking  the  means,  we 
Lave — 

East.  West. 

T  =  16*  11"  27*.61  T  =  19*  29"  44'.81 

Ar=+     2      0.35  t^T=-\-     2      0.94 

!r+Ar=16  13    27.96  !r'+Ar=19  31    45.75 

i  ==    0^  O'  37".  *  =  24*^  47'  13".5 

With  these  we  find,  taking  now  (?  =  —  2".18, 

/  =  540  10'  50".25 

'J^^^        ^    2.26 
sin  ^ 

h=         —    1  .91 


f>  =  54    10  46  .08 


The  mean  of  the  results  in  the  t\^o  positions  of  the  instrument 
is,  therefore,  f  =  54®  10'  46".77.  From  numerous  observations 
oi  the  same  kind,  Hansen  found  ^  =  54®  10'  46".53. 


nl  tRANSIT   INSTBCMKJtT 

179.  To  find  the  iUilude  when  the  instrumml  fa  reversed  beticm  ik 
east  and  west  transits  of  the  same  star  on  the  tame  ni/fhl. — Reduce  tlie 
observations  to  tlic  middle  thread,  aud  Iwt  7' ami  T'  be  th«  mm 
of  the  reaiiltiiig  clook  times  at  the  t'uet  uiid  we»rt  traiieils,  iv*p«* 
ively.  If  the  middle  thread  was  iiorth  of  the  colliination  miS 
the  east  tnuisit,  it  will  he  south  of  that  iwtw  at  the  west  tr»ii«; 
and  the  interval  T' ~  T  will  be  Beusihly  the  same  a&  the  iiitcml 
between  the  two  truneit«  over  the  ooUnnation  axU  iteulf.  W* 
lunv ,  therefore,  com(>utc  the  latitude  precisely  as  iu  the  i)rcci;Jiiig 
mctliod,  and  regard  c  ua  zero.     Thus,  our  Ibi-mulre  will  hv 

i  =  ilT'  +  ^T  +  r+^n--  ,.-, 

tan  /  =  tun  a  hoc  fl  cos  i  |    ^  ^ 

V  =  t'  +  ^  ) 

in  which  b  is  the  tneat]  of  the  level  determinntions  in  the  two 
poshioTiB  of  the  »xia,  and  is,  t^icreforc,  free  *Vom  the  crnir  rf 
inefjuality  of  i.ivots.  Thia  method,  then,  enables  as  to  ohtaiB 
from  the  obwnations  of  a  singlo  night  a  value  of  the  latiloili 
free  from  all  the  instnimental  errors,*  Yre  may  remark  here  11 
the  result  by  this  method,  as  well  aa  the  mvau  of  the  results  nf 
two  obHermtions  in  revoree  positions  of  the  axis  by  the  preceding 
method,  id  free  from  errors  iin,--iiit;  from  flexure  of  the  rotation 


Example, — The  following  observations  were  taken  at  Cron- 
atadt  with  a  transit  inatrument  in  the  prime  vertical,  the  axia  of 
which  was  reverned  between  the  east  and  west  tiiLuaits. 

1813,  August  9 :  Cron^Udl.     Anamed  f  —  69"  SS'.S. 


Clnla  South. 

■     1    ■■ 

ill 

IV 

' 

U*d. 

E. 

y  Camnpta 

20    S-2, 

23      6. 

0  26   21 . 

2!)     til. 

+  6-.36 

4-5.S6 

82-  44'. 

W. 

CIrdo  Notth, 
y  Ciuiiopea 

i  Caaito/ifs 

1"    2'. 
0    45. 

1'  B-C5'. 
2    4    11. 

16-  20'. 
7      0. 

2fi-2|.. 
9    50. 

r— 2-.10 

{i;:r. 

57"  3i:'. 

*  There  is  ■  ibforeticnl  inaccurac;  in  finding  i,  aiiice  ihia  quantit;  will  be  afrecled 
fa;  tbe  oollimation  error:  but  the  error  will  hare  no  MBRibla  «ft*et  upon  iba  eoeine  of 
BO  amall  a  quanlily.  udIebs  c  is  unusnnll;  litrge.  It  will,  indeed,  be  alwftya  inappn- 
oiable  when  tlie  obaerver  baa  bestowed  ordiaary  care  upon  th«  k^uatmeul  of  tbt 
middle  thread. 
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The  level  was  observed  before  the  east  transit  of  y  Cassiop.  and 
ifter  that  of  d'Gassiop. :  so  that  the  mean  fr  —  +  5".46  will  be 
med  f6r  both  stars  at  the  east  transit.  But  at  the  west  transit 
the  level  was  observed  before  and  aiPter  each  star :  so  that  for 
f (towqp..  at  this  transit  we  shall  use  b  =  —  2".09,  and  for 
iCmhp.,  6  =  —  1".80. 

The  threads  are.  numbered  from  the  circle  end"  of  the  axis, 
md  thread  L  was  first  observed  at  both  the  east  and  west 
transits.  The  equatorial  intervals  from-  the  middle  thread  were — 

I  II  IV  V 

(Circle  NpPtb)    t,  +  34*.4Q  +  18'.74-         ^  16M4  —  33'.33 

The  coUimation  constant,  as  found  from  observations  in  the 
meridian,  was  c  =  +  4".50  (in  arc)  for  **  circle  south." 

The  chronometer  correction,  (sidereal)  was  +  30'.20  at  0*  24"'; 
its  daily  rate,  +  0^.90- 

The  apparent  places  of  the  stars  for  this  date  were — 

a  6 

r  Cassiopece,  0»  47-  21*.49  +  69^  52'  2".3 
d  CassiapeiB,  1   15    40 .88  +  59^  25  6  .2 

To  reduce  the  observations  of  y  Gas8iope(jB^  we  first  find  the 
approximate  value  of  d^  from  the  difierence  of  the  observed  times 
on  the  middle  thread. to  be 

*  =  0»  22*  54*.5 

from  which  we  find,  by  (172),  the  reductions  of  the  side  threads 
to  the  middle  thread  to  be  as  follows : 

I,  II  IV  V 

r  Cassiop.  E.     +  10*  43V2    +  6*  19*.7    —  7*  23*.9  

"      W.  - —  +8    55 .6    —  5    82 .2    — 10-  2e'.4 

Applying  these,  and  proceeding  by  (178),  we  find,-^- 


TRANSIT 

I.VSTHrMENT 

Eut. 

Weit. 

I 

0'  24-  6'.2 

_»_-  _■ 

II 

5.7 

1    9  57  .6 

III 

6.0 

35.0 

IV 

8.1 

53.8 

V 



54.0 

T  = 

0   24   6.5 

7"  =  I    9  55 .3 

b.T  = 

+  30.2 

ar^     +30.2 

r+ir= 

0  24  36 .7 

r+ Ar=l  10  25.5 

1   10  25.5 

0  24  36  .7 

}  9um*^ 

0  47  31 .1 

f  J  diff.  =  02254.4 
\    =*  =  5°43'36". 

a  = 

0  47  21 .5 

J  = 

9.6 

= 

0«  2'  24". 

log  tan  S 

0.2362409 

log  860  * 

0.0021729 

log  COB  I 

log  tan  / 

9.9999999 

0.2384137 

?'  = 

:  59"  59"  29".78 

6  = 

=  i  (5".46  -  2" 

'.09)  ^ 

-i-    1  .(39 

I 

I 


?  ^  59    59  31  .47 
The  obsen'ationB  of  y  Cassiopcte,  reduced  in  the  bbttic  mannCT, 
give  f  =  59°  59'  30".98,  and  the  mean  ia  p  =  59°  59'  31".23. 

The  preceding  methoda  of  reduction  leave  nothing  to  be 
desired  when  the  intervals  of  the  threads  are  known.  When, 
however,  these  are  unknown,  we  may  resort  to  one  or  the  other 
of  the  following  methods,  according  to  the  nature  of  the  obstT- 
vation. 

180.  Ihfind  the  latitude  from  the  observed  fronsi'to  of  a  star  over  the 
prime  vertical,  east  and  west  of  the  meridian,  when  the  msirumenl  is 
reversed  only  between  the  observcUiojis  of  different  nights,  the  intervals 
of  the  threads  being  unknoum. 
Put 

c  =  the  distance  of  any  thread  fVom  the  collimation  axis, 
<>_  =  j  the  elapsed  sidereal  time  between   the  east  and 
west  transits  over  the  same  thread  when  the  circle 
or  finder  is  north, 
S^  =  ditto  for  the  same  star  when  the  axis  is  revened, 
b^b^  =  the  level  coDStante  in  the  two  positions; 
then,  by  (169)  and  (170),  we  shall  have 
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tan  f^  =  tan  d  sec  \  cos  X 
tan  f^  =  tan  d  sec  ^,  cos  X 

c  sin  y^ 

sin  ^ 
csine 

sin  ^ 

The  last  two  equations  involve  but  two  unknown  quantities, 
f  and  c,  both  of  which  may,  therefore,  be  determined.     Put 

then  onr  equations  become 

c  sin  ^^ 


9  —  9o=       r  + 


^  —  ^0  =  —  r  — 


sin  d 

c  sin  ip^ 

sin  d 


Mnltiplying  the  first  by  sin  f  „  the  second  by  sin  ^^,  and  adding 
them  together,  we  find 

^  — n  =  ~  r  r-)^'^-^^ 

Lsin  ^^  +  sin  f^ 

Since  jr  is  very  nearly  equal  to  J  (f ,  —  f ,),  the  second  member  of 
this  equation  involves  the  square  of  ^,  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put  r  =  i(f  ■ ""  f •)  ^^^  substitute  ip  for  \  {fp^  +  f  J,  whereby 

we  obtain 

f  =  f  0  —  i  r*  sin  1"  cot  ^ 

This  method  may,  therefore,  be   expressed  by  the  following 

equations : 

tan  ^^  =  tan  ^  sec  ^^  cos  X 

tan  f  ^  =:  tan  ^  sec  ^^  cos  i 

fo  =  i(s^«  +  ^  +  ^.+  ^)  )    (174) 

Af  =  I  (^^  —  ip^*  sin  1"  cot  s> 

in  which  the  assumed  value  of  ip  may  be  used  in  computing  a^. 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
o{  the  same  star  made  on  different  nights  in  reverse  positions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa^ 
don  on  a  thread  is  lost,  and  the  corresponding  observation  on 


llie  same  thread  In  the  reverse  ]>o»iTtioii  of  the  ajtta  hccomes  d^^Iw, 
In  onlor  to  avail  onrscdveB  of  every  obaervation,  we  may,  aftt-r  t 
sufficient  number  of  obsorvatiouB  bavu  bi-on  made  on  the  same 
Htur,  determine  for  tbi»  star  the  ineuu  differt-nce  between  f  anJ 
f,  "f  K  "1*'  het«'een  <p  and  f ,  +  6,.  and  thoBe  differences  may  be 
nsed  to  reduce  the  obserrations  on  the  Beveral  nights  independ- 
ently of  each  other.     Thus,  if  we  put 

A,f  =  9»— (^ +*,)=  — J^»'.  —  r,+ ft,—  ft.l  — if 

\T  =  V  ~(v.+  l>.)=  +  iiv.  —  r.+  K~  K)—  '^f 

each  complete  pair  of  observations  on  t\vo  nights  furnishes  % 
value  of  a^if  and  \f,  and,  tlie  mean  of  all  being  taken,  any  iuiii* 
vidual  observation  majr  be  reduced  by  the  formula) 

tan  y,=^  tan  i  sec  *,co8  I  P  =  f,  +  ^,  +  ^.? 

or,        tan  <f^  =  tan  i  sec  *,  eoa  k  f  ^  ji^  -f-  6_  +  a^  y 

Thia  method  of  reduction  is  given  by  Professor  Pkirce.* 

182.  The  ijuantity  I,  which  is  the  difference  between  the  riglil 
ascension  of  the  star  and  the  mean  of  tlie  sidereal  times  of  obs«^ 
vation  on  the  same  thread  east  and  west  of  the  mertSian,  eboolf" 
hiive  the  cumc  or  nc:irly  the  same  viiiue  tliroiijrliout  the  serieaof 
observations,  fiincc  any  cbaiifro  of  sufficient  magnitude  to  aflect 
the  value  of  cos>i  sensibly  will  give  different  values  of  p.  orf^ 
and,  consequently  also  of  a,(5  or  4_^,  which  are  here  supposed  to 
be  constant.  To  secure  this  condition,  the  stability  of  the  infltm- 
ment  in  azimuth  must  be  secured,  or  it  must  be  verified  and 
corrected  from  time  to  time  by  means  of  a  terrestrial  mark  to 
which  the  middle  thread  ia  referred. 

183.  The  factor  cosJl  may  be  omitted  (not  only  in  this,  hot  in 
all  other  methods)  throughont  the  reduction  of  a  series  of  obse^ 
vations  where  it  can  be  regonled  as  constant,  and  a  small  cpi^ 
rection  for  the  azimuth  of  tlie  instrument  can  be  applied  to  the 
final  mean  latitude.  If  we  denote  this  mean  by  (f ),  found  ''J' 
neglecting  the  factor  cos/,  the  tnie  Uititiule  will  be  found  bytlif 
formula 

tan  If  ^z  tan  (y)  cos  X 

*  In  ft  memoir  on  tbe  Ulllnde  of  CBmbritlgc,  Maaa.,  Mtmoin  of  An.  Attuintf  'f 
Sdmctt,  VoL  n.  p.  18B 


^ 
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or 

^  =  (9>)  —  I  jlf  sin  i"  sin  2  ^  (175) 

If  thje  azimuth  djeviation  a  ia  required,  it  may  bie  found  by  the 
second  equati(Hi  pf  (167),  which  gives,  very  pearly, 

^in  a  =  siQ  i  sin  f  (176) 

If  the  azimuth  of  the  instrument  is  knowii  indepeudeptly  of 
the  observations  £or  latitude,  we  hAve,  by  substituting  a  for  X  sin  ^, 

^  =  (^)  —  ^  rt«  sin  1"  cot  f  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  difference 
of  file  equations  for  ^,  Art  180,  gives 

^^  (f,  +  ft,— y.--^)Bina 

.2sin  J(f^+f.)cosi(f,  — 9>,) 

for  which  we  ipay  take 

(A  f  4-  Af )  sin  9 
c  =  -^ — * 

sin  f  cos  A^f 
or,  in  most  cases,  *  )   (177) 

(A^f  -j-  Af )  sin  d 

sin  ^ 

This  wi]J  give  the  di^lja^ce  of  each  thread  (the  middle  thread 
inclu4ed)  froni  the  collipiation  axis,  whence  we  cau  deduce  the 
distance  of  each  from  the  middle  thread. 

£uxPLE. — Let  -US  itpply  this  method  to  the  reduction  of*  the 
oiieeiTajdons  taken  ait  Heligoland  by  Hansen,  given  on  p.  249. 

Begiiming  with  the  observations  of  July  31,  "  €:ircle  north/'  we 
find  tf^  for  each  thread  by  taking  half  the  difference  of  the 
obwrv»d  times  on  this  thread,  east  and  west,  and  correcting  for 
Aeclock  rate  in  the  interval,  which  is  here  +  0^.28.  The  value 
ofimaybe  found  accurately  enough  from  the  middle  thread 
tlone.    Thus  we  have 

Mean  of  times  on  middle  thread  =  17*  51*    1'.9 

Clock  corr.  ==    -[-    1    48  .0 

Sid.  time  =  17  62   49  .9 
Star's  a  =  17  52   34.4 

X=  15  .5  =  0°  3'  52". 

Hence  ^e  Siave  log  tandcQSJl  =  0.0996437,  which  will  be  used 
for  all  the  ;threadsy  the  value  of  )x>g  cos  i9^  for  each  thriead  being 
rabtracted  from  ijb  to  ifind  log  tap  f .,  as  follows : 

Vol.-  IL—IT 


TBASSIT   rSSTRUMKNT 


Tbread. 

». 

U,t «,,  «. 

bs"»*. 

*• 

I 

1'  86-  33-.S8 

0.9602592 

0.1893846 

U't^SSTM 

n 

1   87    25.28 

9.0596210 

01401227 

5  12  .» 

m 

I  88    16.08 

9.9687918 

0.14O8519 

7  56.84 

IV 

1   89      8.18 

9.9580351 

0.1416086 

10  47  .« 

V 

1   89    68.38 

9.9572996 

0.1423441 

13  33  .le 

VI 

1   40    48.78 

9.9565540 

0.1480897 

16  21  .07 

VII 

1  41    36.03 

9.9658485 

0.1437952 

18  59  .87 

From  the  observations  of  August  8,  "  circle  eouth,"  ve  find 

Mean  of  times  on  middle  thread  =  17*  50-  3.V.7 

Clock  corr.=^  2     0.6 


Sid.  time 

=  17   62   36.3 

• 

=  17   52    34.^ 

log  tan  3  COB  A  ^  0.0996457             i 

=                 l.S 

=  0'29" 

Thread. 

s. 

Woo.*. 

log  (»n  ♦, 

*. 

I 

1*  41-  39'.2fl 

9.9557996 

0.14S8461 

54=  19- 11" Ji 

II 

40    40.73 

9.9565389 

0.1431068 

16  24  .93 

III 

40      0  ,.'J4 

9.<l.'i72678 

0.1423779 

13  40  .80 

IV 

39      8 .54 

t).9o80299 

0.1416158 

10  49  .01 

V 

38    li).04 

9.9587483 

0.1408974 

8    7.11 

VI 

87    27.04 

9.9594968 

0.1401499 

5  18.50 

Til 

36    37.79 

9.9001968 

0.1394489 

2  40.30 

"With  the  assumed  latitude  f  =54°  lO'.S,  we  find  log  i  sin  1" 
cot^  =  3.9419,  and  the  computation  of  &ip  for  each  thread  ia  M 
follows : 


TbrMd. 

.  „ 

'^6<?--y.)' 

Lji, 

.. 

I 

—  16'  45" .56 

6.0046 

9.9465 

0".88 

II 

—  11  12  .57 

5.6556 

9.6975 

0  .40 

III 

_   6  43  .96 

5,0730 

9.0149 

0  .10 

IV 

_   0     1  .64 

0.4296 

4.3715 

0  .00 

V 

+    6  26  .06 

6.0264 

8.9683 

0  .09 

VI 

+ 11     2  .67 

6,6426 

9.5845 

0  .38 

VII 

+ 16  19  .57 

6.9820 

9.9239 

0  .84 

^ 
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We  have  6^=  —  2".21,  6,=  —  1".91,  J  (6.,+  6,)  =  —  2".06; 
and  hence  the  several  values  of  the  latitude  given  by  the  different 
threads  are  found  as  follows : 


Thread. 

»(♦.+*.) 

f> 

♦ 

I 

54°  IC  48".54 

46".48 

45.60 

II 

48  .65 

46  .59 

46.19 

III 

48  .82 

46  .76 

46.66 

IV 

48  .25 

46  .19 

46.19 

V 

50  .14 

48  .08 

47.99 

VI 

49  .79 

47  .78 

47.35 

VII 

50.  09 

48.  08 

47.19 

Mean  =  46.74 

Hence  f  =  M""  10'  46".74 ;  which  agrees  within  0".03  with  the 
result  found  on  p.  251.  The  slight  difference  is  perhaps  due  to 
imall  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  A^f  and  a^^  for  each  thread  may  be  found  as 
follows : 


Thrctd. 

J(^-^) 

J(^-^.+*.-ft.) 

A^ 

A^ 

I 

—  8'  22".78 

—  8'  22".93 

+  8'  22".05 

—  8'  23".81 

II 

—  5  36  .29 

—  5  36  .44 

+  5  36  .04 

—  5  36  .84 

III 

—  2  61  .98 

—  2  52  .13 

.+  2  52  .03 

—  2  52  .23 

IT 

0    0.82 

—  0    0  .97 

+  0    0  .97 

—  0     0  .97 

V 

+  2  48  .08 

H-  2  42  .88 

—  2  42  .97 

+  2  42  .79 

VI 

+  5  31  .29 

+  5  31  .14 

5  81  .52 

+  5  30  .76 

VII 

+  8    9  .79 

+  8    9.64 

—  8  10  .48 

+  8    8  .80 

^en  \f  and  a,^  have  been  thus  determined  from  a  consider- 
able number  of  observations,  their  mean  values  may  be  used  to 
reduce  the  observations  of  each  night  separately. 

We  may  now  also  find  the  thread  intervals  themselves  by  the 
formula  (177),  which  gives 

I  II  III  rv  V  VI  VII 

cN +32-.37  +21*.65  +11'.08  +0*.06  — 10*.48  -.2K31  —  31*.51 
which  are  the  distances  from  the  coUimation  axis.    The  equa- 
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torial  intervals  of  the  side  fhreade  from  the  middle  thread* 
therefore, 

I  11  III  V  VI  TB 

..     +  32*.31       +  21'.ft9      +  11'.02      —  lO-.M      —  21'.37      —  SW 

which  agree  with  thoee  given  on  p.  249  as  well  ag  can  be  expected 
when  but  four  observations  on  each  thread  have  been  taken, 

185.  Tajhtd  the  latitude  from  the  observed  transits  of  a  star  over  ike 
prime  vertical  when  the  tastrurmnt  is  reversed  between  the  east  and  west 
trmisits,  the  intervals  of  the  threads  being  unknown.— het 

r,  r"  ^  the  hour  angles  of  the  star  on  the  eame  thread  at  the 
east  and  west  trnneiis; 

then,  c  denoting  the  distance  of  the  thread  from  the  collimatioi) 
axis,  we  have 


I 


—  sin  c  =  sin  n  sin  d  —  cob  n  cos  i  cos  (r  —  i) 
sin  c  =  BID  »  Bin  3  —  cos  n  coa  3  cos  (t'—  i) 

the  Slim  of  which  gives 

cot  n  —  tan  3  hoc  J  <^  —  ')  ^^^  U  (/+'')  —  -•] 

But  by  (167)  we  have 

cot  n  cos  H  =  tan  (y  —  fi) 
and  therefore 

tan  (v  —  yS)  ^=  tan  i  sec  ^  (r"  —  r)  see  [J  C^  +  '')  — '']  *'*'"  "* 

in  wliich  ^  =  inclination  of  the  rotation  axis;  and  in  this  case, 
if  b  and  b'  are  the  inclinations  in  the  two  positions,  we  take 
i'  =  J('  +  4')- 

If  now,  to  avoid  all  further  consideration  of  the  clock  rate,  wa 
suppose  all  the  observed  times  to  be  reduced  to  some  assumed 
epoch  {7")  at  which  the  clock  correction  is  a  7",  and  put 

T,  T'  =^  the  clock  times  on  the  given  tbread  nt  the  CMt  and 
west  tninsita,  respectively,  reduced  for  rate  to  the 
assumed  epoch  (7"), 

r,,  r,'^  the  same  for  the  middle  tbread, 

wc  have 
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imd,  since  the  middle  thread  is  very  near  the  eollimation  axis, 

i  =  i(r;+2;)+AT-a 

!(/  —  t)=  ^(2"—  7)=  Relapsed  sid.  time, 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2  ^  :3=  the  elapsed  sidereal  time  between  the  east  and  west 
obaervations  on  the  same  thread  =^  T'  —  T, 
t  =  the  mean    of  the  observed    times    on    that   thread 

i^  =  the  mean  of  the  observed  times  on  the  middle  thread 

and  pat 

we  shall  have 

tan  ^'  =  tan  d  sec  ^  see  y  cos  X  \    /i  tq 

This  method  of  observation  and  reduction  has  the  same 
advantage  as  that  of  Professor  Peirce,  in  not  requiring  a  know- 
ledge of  the  thread  intervals ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night's  work. 

Example. — ^Let  us  apply  this  method  to  the  observations  taken 
at  Cronetadt,  given  on  p.  252. 

For  the  star  y  Cassiopece  we  have  but  three  threads  to  reduce, 
since  thread  L  was  omitted  at  the  west  and  thread  V.  at  the  east 
transit.     For  the  others,  we  proceed  as  follows : 

t^^O^  47*    0*.5  log  tan  d  0.2362409 

Ar=      +    80.2  log  cos  X  9.9999999 

Sid.  time  =  0  47    80.7  log  tan  J  cos  i  0.2362408 

g  =  0  47    21 .5 

X^O    0      9.2  =  2' 18" 

Neriecting  the  chronometer  rate,  which  is  insensible  in  these 
intervals,  we  have 
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log  BCC  X 

lo^  HOC  # 

log  tan  jc' 


n 

Itl 

IT 

0>  39-  24'. 

0*47-  O-.S 

0*  53-  29*. 

0  7  S6.5 

0  0   0. 

0  6  28.5 

0  21  3S. 

0  22  54.5 

0  21  57. 

0.0002393 

0.0000000 

0.0001733 

0.0019377 

0.0021732 

0.0010949 

0.2384178 

0.2384140 

0.2384090 

59°  59'  30".6 

69»59'29".8 

69'  W  28".8 

<f  ^  59    59  31  .42 

For  8  Gassiope(e  we  find,  in  like  maimer,  X  —  V  27",  log  tan  3  cos  ;l 
;  aud  from  the  several  threads. 


0*    3"  20'.5         0»    0"    ()■.  0»    2"  M',5         0*    e-    ]'. 

0    48    49. G  0    43    55.  0    4S    60.S         0    16    38 . 

69°69'30".i       Bo-oa-as^a       eg^oyasr.i      5a"69-28'j 

Mean  ^  =  59=  59"  28".90 
"      6  ^         +2  .OS 


The  mean  result  by  the  two  stars  is,  tlieu,  ^  =  59°  59'  Sl".2<^ 
which  differs  onlj  0",03  from  the  result  found  on  p.  2^,  where 
the  thread  intervals  were  used. 

186.  To  find  the  Uilitutk  from  the  observed  tmnsila  of  a  star  oi-er  the 
prime  vertical,  east  and  west  of  the  meridian,  when  the  instrument  is 
reversed,  al  each  transit,  between  the  observations  of  tlie  star  on  opposite 
sidcH  of  the  prime  vertical.     (Sthtjve's  method.) 

Wlieii  tlic  at..ir  passes  near  the  zenith,  the  intervals  liotwoen 
itfl  tranuita  over  the  threads  become  suriicientiy  great  to  allow 
the  obBerver  to  reverse  the  instrument  between  the  observations 
i»n  two  threads.  He  may  then,  first,  observe  the  star  at  the  east 
transit  on  all  the  threads  on  one  side  of  the  middle  thread  or 
prime  vertical,  and,  reversing  the  axis,  secontUif,  observe  the  star 
on  the  same  threads  on  the  opposite  side  of  the  prime  vertical ; 
then,  allowing  the  axis  to  remain  in  the  last  pOBition,  tkirdti/, 
observe  the  star  at  the  west  transit  on  the  same  threads,  and  then, 
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reversing  the  axis,  fourthly y  observe  the  star  on  the  same  threads 
on  the  same  side  of  the  prime  vertical  as  at  first*  By  this  mode 
of  observation  the  same  thread  is  alternately  a  north  and  a  south 
thread  at  precisely  the  same  distance  from  the  collimation  axis 
at  each  of  the  four  observations  made  upon  it.  Now,  in  the 
equation  (166)  we  have  r  —  >l  =  J  elapsed  sidereal  time  between 
the  east  and  west  transits  over  the  same  thread  in  the  same 
position  of  the  axis :  so  that,  if  we  put 

t  =z\  elapsed  time  between  the  two  observations  on  a  thread 

in  one  position  of  the  axis, 
t'  =  ditto  for  the  same  thread  in  the  reverse  position  of  the 

axis, 

we  have,  e  being  the  distance  of  this  thread  from  the  axis, 

—  sin  c  =  sin  n  sin  d  —  cos  n  cos  d  cos  t 
sin  c  =  sin  n  sin  d  —  cos  n  cos  d  cos^' 

the  sum  of  which  gives 

cot  n  =  tan  d  sec  }  (^  +  V)  sec  }  (^  —  V) 

But  by  (167)  we  have 

cot  n  cos  k  =  tan  (^  —  §1) 

in  which  for  fi  we  must  here  employ  the  mean  of  the  level 
determinations  in  the  two  positions,  or  ^  =  ^(6  +  6').  Hence, 
denoting  f  —  ^  by  y',  we  find 

tan  /  =  tan  d  sec  \(t  +  t')  sec  i(t  —  f ')  cos  X     )     /'l79^ 

where  X  will  be  the  same  for  all  the  threads,  and  may  be  found 
with  sufficient  accuracy  from  any  single  thread  by  taking  the 
difference  between  the  right  ascension  of  the  star  and  the  mean 
of  the  two  sidereal  times  of  observation  on  that  thread.'*' 

Each  thread  thus  gives  a  value  of  the  latitude  free  from  all  the 
inttramental  errors.  The  clock  errors,  however,  have  nearly  the 
tame  effect  as  in  all  the  other  methods :  error  in  the  clock  rate 
affects  t  and  t' ;  error  in  the  clock  correction  affects  X. 

When  there  is  time,  the  middle  thread  may  also  be  observed, 

*  Orwe  vukj  negleot  the  factor  cos  A,  and  apply  a  correction  to  the  final  mean 
htitiide,  as  in  Art.  1S8. 


otica  as  a  liorth  thread  and  once  as  a  eouth  thread,  and  the  ISIl'- 
tude  will  be  found  from  it,  according  to  the  method  of  the  pi** 
ceding  article,  hy  the  formula 

tan  f'  =  tan  daectcoBX 

where  ( will  be  one-half  the  elapsed  sidereal  time  between  the 
observatiooa  on  the  middle  thread.  In  taking  the  mean,  the 
value  of  the  latitude  found  from  the  middle  thread  should  have 
but  one-half  the  weight  of  the  value  on  any  otlier  thread,  since 
it  depends  on  two  obson-ationa  instead  of  foun 

This  method  is  not  miifh  used  in  the  field,  aa  portable  instra- 
ments,  usually  not  vcrj-  firmly  mounted,  and  never  provided  with 
reversing  apparatue,  cannot  be  quickly  reversed  without  risk  of 
disturbing  the  azimuth. 

Example.* — In  the  following  obaervation,  the  axis  was  r*- 
voraed  iraniediately  after  the  star  had  crossed  the  middlo  thread 
at  the  east  transit,  and  was  then  left  in  the  same  position  until 
after  the  star  had  crossed  the  middle  thread  at  the  west  transit, 
when  it  was  again  reversed,  and,  consequently,  restored  to  its 
fij-st  position. 

CroDtUdl,  Aupisl  16,  1B48. 


E«Bt  tranril. 

Wwrt  tr.D«(. 

"""^"' 

i  =  +  1-.7 

S  =  +  1-.2 

Circles.! 
CirtlaHJ 

Thread. 

CbroDomeler. 

CbroDometer. 

I 
11 
lit 
III 
II 

0'  20-  18'.5 
0   22    66. 
0   26     9. 

2'    9-50-.5 
2     7    16. 

2     4     0. 
2     0   32. 
!   67    24. 

0  2»   S8. 
0  82   45. 

6  =  -  2".7 

i  =  -  1".6 

The  chronometer  correction  At  1*  15"  was  +  40'.1 ;  its  daily  rate, 
+  r.74  on  sidereal  time.     The  star's  plaee  was 


•  Saititbgb,  Praet.  Atlron.,  Vol  I,  p.  87t. 
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We  fiad  from  the  middle  thread  k  =  3'.9,  cosJl  =  1.     The  com- 
pntatiou  for  the  several  threads  may  be  arranged  as  follows: 


jyifL  obs'd.  times  S. 

Cbton.  Bate 

Difl  obs'd.  times  N* 

Chron.  Bate 

2t 

2V 

K'  +  O 
J  (t  -  f  0 

log  sec  }  (f  +  t') 

log  sec  }  (^  —  ^') 

log  tail  d  cos  k 

log  tan  tp' 

9 


1*  49-  32*.0 
+    0.1 

1   24    89.0 
+    0.1 

1  49    82.1 

1   24    39.1 

0  48    32.8 

0     6    13.3 

0.0098171 

0.0001600 

0.2284455 

0.2384226 

59^  59^  3r.61 
—    0  .35 

59    59  31  .26 


II 


1*  44-  20*.0 
+      0.1 


1 
1 


80 

+ 
44 

30 


54.0 

0.1 

20.1 

54.1 


0  48   48.55 
0     3    21.5 
9243 
0466 
4455 
4164 
30".33 
—  0  .85 
29  .98 


III 


1*  37-  5K0 
+      0.1 


1   37   51.1 

0  48    55.55 

9722 

4455 
4177 
30".60 
—  0  .35 
80  .25 


Giving  the  value  found  from  the  middle  thread  but  one-half  the 
weight  of  either  of  the  other  two,  the  mean  is  y  =  59°  59'  30".55. 

187.   To  find  the  latitude  from  stars  observed  at  only  one  of  their 

iransils  over  the  prime  vertical. — ^Notwithstanding  the  simplicity  of 

the  preceding  methods,  it  is  not  always  possible  to  apply  them 

in  the  field.    If  the  observer  has  but  a  short  time  to  remain  at 

a  station,  he  may  fail  to  find  a  sufiicient  number  of  bright  stars 

which  pass  near  his  zenith,  and,  if  he  uses  those  which  pass  at 

greater  zenith  distances,  much  time  is  lost  in  waiting.    But  if 

he  can  use  stars  observed  at  only  one  of  their  transits,  he  may  in  * 

two  or  three  hours  obtain  sufficient   data  for  a  very  accurate 

determination  of  his  latitude.    The  following  method  is  based 

upon  that  originally  given  by  Bessel,*  with  some  modifications, 

which  ^pear  to  me  to  facilitate  its  application. 

If  in  the  general  equation  (166),  where  c  denotes  the  distance 
of  a  thread  from  the  collimation  axis,  we  substitute  i  +  c  for  this 
distance,  denoting  now  by  i  the  distance  of  the  thread  from  the 


•  iUifMi.  Hack,,  Vol.  Vt.  No8.  181  and  182. 
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mean  thread,  and  by  c  the  tlistauco  of  the  mean  thread  from  the 
axis,  we  have 

i  -|-  c  =  —  sin  n  sin  4  -f>  cos  n  eoa  S  cob  (r  —  i) 

in  which  r  is  the  hoar  angle  of  the  star,  and  n  and  A  ar«  detei^ 
mined  by  the  conditions  (167). 

Each  thread  gives  au  equation  of  this  form.  Tho  meuii  of 
thcae  equations  may  be  found  by  the  aid  of  our  Tables  VIII.  aud 
VIU.A.,  according  to  the  method  already  explained  in  Art  1'3- 
Thus,  y  being  the  mean  of  the  obaei-ved  times  on  the  several 
threads,  /the  interval  obtained  by  subtracting  each  observed  tim* 
from  this  mean,  x  and  log  A-  the  mean  of  the  several  values  of 
these  quantities  taken  from  Table  VIII.  with  the  argument  X 
we  have 

7;  =  T+x 

and,  since  here  r  is  the  west  hour  angle, 

r,  =  T,+&T—ii 

Then,  ^  denoting  tlie  mean  of  the  equatorial  distances  of  tl»* 
threads  from  the  mean  thread,  we  have 


or,  putting  ^ 

r  cos  3,  =  -  cos  9 

k 
Y  sin  \  =  sin  d 
the  mean  equation  is 

■  =  —  ein  n  sin  t,  4-  cos  n  cos  *,  cos  f  r,  —  D 

r  '  1     >.  1      / 

Developing  cos  (r,  —  X),  and  substiYuting  the  valaes  of  ain  n, 
cosnco3>),  cos  n  sin  i,  from  (167), 

'^ — Aco8(i» — /!)9in  i,+A  Bin(i» — j9)co8^,coBr,-)-BinacoB6coadjUQr| 

in  which  A  and  ^  are  determined  by  the  conditions 

A  sin  ^  ^  sin  b 

h  cos  fi  =  cos  b  COB  a 

But,  since  we  can  always  put  cos  6  =  1,  these  conditions  pve 


then 
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*|  i^PcoBOj  and  h  =  cos  a;  and  even  if  a  were  as  great  as  1^  and 
J= 20^',  we  should  have  6  =  ^  —  0".003 :  so  that  we  may  always 
pnt  4  =  j9. 

We  shall  here  assume  that  the  instrument  can  he  readily 
itTDQght  within  20'  of  the  prime  vertical,  and  then  we  may  safely 
take  A  =  cos  a  =  1,  and  substitute  a  for  its  sine.  Hence  we  have 

+  •  • 

— *= — co6(f — 6)  sin  ^j-|-  8in(f —  6)  cos  ^jcosr^-j-a  cos  ^^smr^ 

Let  f  I  and  z  be  determined  by  the  conditions 

cosz  sin  ^j=  sin  d^ 

cos  Z  cos  ^j  =  cos  d^  cos  Tj 

sin  z  =  cos  d^  siq  T^ 

^  =  sin  (^  —  ^j  —  6)  cos  ;?  -f  a  sin  2r 

where  f  —  f^  —  b  must  be  of  the  same  order  as  a  and  c  +  i^  and 
therefore  may  be  substituted  for  its  sine.  Again,  since  in  this 
method  of  finding  the  latitude  no  observation  will  be  regarded 
18  having  any  value  unless  some  threads  on  each  side  of  the 
mean  thread  have  been  observed,  i^  will  always  be  so  small  that 
no  error  will  arise  in  practice  by  putting  ^  =  1.*  Our  equation 
ia,  therefore, 

c  -f  ij  =  (^  —  ^^'—  b) coH  z  -{-  a  em  z 
Sow  let 

^^  =  the  assumed  latitude, 
a,  =  the  assumed  azimuth  of  the  instrnnient, 
A^,  Aa  =  the  required  corrections  of  these  quantities; 

then,  substituting  ^^  +  ^  ^ud  a^  -f-  ^^  for  <p  and  a,  dividing  the 
equation  by  cos  z,  and  denoting  the  known  terms  by/,  i.e.  putting 

f=^^  +  b  —  v»^—  a^tanz  +  i^  sec  z  (180) 

re  have 

c  BOO  z  —  Aa  tan  z  —  a^  -(-/  =  0  (181) 

hich  is  the  equation  of  condition  furnished  by  each  star.  From 
1  the  equations  thus  formed,  the  most  probable  values  of  c,  Aa, 
id  A^  will  be  found  by  the  method  of  least  squares. 

*  Shaald  an  extreme  case  oecur  where  the  true  value  of  y  was  required,  it  could 
^dilj  ba  found  hj  the  equations  y  cos  d^  =  ~  cos  d,  y  sin  d|  =  sin  d. 


}  m 
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The  values  of  fp,  and  2  will  b«  most  readily  foond' 
formuln 

tan  p,  =  tan  3,  sec  r,  =:  i  tan  d  eee  r^ 
Ian  2  =  tun  r,  cos  f , 


and  it  must  be  observed  that  tao  z  vrlll  be  negative  when  tanr| 
is  negative,  that  is,  when  the  star  is  east  of  the  meridian.  Th* 
sign  of  the  term  c  sec  z  must  also  be  changed  whtia  the  axifi  of 
the  instrument  is  reversed. 

ExAHPLS. — The  foliowing  observations  {among  othefs)  wert 
taken  by  Bessel  witti  a  very  email  jiortable  transit  instrument 
for  the  express  purpose  of  demonstrating  the  advantages  of  thil 
method.* 

Munich,  1827.  June  27. 


Cirela  North. 


II 


71  Lyra  E. 
o  Htrculis  W. 
rCi/gni      E. 


29  38.0 


46-  54'.4 
11  38.4 
28   47.2 


11*45- 43'.2]44-3l'.2 
15    34.8 


43-I6'.8 
17  35 .0 
.0 


+  4f87) 
+  0.40^ 
+  0.I1I 


Circle  South. 
^mrrulix'W.U    47 
GGCygm     E.I48    40.8 


50      6.0:12  51  31. 


40    17.2i38    37.6^1  -i 

52    59.6154    32.8|— 1  ,876 


These  obscrvatioTis  were  taken  in  the  garden  of  Dr.  Steisheil's 
house,  where  the  aseumed  latitude  was  48°  8'  40". 

The  chronometer  was  a  pocket  viean  time  chronometer  of 
Kbssel.  Its  correction  to  sidereal  time  at  12*  (by  cliron.)  vts 
fi2'=  +  5*  1"  3'.31,t  and  its  rate  on  sidereal  time  was  +  9'.19 
per  hour. 

The  equatorial  intervals  of  the  threads  from  the  mean  of  ail, 
expressed  in  seconds  of  arc,  were  as  foUowa,  for  circle  norths 

I  II  ni  rv  V 

+  698".0S        +  303".09        +  CMS        —  294".91        —  QlT'.it 

The  value  of  one  division  of  the  level  was  4". 49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  been 
previously  found  to  be  —  1".80  for  circle  north. 


*  Ailron.  A'ath.,  Vol.  IX.  p.  115. 


t  S«e  ths  CKtmpls  on  p.  231. 
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The  apparent  placies  of  the  stars  on  the  given  date  were  as 

follows: 


« 

d 

18*50-   7'.74 

43"  43'  27".72 

15  57    27^5 

46   31  23  ,21 

20  16     4.59 

39    42  32  .96 

16     8    21.85 

45    28  40  .08 

19  35   83.81 

46     7  U  .89 

icLyrce 
oHerculU 

r  Cygni 

fpHerculis 

WOygni 

We  shall  illustrate  the  use  of  our  formulse  hy  giving  the 
reduction  of  the  observations  of  it  LyrcB  in  full.  We  have,  em- 
ploying the  mean  time  columns  of  Table  Vm., 


1 

fLi/rm 

1 

r 

/ 

X 

log  A 

I 

11*48-    6'.4 

—  2-  24'.0 

—  0'.04 

0.0000239 

• 

11 

46    54.4 

—  1    12.0 

0.00 

60 

III 

45   48.2 

—        0.8 

0.00 

0 

IV 

44    81.2 

+  1    11.2 

0.00 

59 

V 

48    16.8 

+  2    25 .6 

+  0.04 

244 

Means 

11  45    42.40 

0.00 

0.0000120 

Hence  we  have 

11*  45-  42'.40 
5     1      1.12 

a  =- 

16  46    43.52 
18   50      7.74 

^1  — 

—  2     8    24.22: 

-  -  30°  51'  3".3 

log  sec  Tj 
log  tan  d 

0.0662574 
9.9806553 

log  tan  Tj    n9.77621 
log  cos  f»,      9.82476 

log*  0.0000120 

log  tan  ^^   0.0469247 


log  tan  z     n9.60097 
log  sec  z       0.03208 


Ve  shall  assume  ^o=  48°  8'  40",  a„=  7'  62",  as  in  the  compu- 
tation given  by  Bessel  ;*  and  hence  we  have 

*  Tkeae  qaantities  are,  of  course,  arbitrary ;  but  it  simplifies  the  equations  of 
Cttditioa  to  make  them  as  nearly  correct  as  possible.  An  approximate  yalue  of  the 
uisiath  m«y  be  found  from  any  etar  by  the  fortnala  «,=  (^  —  ^)  cot  i. 


TEAK6IT 

rNSTRUMEKT 

fi 

=  48 

5' 

21' 

.64 

b 

— 

+ 

20 

.00 

»,t«»i 

=  ^ 

3 

8 

.33 

48 

8 

49 

.97 

J 

= 

+ 

rm 

The  eqaation  of  condition  from  tz  Lyras  is,  therefore, 

1.0767  c  +  0.3990  aa  —  a?"  +  9".97  =  0 
In  the  same  manner,  the  equations  for  the  other  stars  ore  foin 


to  I 


1.0209  c 

—  0.2336  aa 

—  4s» 

+  10' 

.83 

=  0 

1.1645  0 

+  0.5967  6a 

-  a?  +  15 

.93 

=  0 

1.0408  c 

—  0.S0SI4  Affl 

—  As* 

—  17 

.01 

=  0 

1.0504  c 

+  0.3214  Aa 

—  &v 

-12 

62 

=  0 

From  these  five  equatJons  we  find  the  normal  equations, 

5.f688c  +  0,8708  ai  —  1.1709  a?-  +  71".46  =  0 

0.8708  c  +  0.7688  aa  —  0.7741  aj.  +  12  .16  =  0 

— 1.1709  c  —  0.7741  aj  +  5.0000  Ay  —    7  .10  =  0 


".06  with  the  weight  4.203 


i 


Suhstituting  these  values  in  the  equations  of  condition,  we 
find  the  residuale  aa  follows : 


. 

•■ 

-  2".72 

7.40 

+  1  .S3 

1.77 

+  1  .36 

1.85 

—  0  .92 

0.86 

+  0  .83 

0.86 

The  nnmber  of  obflervationa  heing  m  =  5,  and  the  nomher  of 
unknown  quantities  /i  =  8,  the  mean  error  e  of  a  single  obserra' 
tton  is 


=V( 


w ' 


J 
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and  the  mean  error  of  ^<p  is 

•      1/4.203 
Hence  we  have,  finally, 

ff  =  48*  8'  87".94  with  mean  error  ±  1".23 

The  tme  latitude,  found  by  referring  the  position  of  the  in- 
atniment  to  the  Observatory  of  Munich,  was  48®  8'  39".60.  Thus, 
five  observations,  taken  within  about  one  hour  with  a  very  small 
instrument,  sufficed  to  determine  the  latitude  within  l'^5.  From 
the  observations  of  two  other  evenings  combined  with  the  above, 
the  latitude  found  by  Bssssl  was  48®  8^  40'^08,  which  was  only 
0".58  in  error. 

DETSRMIHATION  OF  THE   DECLINATIONS   OF   STARS   BY  THEIR 
TRANSITS   OVER  THE   PRIME   VERTICAL. 

188.  The  transit  of  a  star  over  the  prime  vertical  has  been 
nsed  in  the  preceding  articles  to  determine  the  latitude  of  the 
place  of  observation  when  the  star's  declination'  is  known. 
Conversely,  if  the  latitude  is  otherwise  known,  the  observation 
may  be  used  to  determine  the  star's  declination.  The  modifica- 
tions of  the  formulse  given  in  Arts.  177,  &c.,  necessary  for  this 
purpose,  are  obvious. 

When  the  star  passe»  very  near  to  the  zenith,  the  errors  in  the 
time  of  transit  have  comparatively  small  effect  upon  the  com- 
puted declination ;  for,  by  differentiating  the  equation 

tan  d  =  tan  ^  cos  t 

we  find 

dd  =  —  I  sin  2d  tan  t .  dt 

so  that  the  effect  of  a  given  error  dt  in  the  hour  angle  upon  the 
computed  declination  diminishes  with  the  hour  angle  itself. 

But  an  error  in  the  assumed  latitude  <p  is  not  eliminated, 
though  in  certain  cases  it  will  have  less  effect  than  in  others ; 
for  we  have 

dd  =  d^  • 

sin  2^ 

The  several  values  of  the  declination  of  the  same  star  deter- 
mined on  cQfferent  dates  will,  therefore,  be  affected  by  the  con- 
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frtfttit  error  dependiog  upon  tlie  error  m  the  latitnde,  bat  tb* 
diflereucea  in  these  raluee  will  novortbeU'tis  be  uccuratwl^'  found. 
Ileoce,  the  most  importaot  use  of  such  obeervatiotm  in  not  *» 
much  to  determine  the  absolute  doi^linntion  of  a  star  a«  th« 
changes  of  its  declination  resulting  f>'u>u  abvrratioii,  uutMion, 
and  parallax. 

189.  In  order  to  eliminate  the  instninieiital  errors  in  the  most 
complete  manner,  Stbuve  proposed  the  system  of  obaenntioa 
given  in  Art.  186;  and,  in  order  to  facilitate  the  application  of  j 
tliis  Bjetem,  he  gave  a  new  form  to  the  instrument  constructed 
under  his  direction  for  the  Pulkowa  Observatory, — a  form  wh{<Jl  J 
has  since  been  adopted  in  other  observatories.  J 

Plate  VI.  exhibits  the  principal  features  of  the  Pulkowa  prin^ 
vertical  transit  instrument,*  made  by  Repsold.  The  tele*w*opi 
TT  is  at  the  end  of  the  horizontal  axis  Z)E,  which  rests  in  Vs  al 
VV.  The  pier  PP\a  of  a  single  piece  of  stone.  The  apparatus 
for  reversing  the  instrumotit  is  permanently  secured  within  thr 
pier,  &d  shown  in  the  plate,  the  vertical  rod  R  ami  its  arms  <ia 
being  raised  hr  the  criuik/hy  means  of  the  bevelled  wheel*', 
and  thus  lifting  thfi  telescopa  ooi  of  tiiB  Va.  Wlteu  Site  telewope 
is  lifter]  sufficiently  to  clear  tlie  Vs,  it  is  revolved  180°  (the  exact 
semi-revniution  being  detcnuiued  by  a  stop  d),  and  is  then  agaio 
lowered  into  the  Vs.  The  tiuie  required  in  this  operation  is  bat 
16  seconds;  and  if  the  astronomer  has  commenced  ati  obsen* 
tion  with  the  tube  north,  he  can  continue  the  observation  irith 
the  instrument  reversed,  tube  south,  after  1  minute  and  20 
seconds,  tiiia  time  being  sufficient  for  the  observer  to  rise, 
unclamp  the  instniment,  reverse  it,  and  resume"  his  position  for 
the  observation.  Thus,  even  with  an  instrument  of  large  dime:- 
sious,  the  system  of  observation  given  in  Art.  186  is  easily  carried 
out. 

The  pressure  on  the  Vs  is  in  part  removed  by  the  counter- 
poises Vnr  acting  at  AJV. 

The  pressure  on  the  two  Vs  is  equalized  by  placing  at  D  ft 
weight  equal  to  that  of  the  telescope. 

The  level  LL  may  remain  upon  the  axis  during  reversal. 

The  finder  F  is  similar  to  that  described  in  Art.  120. 

The  reticule  at  the  focus  m  contains  15  vertical  threads  and 

*  Drirriplion  it  Vebttnatoirt  oitnnemiqtu  eeatrai  dt  PvuUmra  (St.  PeMnburg, 
184C),  p.  167. 
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two  horizontal  threads,  as  shown  in  Fig.  2.  All  the  transits  over 
die  vertical  threads  should  be  made  to  occur  exactly  midway 
between  these  two  horizontal  threads,  the  telescope  being  made 
to  follow  the  star's  change  of  altitude  by  a  fine  motion  screw 
(■ot  shown  in  the  plate),  the  handle  of  which  is  within  reach  of 
the  observer's  hand.  The  equatorial  interval  between  the  ex- 
treme vertical  threads  is  15'  15^'  or  61'  of  time. 

There  is  also  a  movable  micrometer  thread  parallel  to  the 
tianrit  threads^ 

The  field  is  illuminated  by  light  thrown  through  the  horizontal 
ins  and  reflected  by  a  mirror  at  JE  towards  the  reticule. 

190.  Example. — The  Allowing  observation  was  taken  by 
BttVYB  with  the  instrument  above  described.* 


1842.  Jrauary  15. 

oDraeonit 

• 

• 

EMt  Tertie*! 6°.6  B. 

West  V.riieal 6*.4  B. 

TiibtS. 

TubtS. 

Lerel.  +  40«.85    —  Sg'.S 

+  40.5      —  85.85 

40.4 

85.8 

40.55         85.86 

40.4 

85.8 

40.5           85.4 

40.4 

85.8 

40.45         85.4 

nnadi. 

I     17* 

54-  SO*.? 

19*  42*  51'.4 

II 

55     8.65 

42    13.65 

TTT 

55   44.4 

41    38.0 

IV 

56   22.25 

40    59.85 

V 

57     0.6 

40    21.7 

VI 

57    40.9 

89    41.4 

VH    17 

58    19.5 

Tube  IT. 

19  39      2.7 

Tube  8, 

VII    18» 

1-   4'.0 

19*  86-  17'.85 

VI 

1    45.5 

85    37.0 

V 

2    29.8 

34    52.35 

IV 

8    12.7 

84      9.8 

III 

8    57.6 

.       83    24.7 

n 

4    89.8 

32    42.1 

I    18 

6    26.85 

19  31    55.6 

level  +  87'.2 

-SO*.© 

+  87' 

.25    —  38'.7 

87.2 

89.0 

87 

.25         38  .7 

87.2 

89.0 

37 

.8           88  .7 

87  .15         89  .1 

37 

.25         88  .7 

*  Atlnmowiiiekt  NaehridKm,  Vol.  XX. 

p.  209. 

^n.  a— 18 


S74  TRANSIT   IKSTKUMENT 

TTio  valne  of  one  diviBion  of  the  level  was  1".002.  The  lati' 
tude,  p  =  59°  46'  18".00.  The  correction  of  the  iutei-val  between 
the  eaat  and  west  traneits  for  the  rate  of  the  clock  was  +  0'.09. 
The  temperature  of  the  uir  in  recorded  at  the  time  of  the  obser- 
vation (in  degrees  of  Reaumur),  an  the  value  of  a  diviBion  of  the 
level  depends  in  some  degree  upon  it. 

According  to  formula  (179),  the  declination  will  be  found 
from  these  observations  by  the  formula 

tan  a  =  tan  y'  cos  i  ((  +  f )  coe  J  ('  ~  f) 

where,  j9  being  the  mean  inclination  of  the  axis,  we  have  p' = jp  — p, 
t=  1  elapsed  time  between  the  observations  on  the  same  thread 
for  "tube  south,"  ('=:the  same  for  "tube  north."  We  omit  the 
factor  cos  ,1,  because  a  fixed  instrument  can  always  be  adjusted 
BO  accurately  that  we  can  put  cos  ^  ^  I. 

But,  instead  of  computing  d  directly  by  this  formula,  we  may 
find  an  approximate  value  by  using  the  constant  value  of  f  in 
the  second  member,  and  then  apply  a  correction  for  the  ineli- 
natioD  j8.     Thus,  we  find" 


tan  i'  ^=  tan  f  cos  1((  -f  (')co8  i((  —  (') 


(183) 


in  which  we  make  a5  additive  by  supposing  ^  to  be  positiire 
when  the  south  end  of  the  axis  is  too  high. 

TJie  distance  c  of  any  thread  from  the  coUiraation  axis  may  be 
found  from  the  two  equations 


n  If  cos  S  cos  t 
a  If  COB  i  cosi' 


the  difference  of  which  gives 

sin  c  ^  —  sin  p  cos  3  sin  \{t  -f  (')  si 


tin  {i  —  S)  =  si 
1  giTM  tbe  formula  for  id  used  i 


(184) 


•  We  h»Te =  —  i,  wbiDoe  w«  reidily  deduce 

U&  d*      tan  ^ 


It,  when  its  aigD  is  ah.iig«il  for  iJte 
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The  compntation  of  the  preceding  observation  may  be  arranged 
ID  the  following  form : 


I 

II 

III 

IV 

V 

VI 

VII 

/  -■■{« 

1*  4S"  ao«.7o 

47«  t«.09 

45«68*.69 

44»37«.69 

43->21M9 

4>  0«.69 

4j«"4C«.21» 

1    26   2»M 

28     2J30 

29  27.19 

30  66.69 

32  22.64 

83   61  .50 

55   13.94 

/                 »('-rO 

0   48    42^ 

4S  46.87 

48  60.22 

48   63.60 

48  66.96 

48   68.06 

48  69  ..31 

1                 i(/-0 

0     5   27M 

4  46.07 

4     6.02 

8  26.26 

2  44.64 

2     2.25 

1   22.34 

kvcMft(r  +  o. 

OJMmi07 

0871 

0642 

0411 

0240 

0106 

0020 

laceM*(f-«) 

9.0906766 

9063 

9901 

9616 

9689 

9S28 

9922       1 

logteo^ 

<K234S728 

6728 

6728 

6728 

6728 

6728 

5728 

logtMl' 

0.3216660 

6662 

6671 

6666 

6G66 

6662 

6670 

1' 

60i>U'80^XX) 

89^.04 

39''.23 

88''.90 

89'M2 

89".04 

39''.21 

fi=  +  0".806 


Mean  d'  =  59°  11'  89".077 
^d=         +0  .815 

J  =  59    11  39  .892 


By  comparing  the  mean  value  of  d'  ^vith  the  several  values 
found  from  the  different  threads,  we  find  the  probable  error  of  a 
single  determination  by  one  thread  in  the  four  positions  is  in 
this    case  only  0".08.      This  observation,  however,  was  taken 
when  the  atmosphere  was  unusually  steady.     From  a  discussion 
of  the  observations  of  29  days  on  this  star,  Struve  finds  the 
probable  error  of  a  single  determination  by  one  tliread  to  be 
0'M25,  and  that  of  the  mean  of  seven  threads,  consequently,  only 
0".047.     To  this  is  to  be  added  the  probable  error  of  the  level 
determination,  which,  from  the  above  example,  is  evidently  ex- 
ceedingly small.   Struvb  concludes  that,  under  the  most  favorable 
conditions  of  the  atmosphere,  the  declination  is  determined  by 
this  method  with  a  probable  error  of  not  more  than  0".05,  and  in 
average  circumstances  with  a  probable  error  under  O'M. 

191.  If  we  wish  to  compute  the  time  of  the  transit  of  the  star 
over  the  meridian  of  the  instrument  from  these  observations 
with  the  utmost  rigor,  we  must  take  into  account  the  difference 
of  level  at  the  east  and  west  transits  over  the  prime  vertical. 
The  effect  of  a  difference  of  level  is  the  same  as  that  of  a  differ- 
ence of  latitude :  hence,  differentiating  the  equation 

cos  T  =  tan  d  cot  ^ 

in  which  t  is  the  hour  angle  at  the  west  transit,  we  have 

A^  tan  d  Af  sin  ^ 


15Ar  = 


sin*  f  sin  t       sin  ^  ^/[sin  (^  -f  S)  sin  (^  —  d)"] 
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The  mean  of  the  tinieo  of  transit  over  the  east  and  westTw 
or  T^  will  be  iiicpeased  by  Jar.     Tutting  then  t^  —  ^  for  if,  tht 
correction  of  the  time  rowilt  be  expreesed  by  the  formula 


(^-j?')alna 


0  sin  f  v'[8in  {f  -f-  i)  lin  (f  —  ij] 


(I8fi) 


Thus,  in  the  preceding  ohsen-ations,  we  have  at  the  ©art  tnoiit 
j9  ^  +  0".689,  and  at  the  weat  transit  j9'  =  +  0".924,  and 


^^ft^  —  0".235 


(t;)- 


18»  48-  41'.09 
—  0.08 

Corrected  r.=  18  48    41.01 


We  can  now  find  the  exact  azimuth  of  the  mstrument.  Tha 
clock  correction  at  18*  48"'  was  -f  8*.S1,  and  the  apparent  right 
aacciision  of  o  Dramnii  was  18*  48"  SCI?  :  hence 


Sid.  lime  =  18*  4S-  49-.32 
«  =  I8  48    50,17 


0.83  = 


-  12".75  in  a 


where  X  is  the  angle  which  the  meridian  of  the  instrument  makei 
with  the  tme  meridian.  Hence,  a  being  the  azimuth  of  the 
rotation  axis,  ivo  have,  by  the  formula  a  ^  ^  sin  y- , 

a  =  —  IV'.O 

Kiiinlly,  if  we  wish  to  determine  the  effpct  of  the  azimuth  npon 

tlic  obeen'ed  declinution,  wl-  liavc  the  formula 


in  which  5,  is  the  declination  deduced  by  assuming  cos  >l  =  1, 
and  5  ia  the  true  declination.     From  this  we  readily  deduce 

a  — J,  =  (li)'dn  V'sin  ZJ  (186) 

and  hence,  in  the  above  example, 

a  —  ^,  =  0".00017 

which  is  altogether  insignificant. 

192.  The  extreme  precision  of  the  method  is  evident  from  the 
above  example.     Nevertheless,  there  remains  yet  a  doubt  aa  to 
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the  perfect  accuracy  of  the  declination  deduced,  arising  from  the 
poMibility  of  a  change  of  azimuth  between  the  east  and  west 
transits.    It  is  evident  from  the  formula 

sin  c  :^  —  sin  n  sin  d  -f  cos  n  cos  d  cos  (r  —  X) 

that  an  increase  of  >l  by  the  quantity  aA  has  the  same  effect  as  au 
equal  decrease  of  the  hour  angle  r,  and  a  change  of  —  A>i  in  r 
prodaces  a  change  of  —  ^  ^i  in  the  hour  angles  used  in  com- 
puting d.     To  find  the  effect  of  this  upon  the  computed  <J,  we 
have,  by  differentiating  the  equation 

cos  r  =  tan  3  cot  f 

irith  reference  to  r  and  d, 

A^  =  —  AT  cos' S  tan  ^  sin  t 


or,  putting  JaJI  for  —  Ar,  and  eliminating  r, 

A^  s=  J  aA  .  <^Q»  ^  Vi^^^  (9  +  ^)  sin  (f> 

cos  f 


-<»)] 


Aa. 


cos  d  ■|/[sin  (f>  -j-  ^)  S'n  (^  —  ^)] 

sin  2^ 


(187) 


The  following  table,  computed  by  this  formula,  is  given  by 
BiiuvK  to  exhibit  the  effect  of  a  change  of  azimuth  Aa  =  1",  for 
liferent  values  of  f  —  3. 


^-i 

Ad 

0"    0' 

0".000 

0    20 

0  .042 

0    40 

0  .060 

1      0 

0  .074 

2     0 

0  .108 

8      0 

0  .186 

4      0 

0  .162 

The  values  of  a5  here  increase  very  nearly  as  Vf  —  3.  For 
^DraconiSj  the  correction  would  be  a^  =  0".055,  Struve  inves- 
%ated  the  probability  of  a  change  of  azimuth  occurring  in  his 
Utttrument    lie  found  that  the  fluctuations  of  the  azimuth  during 
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a  whole  year  had  not  probably  exceeded  one  second  of  arc  oj 
either  side  of  its  mean  value,  and  that  even  the  extreme  chtaig'Gi 
of  temperature  from  winter  to  summer  had  not  produced  &nj 
sensible  eftect  upon  it.     Hence  he  concludes  that  since  the  tem- 
peratures at  the  east  and  west  transits  of  a  star  on  the  same  d&y 
never  differed  by  more  than  2°  R.  or  4J°  Fahr,,  and  generally  but 
a  fraction  of  a  degree,  the  variations  of  the  azimuth  could  not 
have  produced  any  error  which  amounted  to  even  0".01.    It  is 
important  to  observe  that,  during  the  period  referred  to,  the 
screws  for  adjusting  the  azimuth  were  not  touched. 

193.  3Iicrometer  observations  in  the  prime  vertical. — ^When  a  stss 
passes  within  a  few  minutes  of  the  zenith,  its  lateral  motiou 
(across  the  threads)  becomes  so  slow  that  the  observation  of  tb^ 
transit  over  the  side  threads  would  occupy  too  much  time.    TTt® 
star  may  indeed  be  within  the  limits  of  the   extreme  thread 
during  the  whole  time  from  its  east  to  its  west  transit.    In  sa^^ 
cases,  the  movable  micrometer  thread  takes  the  place  of  tl*® 
fixed  threads.     This  may  be  used  in  two  ways :  either  by  settii^^S 
the   micrometer    successively   upon   round  numbers,   identicr^^ 
before  and  after  reversing,  in  which  case  the  observations  a:^® 
reduced  precisely  as  those  made  on  fixed  threads ;  or  by  settim  ^ 
at  pleasure  and  as  often  as  the  time  permits,  in  which  case  U^^ 
observations  are  reduced  as  follows. 

The  micrometer  reading  for  the  case  when  the  movable  threac^ 
is  in  the  eollimation  axis  is  known  approximately:  let  its  assumec^ 
value  be  denoted  by  My  and  its  true  value  by  31  +  c.   Let  us  sup^ 
pose  that  for  "  tube  south''  the  micrometer  readings  increase  a* 
the  thread  is  moved  towards  the  north;  then,  if  ?yi  is  the  reading 
at.  an  observed  transit,  the  thread  is  at  the  distance  m  —  (JI  +  c) 
north  of  the  eollimation  axis,  and  this  distance  is  to  be  substituted 
for  0  in  our  fundamental  equation  (166).     In  this  equation,  w^ 
shall  also  put  X  =  0^  n  =  90°  —  ^,  on  the  supposition  that  the 
azimuth   and   inclination  of  the  axis  are  each  zero,  since  the 
resulting  declination  may  be  corrected  by  the  methods  above 
explained.     AVe  have  then 

sin  (m  —  M  —  c)  =  —  cos  ^  ein  ^  +  ^i"  ?*  ^^^  ^  ^^^  ^ 

=  sin  (<p  —  d)  —  2  sin  ^  cos  d  sin*  }  r 

or,  since  in  the  case  here  considered  ^  —  o  is  but  a  few  minutes, 
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•       ,  -  ^       2  sin  <9  cos  d  sin'  i  r 

^  sin  1" 

For  convenience  in  computation,  let  us  put 

e  =  M —  m 

J,       2sin«Jr    . 
B  =  — : — ---  sm  f  cos  d 
sm  1" 

in  which  sin  f  cos  8  will  be  constant,  and  log  — ; — p;-  may  be 
taken  directly  &oui  our  Table  VI. ;  then  the  equation  becomes 

z  +  c  =  B — e  (188) 

in  which  e  is  given  by  the  observation  for  each  thread,  and  B  is 
to  be  computed  for  the  several  values  of  r  found  from  the  ob- 
Krved  sidereal  times  and  the  star's  right  ascension. 

This  equation  applies  to  the  case  of  "  tube  south."    When  we 
kiTe "  tube  north,"  the  equation  becomes 

.    , -.  .  «       2  sin  <9  cos  d  sin" }  r 

sm  1" 
iothat,  putting  in  this  case 

ef  =m  —  M 

we  have 

z-'C=R-'ef  (189) 

The  instrument  is  reversed  but  once.    The  first  series  of  ob- 

lervations  is  taken  before  the  meridian  passage,  and  the  se6ond 

r  after  it    We  thus  find  from  the  means  of  the  observations  the 

ndoes  of  ^  +  c  and  z  —  (?,  whence  both  z  and  c.  The  uncorrected 

declination  is  then 

^  =  f  —  z 

to  which  we  apply  the  correction  for  the  level,  as  in  Art,  190, 
ind,  if  necessary,  also  the  correction  for  the  azimuth  according 
o  (186> 

It  is  evident  that  this  method  ipay  be  applied  even  to  start 
vhose  declinations  are  someyfhat  greater  than  the  latitude. 

ExAJfPLE. — The  following  observations  are  given  by  Struvb 
rom  among  those  taken  with  the  Pulkowa  instrument  :* 

*  Aitr.  Naeh,,  Vol.  XX.  p.  217. 
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2.  JaDOsry 

16.     i.Fr.«*^Wi. 

. 

Eut  TertiML 

(■ 

-6".5R.)         WMlVwtiML 

l\dhtS. 

T>,UN. 

Level.  +  40'.25 

-37'.S 

+  38-.0 

-ss-.? 

40.3 

37  .35 

38.0 

39  .T 

40.3 

37  .35 

88  .0 

89.7 

40.3 

87  .35 

38.0 

89.7 

Tnnrita. 

Mierara. 

Tr«Mfli. 

Miorom. 

«■  30-  29-. 

9-.315 

9'  48-  42'.6 

14'.771 

30   68.6 

9.550 

48    14 

14  .527 

31    24.5 

9.775 

47    40 

14  .278 

32      0 

10.083 

47    17 

14.068 

32    28 

10  .298 

46    41 

13  .825 

82    6t 

10  .470 

46     9 

13  .697 

33    29 

10 .691 

45    35 

13  .361 

34     4 

10.879 

45    11 

IS  .232 

34    87 

11 .062 

44    40 

13  .077 

9  35    11 

11.226 

9  44    12 

12  .942 

Level.  +  40'.3 

-37'.25 

+  38'.0 

-  39'.7 

40.35 

37.3 

88.0 

39.7 

40.35 

87  .25 

88  .0 

39.7 

40.26 

37  .3 

88  .0 

89.7 

p=  +  Q*MZ  =  +  0".8a4 

In  these  observations,  in  order  to  avoid  any  poBsible  err 
lost  motion  in  the  micrometer  screw,  the  thread  is  always  i 
advance  of  the  star  by  a  final  positive  motion  of  the  screw,  t^ 
by  that  motion  which  increases  the  readings. 

The  valae  of  a  revolaUon  of  the  micrometer  screw  was  1 
by  the  formula 

r  =  28".682  +  (r.000292  (9.6  —  D 
in  which  T^is  the  temperature  indicated  by  the  Reaumur 
mometer;  and,  since.in  this  example  T=  —  6°.5,  we  empl 


=  28".6867 


log  r  =  1.45768 


The  apparent  position  of  the  star  on  Janaaiy  15,  1842, 
according  to  AftOBLANDEa's  Catalogue, 

.  =  ft*  89-  46'.1  i  =  59=  46'  24". 

The  clock  waa  slow  8'.3,  and  hence  the  clock  time  of  the 
-culmination  was  9*  39"  S7*.8,  for  which  we  may,  for  simpi 
take  9*  39-  38',  since  a  small  error  in  this  quantity  will  not 
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the  final  value  of  z  when  the  hour  angles  on  the  opposite  sides 
of  the  meridian  are  so  nearly  equal  as  in  the  present  case. 

With  tie  value  f  —  69^  46'  18",  we  find  log  sin  y  cos  5=9.68846. 
The  assomed  value  of  J!f  =  12^.000 ;  and  hence  the  observations 
may  be  reduced  as  follows : 

TuhtS, 


T 

te**'*' 

M 

m—M 

log<«-JO 

t 

Jf— €«"»4-C 

Diff.  frOOl  IDHUl. 

^  •Inl" 

-^  »•     121M1 

IVA^ 

2^.685 

0.42894 

irm 

-.5''.58 

—  0^.09 

8  41.6 

2.17118 

64  .51 

2.450 

a88917 

70.28 

5  .77 

—  0  .88 

8  13.6 

2.12825 

57  .n 

2.225 

0.84788 

68  .88 

6  .06 

—  0  .62 

7  88 

106842 

49.76 

1.917 

a28262 

54  .99 

6  .28 

4^0  .21 

7  10 

2.00868 

48  .86 

1.702 

0.28096 

48.82 

4  .96 

-f  0  .48 

6  44 

1.94946 

88  .72 

1.580 

0.18469 

48  .89 

5  .17 

4-0  .27 

6    9 

1.87076 

82  .80 

1.809 

0.11694 

87  .55 

5  .25 

-f0.19 

6  84 

1.78420 

26  .46 

1.121 

0.04961 

82  .16 

5  .70 

—  0  .26 

6    1 

1.69885 

21  .49 

0.988 

9.97220 

26  .91 

5  .42 

-f  0  .02 

4  27 

1.58974 

16.91 

0.774 

9.88874 

22  .20 

5  .29 

4-0  .15 

Mean  —  5  .488 


TuUN. 

M—m 

»  — c 

+4«34'. 

1.61222 

17^.81 

0^.942 

9.97405 

27".02 

—  9".21 

5    2 

1.69678 

21  .64 

1.077 

0.08922 

80  .90 

9  .26 

5  83 

1.78160 

26  .81 

1.282 

0.09061 

86  .84 

9  .08 

5  67 

1.84204 

80  .28 

1.861 

0.18886 

89  .04 

8  .81 

6  81 

1.92105 

86  .27 

1.597 

0.20880 

45  .81 

9  .54 

7    6 

1.99551 

48  .05 

1.825 

0.26126 

52  .85 

9  .80 

789 

2.06081 

49  .98 

2.068 

0.81555 

59  .82 

9  .84 

8    8 

2.11852 

56  .49 

2.276 

0.86717 

66  .29 

8  .80 

886 

2.16196 

68  .16 

2.527 

0.40261 

72  .49 

9  .88 

•   4.5 

2.20667 

70  .88 

2.771 

0.44264 

79  .49 

9  .16 

0".08 

—  0 

.08 

+  0 

.15 

+  0 

.37 

—  0 

.86 

0 

.12 

—  0 

.16 

+  0 

.88 

—  0 

.15 

+  0 

.02 

Mesa  --<  9  .178 


Hence  we 

have 

Tube  5. 

Z  +  C- 

-6" 

.488 

«     K. 

z  —  e  = 

9 

.178 

(J  =  +  1".870 


r  =  —  7  .308 

^  =  69*  46'  18".000 

a  s  f^  ~  XT  =:  59    46  25  .808 

Cwr.  jfor  Ind.  of  the  axis  «         4-    0  .324 

a  =  59    46  25  .632 


I'rom  the  differences  in  the  last  column  of  this  computation, 
te  find  the  probable  error  of  a  single  observation  to  be  (KM94, 
Mneed  by  the  error  of  observation  and  the  error  of  the  micro* 
*^.  This  agrees  well  with  the  probable  error  found  for 
^JhemAy  which  was  0^^08  for  four  observations  on  one  thread. 


28S  UEBIDIAN'   CIUOLB. 

The  probable  error  of  four  obaen-fttions  of  u  Ursa  Majitrti 
"0".llt4  •*-  2  =  0".ljy7,   wlik-h   in   eomewhat  greater  than  0".l&, 
apparently  because  it  involves  the  additional  urror  of  tbe  mlcr» 
meter. 

Tlie  probable  error  of  the  mean  value  of  ^  or  erf  the  value  of  i 
found  by  the  preceding  micrometer  obHer\':itioiiB  is  0".194  -;- 1 JI 
=  0".0-13.  The  results  obtained  by  the  micromotor  Lflve,  tlierfr 
fore,  very  neurly  the  same  degree  of  precision  iis  thosu  obuinei 
by  the  fixed  threads,  when  each  method  ia  skilfully  appUwl. 

The  extreme  precision  of  the  observations  with  tins  instrument' 
in  the  hands  of  Sthuvb  is  strikingly  exhibited  in  the  acconlmi 
of  the  values  of  tlie  aberration  constant  dctcnniui-d  from  liw 
changea  of  declination  of  seven  stars,  which  have  already  Wui 
cited  in  Vol.  I.  Art.  440. 


CHAPTER   VX 

TOE    MERIDIAN    CIRCLE. 


194.  Tee  Merklian  Cirde^or  T^-aiisfV  O're^c,  is  a  combination  of  s 
tranait  instrument  and  a  graduated  vertical  circle.  This  circle 
is  firmly  uttached  at  right  angles  to  the  horizontal  axis,  and  is 
read  by  verniers  or  microscopes  (see  Arts.  18  and  21),  which  an 
in  some  cases  attached  to  the  piera,  and  in  others  to  a  fntm* 
which  rests  upon  the  axis  itself. 

By  means  of  this  combination,  the  inatrument  serves  to  dete^ 
mine  both  co-ordinates  of  a  star's  position, — tbe  right  ascenBion 
from  the  time  of  its  transit,  and  the  declination  from  the  zenith 
distance  measuied  with  the  circle ;  or,  if  the  star's  place  is  given, 
it  serves  to  determine  either  the  local  time  or  the  latitude  of  the 
place  of  observation. 

For  the  measurement  of  declinations,  it  takes  the  place  of  the 
Mural  Circle,  which  consists  of  a  circle  motmted  upon  one  side 
of  a  pier,  the  circle  being  secured  to  the  end  of  a  horizontal  axis 
which  entei-s  the  pier.  As  the  latter  instrument  cannot  be  re- 
versed, and  its  axis  is  not  symmetrically  supported,  it  is  not  suited 
to  the  accurate  determination  of  right  ascensions,  and  is  to  be 
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r^rded  as  designed  solely  for  the  measurement  of  declinations. 
iveu  for  this  purpose  the  meridian  circle  is  preferable,  as  it 
idmits  of  reversal ;  and  there  is  always  an  advantage  in  com^ 
bning  determinations  made  in  reverse  positions  of  an  instrument, 
whereby  unknown  errors  may  be  either  wholly  or  in  part  elimi- 
iited.  I  shall,  therefore,  not  treat  specially  of  the  mural  circle. 
&  is  not  probable  that  any  more  instruments  of  that  form  will 
kreafter  be  constructed ;  and  the  method  of  using  those  that 
exist  will  readily  be  understood  by  any  one  who  has  mastered 
ibe  meridian  circle. 

195.  Plates  VUL,  VULl.,  and  IX.  represent  a  meridian  circle  of 
BiPSOLD,  belonging  to  the  U.  S.  Naval  Academy,  and  mounted 
itAunapolis  in  1852.  It  is  almost  identical  in  form  with  the 
meridian  circles  constructed  by  the  same  artist  for  Struve  and 
Bessel  at  the  Pulkowa  and  Konigsberg  Observatories. 

It  has  two  circles,  CCand  C'C\  of  the  same  size,  but  only  one 
of  these,  CQ  is  graduated  finely ;  this  is  read  by  four  microscopes, 
two  of  which  are  seen  at  BB.  The  microscopes  are  carried  upon 
» square  frame  which  is  centred  upon  the  rotation  axis  itself: 
4e  fomi  of  this  frame  is  shown  in  Plate  IX.,  where  the  instru- 
ment is  represented  upon  the  reversing  car.  The  horizontal 
■des  of  the  frame  carry  two  spirit  levels  /,  i,  by  which  any  change 
rfmelination  of  the  frame  with  respect  to  the  horizon  may  be 
ittected. 
The  second  circle  CC,  constructed  of  the  same  size  as  the  first 
&r  the  sake  of  symmetry,  is  graduated  more  coarsely,  is  read  at 
tift^of  two  points,  and  is  used  only  as  a  finder. 
The  counterpoises  WW  act  at  JTJlj  points  nearly  equidistant 
Wtteen  the  telescopes  and  the  Vs,  and  very  near  to  the  circles; 
irrangement  which  prevents  the  possibility  of  any  appreciable 
(noire  in  the  horizontal  axis,  at  the  same  time  that  the  pressure 
rt|*fte  Vs  is  reduced  to  a  very  small  quantity. 

The  inclination  of  the  rotation  axis  is  measured  with  a  hanging 
IweliL. 
^jH  An  arm  FG^  turning  upon  a  joint  at  -F,  receives,  when  hori- 
^|i>Btil,aaarm  which  is  connected  with  a  collar  upon  the  rotation 
^  By  taming  a  screw,  the  head  of  which  is  at  6r,  the  tele- 
*V  is  clamped  in  the  collar,  and  then  a  screw  (not  seen  in  the 
***ing)  acting  horizontally  near  G  gives  fine  motion  to  the 
^•Ittcope  by  acting  upon  the  vertical  arm. 
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Another  arm  fg,  nearly  eimilur  in  its  form  and  arpanpcmenl  to 
FG,  receives  a  vortical  arm  attached  to  the  niicroscoiie  fnnit. 
Screws  acting  horizoritalty  at  g  upon  llio  vertical  arm  wr 
adjust  the  frame. 

These  arms  are  shown  in  Plato  VIH.  as  they  appear  whffl 
thrown  down  and  out  of  use  while  the  instrument  i»  \>^\^ 
reversed.  In  this  pUte  ii  also  seen  the  arrangement  of  lb* 
vertical  arms  and  the  frictiim  rollers  hy  which  th«  wiiuter 
poiitcs  act  ui>ou  the  horizontal  axis,  togethur  with  the  t'orm  li 
tlic  Vs. 

The  field  is  illuminated  hy  light  thrown  into  the  interior  of  tl« 
telescope  through  tubes  at  AA  and  reflected  towards  tlie  reticsle 
by  a  mirror  in  the  central  cube.  The  quantity  of  light  \t  n-pi- 
lated  by  revolving  discs  with  eccentric  apertures  at  the  extroniy 
ties  of  tlio  tubes  nearest  lo  the  Vs.  These  discs  are  reii-olvedbj 
means  of  a  cord  to  which  hangs  a  small  weight  & 

The  reticule  at  m  contains  seven  transit  threads  and  thr« 
micromotor  threads  at  right  unglcs  to  the  transit  threads.  ThcM 
three  threads  have  a  common  motion,  their  distance  from  e«k 
other  being  constant.  This  distance  being  known,  an  obner* 
tiou  on  either  of  the  Mctreme  thread*  can  be  reduced  to  ill* 
middle  thread.  The  micrometer  thus  arranged  is  intended  fw 
the  measurement  of  email  diffcrenee*  of  deoliniition,  and  aWfur 
the  measurement  of  absolute  declinations  when  used  in  «iB- 
juiuliim  with  the  graduated  circle,  as  will  he  fully  explained 
hereafter. 

The  graduated  circle  of  this  instrument  ia  nearly  80  inch**!!! 
diameter,  and  reads  directly  to  2"  hy  the  graduations  on  tie 
micrometer  heads  of  the  reading  microscopes ;  and  by  estimatiDg 
the  fraction  of  a  graduation  of  the  micrometer  head,  the  readinjl 
is  carried  down  to  0".2.  This  is  a  sufficiently  great  degm'i'f 
accuracy  of  reading  to  correspond  to  the  dimensions  and  o|'ti'*' 
power  of  this  instrument ;  but  in  larger  inslniments  the  rea^ng 
is  sometimes  carried  down  to  0",05,  or  even  less. 

Tlic  discussion  of  the  errors  of  the  circle  of  this  instrument  i* 
given  in  Arts.  28,  82,  and  33." 

*  The  errors  of  ilio  circle  m\y  not  be  tnniilAnl.  linco  Ihoj  msf  fluctuilc  wiib  1^' 
tempemlure  of  ils  vnrious  p&rlB.  We  may.  howcTcr,  ■•■guine  IIikI  Ibe  rrrors  " 
differed  lempemlurM  will  be  rbe  »«mo,  provided  Ihe  eipanBiOn  of  Ihe  cirel*  f"*" 
increase  of  lemperalure  Is  unirorm  ibrauglioul  alt  Us  parls.  Far  Ihe  gmlcfl  f*" 
cision,  therefore,  we  shoolil  endsiTor  Id  secure  tliii  Doudillon  of  tm^orm  tn^f^"'' 
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A  mercury  collimator  should  be  placed  permanently  beneath 
the  floor  directly  under  the  centre  of  the  instrument,  covered  by 
ft  movable  trap^ioon 

I  proceed  to  consider  the  methods  of  observing  with  the  meri- 
fian  circle.  Its  application  as  a  transit  instrument  will  be  suffi- 
cientiy  clear  from  the  preceding  chapter.  It  is  necessary  to  treat 
kre  only  of  the  use  of  the  circle  and  micrometer  in  the  mea- 
nrement  of  nadir  distance,  zenith  distance,  polar  distance,  or 
iltitude  of  a  star,  fit>m  which  either  the  declination  of  the  star 
or  the  latitude  is  found. 

196.  Nadir  point — ^The  first  of  the  methods  of  using  the  instru^ 

Bent  which  I  shall  treat  of  is  that  in  which  all  observations  with 

fte  circle  are  referred  to  the  nadir.    Let  us  first  suppose  the 

instrument  to  be  perfectly  adjusted  in  the  meridian,  and  the 

observation  of  a  star  to  be  made  at  the  instant  of  its  transit  The 

ndir  point  is  obtained  by  directing  the  telescope  vertically 

towards  the  mercury  collimator.     To  take  the  simplest  ease,  let 

M  suppose  the  sight  line  to  be  determined  by  a  fixed  horizontal 

ttrsad  (at  right  angles  to  the  transit  threads).    Let  this  thread 

be  brought  into  coincidence  with  its  reflected  image.    The  sight 

he  is  then  vertical,  and  the  reading  of  the  circle  (by  which  we 

ilways  understand  the  mean  of  all  the  microscopes  added  to  the 

d^^rees  and  minutes  under  the  first  microscope,  or  microscope 

J)  represents  the  nadir  point  of  the  circle.    Let  this  reading  be 

denoted  by  CJ.     The  telescope  being  then  directed  towards  a 

star,  and  the  fixed  horizontal  thread  being  made  to  bisect  the 

star  at  the  instant  oi  the  transit  over  the  middle  vertical  thread, 

let  the  circle  reading  be  C^     Then  the  apparent  nadir  distance 

of  the  star,  which  I  shall  denote  by  N'^  will  be 


for  this  pnrpose,  it  is  adTisable  to  make  tho  piers  sofficiently  high  and  broad  to 
frttoet  the  whole  circle ;  for,  since  the  temperature  of  the  piers  will  often  differ 
ftsm  that  of  the  cirele,  the  radiation  from  them  will  tend  to  produce  unequal  tem- 
^vatares  in  the  dilferetit  parts  of  the  circle,  unless  the  latter  is  equally  exposed  to 
tUs  radialioa  throughout.  But  eren  this  arrangement  will  fail  of  its  object  if  the 
of  the  pieri  is  not  uniform ;  and  therefore  they  must  be  protected  against 
of  tamperatare  as  much  as  possible ;  for  example,  by  first  coating  them 
vfch  oil  or  some  other  preparation  to  exclude  moisture,  then  wrapping  them  in  cloth, 
aai  iBaHy  CBcasing  them  in  wood,  as  proposed  by  Dr.  Gould  for  the  meridian  circle 
if  tbs  Dodlflj  Obscrratoiy. 
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and  tbia  distance  is  usunlly  reckoned  from  0°  to  3iJfl°  from  tk 
uiulir,  through  either  the  Honth  point  or  the  nortli  point,  accont 
iug  to  the  direction  in  which  tlie  gnuliiations  iacreasc,  TIai 
direction  is  different  in  the  two  positions  of  the  nrtation  ui& 
Supposing  the  position  of  tlie  axis  to  be  indicated  hv  that  rf 
the  circle  itself,  let  ns  asflume  that  the  nadir  distjince  ia  ret'koneJ 
throngh  the  south  point  for  nrclf  caxt,  and  through  the  north 
point  for  circle  itcM.  'If  we  denote  the  apparent  zenith  distafltt 
of  the  star  south  of  the  zenith  by  z',  we  shall  then  have 

z-  ^  ±  (180»  -  JV)     /  +  '^'"  *'■"''''  ^^^  \ 
^  \  —  for  circle  west  f 

In  obtaining  the  circle  readings  Q  and  C",  the  oorrection  for 
error  of  runs,  when  such  error  exists,  must  be  applied  as  explaiwl 
in  Art.  22.  But,  with  the  aid  of  the  telescope  microinetet,  W 
can  avoid  the  "rror  of  ruHB,  a«  follows.  In  observing  tlie  nwfir 
point,  set  the  circle  bo  that  an  exact  division  is  nndor  or  oeaHj 
Hiider  tlie  eero  of  one  of  the  reading  microscopes,  that  is,* 
that  all  the  microscopes  will  rend  nearly  0"  :  their  mean  will  not 
require  any  sensible  correction  for  runs.  But  the  fixed  thfeid 
will  t^en  not  be  in  ooin^^denee  with  ite  image.  Measure  At 
distance  of  the  fixed  thread  from  its  imago  by  the  micremeter. 
One-half  this  dist^mce,  being  applied  to  the  circle  reading,  will 
give  *he  reading  for  nbsolnte  coincidence.  In  like  manner,  in 
observing  the  star,  set  the  circle  again  upon  an  exact  diviBion, 
and  bisect  the  star  \vith  the  micrometer  thread  ;  the  di^itance  of 
the  micrometer  thread  from  the  fixed  thread,  being  applied  to 
the  circle  reading,  will  give  the  required  reading  C. 

But,  when  the  micrometer  ia  employed,  it  is  altogether  p^efe^ 
able  to  dispenHo  ivith  the  fixed  thread  and  to  depend  eololynpon 
the  movable  one.  Thus,  to  determine  the  nadir  point,  having 
brought  the  circle  division  which  is  nearest  to  the  nadir  point 
rending  under  microscope  A.  kt  the  mean  reading  obtiimci 
from  all  the  microscopes  be  called  Q.  Bring  the  micrometer 
thread  into  coincidence  with  its  image,  and  let  the  micrometer 
reading  be  M^  which  we  shall  suppose  to  be  converted  into  arc 
by  multiplying  by  the  value  of  a  revolution  found  according  tfl 
Art.  46  or  47.  It  is  now  evident  that  when  the  telescope  is 
directed  upon  a  star,  if  the  micrometer  reading  remains  Ji,  while 
the  thread  bisects  the  star  and  the  circle  reading  is  C,  the  na^r 
distance  is  C —  Q,  precisely  as  if  the  micrometer  thread  were 
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.  Bat  the  reading  C  will,  in  general,  involve  an  error  of 
to  avoid  which,  set  the  circle  as  before  upon  a  neighboring 
division,  and  let  the  reading  be  still  called  C ;  then  bisect 

ar  with  the  micrometer  thread,  and  let  the  reading  be  M' ; 

adir  distance  of  the  star  will  be 


J^'=((7'-Q  +  (Jf'-Jf,) 


(190) 


actice,  this  method  will  be  found  much  simpler  than  it  at 
appears.  The  finder  should  always  be  adjusted  so  that 
3  minutes  in  its  reading  correspond  to  whole  minutes  of  the 
ipal  circle.  Then,  in  all  observations  of  the  nadir  point, 
it  the  finder  to  the  same  exact  division ;  and,  in  observing 
ar,  we  compute  its  approximate  nadir  distance  to  the  nearest 
te,  and  set  the  finder  upon  this  minute, 
the  above  formula,  we  suppose  the  micrometer  readings  to 
ise  with  the  circle  readings. 

AMPLE. — On  May  4,  1856,  the  telescope  of  the  Meridian 
e  of  the  Naval  Academy  was  directed  to  the  nadir  by  setting 
nder  upon  0°  0',  and  the  mean  of  the  four  microscopes  gave 
ircle  reading 

C„  =  859^  Sy  54".70  (or  —  O*'  0'  5".30) 

micrometer  thread  was  then  brought  alternately  north  and 
I  of  its  own  image  in  the  collimator,  so  as  to  form  each  time 
are  with  the  ihiddle  transit  thread  and  its  image  (as  in  Art. 
and  the  micrometer  readings  were  as  follows : 


Image  iV. 

S, 

Meani. 

5''88*'.4 

40-.8 

5-  87^.10 

82.9 

40.4 

86.65 

88.0 

40.8 

86.65 

88.5 

40.5 

87.00 

M^  ==  5'  86'.85 

it  M^  was  the  reading  when  the  micrometer  thread  was  in 
idence  with  its  image. 

3  telescope  was  then  directed  to  Polaris  at  its  upper  culmi- 
i  by  setting  the  finder  at  229°  32'  (the  latitude  being  88*^  69', 
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the  declination  88**  32',  and  the  refraction  1',  approximatel^^^J 
and  at  the  time  of  the  star's  transit,  the  micrometer  threfift.< 
bisecting  the  star,  there  were  found 

Circle  reading  C  =  229^  82^  7^47 
Microra.   "       M'  =  f^  50*.6 

The  value  of  one  division  of  the  micrometer  was  0".927.  Hence 

C  —  C,  =:  229*  82'  12".77 

-af'  -^  Jtf.  =fi  +  18^.76  =  +12  .75 

(JNT')  =  229    82  26  M 

This  is  the  apparent  nadir  distance  upon  the  supposition  that  the 
position  of  the  reading  microscopes  (which  rest  on  the  axis  dt 
the  telescope'*')  remained  absolutely  fixed  while  the  instrament  i 
revolved  from  the  nadir  to  the  star.  To  determine  this,  the 
spirit  level  was  applied  to  the  microscope  frame.  At  the  nadir 
reading,  the  inclination  of  the  frame  was  i^  =  — 1".23,  and  at  the  ' 
observation  of  the  star  it  was  i'  =  —  1".54 ;  and  hence  we  have 

(JV)  =  229*  82'  25".52 
t '  —  i^  =  ~  0  ,81 

N'  =  229    32  25  .21 

In  this  observation,  the  circle  was  east,  and  the  nadir  distance 
was  reckoned  through  tlic  south  point. 

197.  Since  C^  and  3/^  will  be  applied  in  reducing  all  the  obser- 
vations made  on  the  same  day,  or  so  long  as  these  quantities  are 
regiirdcd  as  constant,  it  will  be  convenient  to  combine  them  once 
for  all.     We  may  either  convert  the  micrometer  reading  iuta 
seconds  of  arc  and  add  it  to  the  circle  reading,  which  will  give 
the  circle  reading  when  3/^=  0;  or  convert  the  seconds  of  the 
circle  reading  into  div^isions  of  the  micrometer  and  add  it  to  the 
micrometer  reading,  which  will  give  the  micrometer   reading 
when  Cq=  0.     Thus,  if  we  take  the  latter  method  in  the  pre- 
ceding example,  we  have  Cy=  —  5". 30  =  —  5''.72  of  the  micro- 
meter.    Wc    then    take    {M)  =  C^+ 3f^=  5' SG'^.So  —  5''.12  = 

*  As  this  construction  involyes  the  necessity  of  an  additional  obsenration,  and 
thus  introduces  another  source  of  error,  it  appears  to  be  preferable  to  attach  the 
reading  microscopes  permanently  to  the  piers,  prorided  the  piers  are  wen  guarded 
against  changes  of  temperature  which  might  alter  the  relatiTo  poaitioDs  of  iht 
microscopes. 
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ySKlS,  which  we  may  call  the  micrometer  zero;  and  in  any 
oteenration  of  a  atar  when  the  circle  reading  is  C  and  micro- 
meter reading  Jtf"',  the  nadir  distance  will  be  simply  (JV')  =  C 
+  M^—  (if).     In  this  example,  therefore,  we  should  have 

C'=229^32'    7".47 
M'  ^{M)=z  +  19-.47  =  +1S  .05 

(N')  =  229    32  25  .52 

198.  Instead  of  a  single  micrometer  thread,  Bessel  used  a 

doable  one,  consisting  of  two  very  close  parallel  threads.     The 

right  line  is  then  a  line  which  bisects  the  angle  between  the 

threads,  and  a  star  is  always  observed  when  it  is  estimated  to  be 

midway  between  them.    It  was  the  opinion  of  Bessel  that  even 

greater  accuracy  was  attainable  in  this  way  than  in  bisecting  a 

star  by  a  single  thread.     Although  there  may  be  some  doubt  of 

this  being  true  for  all  observers,  still  the  method  has  advantages 

in  determining  the  nadir  point.     The  sight  line  determined  by 

tiie  middle  point  between  the  threads  will  be  vertical  when  each 

thread  is  in  coincidence  with  the  image  of  the  other  thread.  But, 

M  we  cannot  depend  upon  such  directly  observed  coincidences, 

the  micrometer  reading  for  coincidence  is  found  by  taking  the 

mean  of  two  observations,  at  one  of  which  the 

image  of  one  of  the  threads  is  placed  midway  a 

between  the  threads,  and  at  the  other  the  image 
of  the  other  thread  is  so  placed.     Thus,  at  one  ^ 

observation  we  make  the  observation  a,  Fig.  47,  ~ 

tod  at  the  other  the  observation  6,  and  take  the  mean  of  the 
corresponding  readings. 

199.  Seduction  to  the  meridian. — In  the  above  method  of  obser- 

nition,  the  determination  of  the  nadir  point  is  made  verj^  precise 

bj  repeating  the  readings  of  the  circle  and  micrometer,  but  the 

reading  for  the  star  depends  upon  a  single  observation.   In  order 

topveboth  measures  at  least  equal  precision,  we  must  make 

leveral  bisections  of  the  star  by  the  micrometer  thread  during 

the  passage  of  the  star  across  the  field.     But,  since  the  star  in 

general  describes  a  small  circle  in  the  field,  all  the  measures  on 

either  side  of  the  meridian  will  require  a  correction.     In  inves- 

^Bting  this  correction,  I  shall  suppose  that  the  instrument  is  not 

preciflely  in  the  meridian,  in  order  to  see  what  eflfect  its  errors 

!iave  upon  the  observed  declination. 

Vol.  IL— 19 
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lu  Fig.  48,  conatrncted  as  in  Art.  123,  U't  0  be  the  poeitionof  ^ 
p.    ^g  the  8Ur.     The  great  circle  duscnM 

by  the  telescope  in  N'Z'S',  uud  Z'  i* 
the  zenith  of  the  iiiBtrumeiit.  The  | 
arc  AO  drawn  from  the  pole  of  the 
great  circle  N'Z'S'  to  the  star  ifcler- 
sects  thia  circle  in  0',  and  00'  re- 
presents the  micrometer  tliread  which 
btaecta  thti  star,  since  this  tliread  u 
aUo  perpendicular  to  tlie  plane  of  thi, 
instrument,  and  O'O^c  is  the  diM 
tance  of  the  star  from  the  coUimntii 
axis.  If  the  teleacopo  were  directed  to  the  pole,  the  thrt 
would  coincide  with  PP',  P'  being  the  point  in  which  the 
circle  A  P 'mtBr»evtn  N'Z'S'.  Hence,  P'  is  the  apparent  pole  of 
the  inatniment.  and  the  apparent  polar  distance  of  the  etar.  as 
given  by  the  iiiBtrumrnt,  is  P'0'=  90°—  $'  (denoting  tho  in- 
stnnnenUil  declination  \>y  d').  But,  since  the  triangle  P'AO'  is 
right  angled  at  P'  and  0',  the  angle  P'AO'  is  meaeureil  )ifi 
P'O'.  We  have,  therefore,  in  the  triangle  PylO{with  the  uot»«] 
tion  of  Art.  123^  the  aides  PA  =  90"  -  n,  AO  =  90"  +  c,P^ 
=  90°  —  a,  with  the  angle  y)  PO  ^  90°  +  r  —  m,  and  the  angle 
PAO  =  90°  -  ,y.     Uence,  hy  Sjih.  Trig., 


sin  3  =  - 

COB  i  sin  (r  —  m)  =^ 

COB  5cos(t  —  m)  =^ 


ri  f  -j-  COS  n  cos  i 


,i„ .'  I 

cos  S'    ) 


(191) 


in  whicli  d  is  the  corrected  declination,*  r  is  the  east  hour  angle 
of  the  star,  and  m  and  n  are  the  instrumental  constants  as  deter- 
mined by  transit  observations  {Art.  151).  But,  since  n  is  exceed- 
ingly small  (seldom  more  than  O'.S  —  7".5)  and  c  not  more  thiin 
15'  even  when  the  star  is  observed  near  one  of  the  extreme 
transit  threads,  the  product  sin  c  sin  ?!  will  be  insensible,  and  we 
may  always  put  cosw  =  ].  The  first  and  third  of  these  eqaa-  I 
tioufl,  therefore,  become 

sin  i  t=  cos  c  sin  3' 
COB  S  COS  (r  —  m)  ^  cos  c  cos  S' 
whence 

Un  3  =  cos  (r  —  m)  tan  S'  (192) 

•  That  is,  A  is  the  appurent  deoliniilioii  (affected  by  refraction  and  parallsi)  u  it 
would  be  given.by  an  observation  in  the  meridian  irith  a  perfectly  ailiuBlcd  instmiDniit. 


Ok. 
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from  which  it  appears  that  the  only  correction  for  the  error  of 
the  instrument  with  respect  to  the  meridian  is  the  subtraction 
of  the  constant  m  from  the  hour  angle.  The  value  of  d  will  be 
fooDd  more  conveniently  by  developing  it  in  series  by  PI.  Trig. 
Alt  254 ;  we  find 


10  which 


^     sill  1"    ^    2  sin  1"    ^ 


sin*  \{r  --m)  X     ,  w  X 

a  = ^: ^ —  =  ~  tan*  \(r  —  m) 

^  1  —  sin* }  (t  —  m)  ^ 


As  it  is  more  convenient  to  employ  8in^J(r  —  rw)  instead  of 
tan*  J(r  —  m),  because  tables  of  the  former  quantity  are  in  com- 
mon use  (see  Tables  V.  and  VI.),  we  develop  q  in  the  form 

q  =z  —  sin'  ^  (t  —  wi)  [1  —  sin'  J  (r  —  m)]  "^ 
=  —  sin*  ^  (t  —  m)  —  sin*  ^  (t  —  m)  —  &c. 

and,  substituting  this  value,  we  find 

.  ,,  sin*A(r  — wi)  .  ^ .,  2flinM(T  — m)  .  „*/  •  iw  ,^f^<y\ 
•=^' ±> L  sin  2d' =-^ <■  sm  2^'8m*d'      (193) 

sin  1"  sin  1" 

where  the  last  term  is  usually  insensible,  and  the  term -. — — — - 

•^  sm  r 

rin  2 J' is  called  the  reduction  to  tlie  meridian.*  In  computing 
this  term,  we  may  use  8  for  d'.  The  correction  is  always  sub- 
tractive  from  the  instrumental  declination.  If,  however,  we  wish 
to  apply  it  to  the  observed  nadir  distance  i\'',  wo  must  observe 
the  sign  of  N'  in  (190).  For  circle  east,  the  reduction  will  be 
additive  to  iV',  and  for  circle  west,  subtractive  from  N', 

Example. — In  the  observation  of  Polaris  on  May  4,  1866,  p. 
287,  the  star  was  not  only  observed  at  the  time  of  its  transit,  but 
it  was  bisected  by  the  micrometer  thread  a  number  of  times 
during  its  passage  over  the  field,  the  clock  being  noted  at  each 
bi.^eetion,  a«  in  the  following  table,  which  contains  also  the  re- 
daction of  the  observations : 

*  The  last  term  of  the  series  becomes  a  maximum  for  a  given  value  of  r  —  m 

*     A   1  /  \ 

vWii  6  =  60®,  iiv  which  case  the  value  of  the  term  is   ^ •  \  y/Z,  which 

sin  1" 

taoiiBCs  to  0".01  only  when  r  —  m  =  6"*  23*.  For  cJ  =  88°  3(y,  the  term  amounts 
to  (T.Ol  only  when  r  —  w  =  12"*. 
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jr 

a 

^.. 

"-l 

1»  I"  &!■ . 

f  fifCS 

+  I8f  65  =  -A.  ir.M 

+  2-6-''. 

-VA\ 

+  I3-.M 

-'J 

2    17 

60,9 

14  .06           IS  M 

»    26 

0  .3(1 

12  .72 

-(-'-■hI 

2     49 

50.8 

18.1-5            1-2.93 

1    6( 

0.18 

12  .76 

+ojni 

8     16 

60,6 

IS  M            12  .06 

1    27 

0  .11 

12.54  +  O.lMI 

3    36 

60.2 

ID  .86            12  .88 

1      8 

(1  .06 

12  .S2-0.hJ| 

4      0 

SO  .4 

13  .66           12  .m 

0   48 

0  .08 

12  .68 

+«.« 

4  m 

60.8 

18  .05           12  m 

+0    IS 

0  ,00 

12  .98 

+  0,* 

4    67 

60.4 

13  .65            12  .66 

-0    14 

0  .((0 

12  .S8 

+  0.tt 

U     11 

4I».4 

12.58            11-68 

1  as 

0  .11 

11  ,62 

-0.11 

S    87 

60.4 

18.66            12.56 

1    64 

O.IB 

12  .88 

-O.0B 

7      tt 

4«.8 

13  .M            12  .00 

i    17 

0  .26 

11  .74 

-0.70 

7    M 

61  .a 

14  .86            18  .8(1 

2    41 

0.86 

12  .04 

+  0.M 

7    5S 

60.9 

14  .06            18  .02 

-3    12 

-0.51 

+  12  .61 

+  O.0I 

Meui 

+  12  .44 

The  colu 

un  7"  contains  the  observed  clock  times 

M'  the  raicr*- 

meter  re 

wling  at  each  biBcctton  of  the  star;  A 

'  -  J/,  is  found' 

fi-oin  the 

ohaer^'ation  of  the  nadir,  which  gave 

3/„  =  5'36^.8V 

and  M"  is  the  value  of  M'  —  M^  in  arc,  the  va! 

le  of  a  division 

being  0". 

927.     To  find  r  —  m,  wu  observe  that  the  hoar  angle  t1 

8  Ibuud  by  the  formula 

1 

7- ^  a  -  ( 7" -f  a  T) 

J 

a  boinp  the  ri^ht  ascension  of  the  star  and  iTthe  clock  correc- 
tion, and  hence 

r  —  m^a  —  aT— m—  T 
or,  putting 

wo  have 


In  the  present  example,  the  value  of  m  was  -f-  0',42,  and  aTwm 
+  V  2'.85.  The  apparent  place  of  the  star,  from  the  American 
Ephemeris,  was 


»  =  1»  5-  46'.29 


S  ^  88°  32'  2C".00 


Hence,  a' —  V  4"  43'.0,  the  difference  between  which  and  each 
jTis  given  in  the  column  r  —  i». 

The  reduction  to  the  meridian,  here  denoted  by  if,  is  conve- 
niently computed  by  the  aid  of  Table  VI.,  under  the  form 


iiL: 


m)^ 


(194) 


This  reduction  is  here  to  be  applied  to  the  observed  nadir  dis- 


Ok. 
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e  with  the  same  sign  as  to  the  declination,  for  the  finder  was 
,  and  the  nadir  distance,  being  reckoned  through  the  south 
:  over  the  zenith,  increases  with  the  declination.  The  two 
titiea  M"  and  E  being  applied  to  the  difierence  of  the  circle 
ngs  for  the  nadir  point  and  the  star,  we  have  the  apparent 
distance  of  the  star  in  the  meridian.  The  sum  M"  +  B 
d  then  be  the  same  for  each  observation,  and  we  have  here 
I  its  value  for  each  in  order  to  determine  the  probable  error 
servation.  From  the  "differences  from  the  mean*'  in  the 
olumn,  we  find  that  the  probable  error  of  a  single  observa- 
vas  0".28,  which  includes  the  error  in  bisecting  the  star  by 
bread,  the  error  arising  from  unsteadiness  of  the  star,  and 
3  of  the  micrometer. 

e  meridian  nadir  distance  of  the  star  from  the  mean  of  all 
bservations  is  then  found  as  follows : 


(From  page  288)  C'—C^- 

Corr.  for  incl.  of  microscopes  =  t '  —  i^  = 

N'  =  229    32  24  .90 


229^  82'  12".77 
+  12  .44 
—    0  .31 


observation  was  taken  to  determine  the  latitude,  and,  in 

r  to  find  the  refraction,  the  barometer  and  thermometer 

observed  both  before  and  after  the  observation,  as  follows : 


Barometer 
Attached  Therm. 
External 


<( 


Atl*0"». 


30M76 
54  .9 


At  l»  12'?«. 


30*».210 
56^6 
54  .6 


Means. 


30M93 
56^8 
54  .75 


;e,  using  Bessel*s  Refraction  Table,  we  find 


—  / 
Befraction 

—  z 
d 


49°  32'  24".90 
1     8  .05 

49    33  32  .95 
88    32  26  .00 


SP  =  38    58  53  .05 

I.  Horizontal  point. — Observation  of  a  star  by  reflection. — The 
d  method  of  using  the  instrument  is  that  in  which  the 
ent  altitude  of  a  star  is  determined  by  taking  half  the 
AF  distance  between  the  star  and  its  image  reflected  in  a 


1 
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busin  of  mercury.  The  direct  observation  of  the  star  is  usualljH 
made  before  the  meridian  transit,  and  tliut  of  ttie  reflected  imag^a 
after  the  transit,  or  rice  versa,  and  each  is  reduced  to  the  meridian 
The  diflierenee  of  the  two  reduced  circle  readings  (plus  the  dii^^ 
ference  of  the  micrometer  readings  if  the  obsciTutions  are  mfld^= 
on  the  movable  thread)  is  twice  the  meridian  altitude.  The  halT" 
aura  of  these  readings  ie  the  reading  wlien  the  sight  line  is  hori — 
zoutul,  and  representa  the  fioraoiitiU  point  of  the  circle.* 

In  observing  equatorial  stars  by  this  method,  the  circle  is  eet^^ 
approximately  for  the  diroet  observation,  and  the  microscopes^ 
read  oft'  befoi-e  the  star  comes  into  the  field.     Then  one  or  more  ^ 
bijiections  of  the   star  are  made,  with  the  micrometer  thruad, 
before  the  star  arrivpn  at  tlie  middle  transit  thread.     The  tele* 
eope  ia  tlicn  quickly  turned  towards  the  mercury  and  damped  at 
tlie  approximate  ponition  of  tlie  reflected  image,  several  bisec- 
tions are  made  with  the  micrometer,  and  finally  the  cinjle  is 
again  read  off.     That  no  time  may  be  lost  in  setting  the  circle 
upon  the  reflected  image,  a  spirit-level  finder  attached  to  the 
tube  of  the  telescope  ia  previously  set  to  the  approximate  dcpre*- 
sion  of  the  image ;  the  telescope  is  then  revolved  until  the  bubble 
plays. 

In  the  case  of  stars  near  the  pole,  the  circle  may  be  read  off  a 
number  of  times  during  the  transit,  aa  lu  tiic  following  example 
from  Bessel. 

Example, — The  following  observations  of  a  Urs(e  Minoriswere 
taken  by  Bessbl  with  the  Repsold  meridian  circle  of  Uie  Konigs- 
berg  Observatory  in  1842,  April  22.  The  star,  or  ita  reflected 
image,  was  brought  in  the  middle  between  the  two  close  threads 
of  the  micrometer  by  moving  the  telescope  by  the  tangent  screw, 
the  micrometer  thread  being  used  as  fixed,  and  the  circle  waa 
read  off  after  eaeh  observation.  Five  direct  observations  are 
preceded  and  followed  by  three  reflection  observations. 


•  Tlie  delermiiiiilion  vt  tlie  horiiamal  pninl  hy  reaeclloD  ulisrrriill.ns  >hou1d  b« 
u'teJ.  iii  crHij  unci  ion  wilh  Ihe  Otlier  luclhodu  giVL-n  in  the  leil,  for  the  snke  of  Tcrifl- 
CHliiiii.  liiiU'cJ,  it  19  deainble  lliM  alt  Ihe  intilrumenlal  con^tanls  alioulil  he  Tuiin-I 
hy  at  lea!^t  two  iniIppeTi<Ient  methods.  The  conitruclion  of  the  instrumeni  *n  that 
Ihia  shall  alwii/i  be  possible  prcKenls  difficulties,  which,  bowettr,  have  bsen  aaccera- 
full;  ovcrconie  hy  1>B.  B.  A.  OnvLti  In  Ihe  large  meridian  circle  ooDitnieied  uoder 
his  direoliou  for  the  Dudley  ObserTatory. 
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a  Urut  Minoria, — Upper  Culmination. 


Cloek. 


r  —  m 


0»  46-  54» 

17- 20' 

49     1 

14    13 

51     6 

12     8 

M     » 

9     6 

58  58 

4   21 

1    2   54 

0  20 

7   28 

4    14 

12     6 

8   52 

18   25 

16  11 

21    27 

18   IS 

23  46 

20  82 

Circle. 

146^ 

'  16'  11" 

'.0 

16 

.9 

20 

.2 

33 

44  44 

.0 

41 

.5 

40 

.5 

42 

.8 

45 

.6 

146 

15  15 

.4 

10 

.4 

5 

.4 

R 

Meridian. 

+  15".8 

146'  15'  26".8 

+  10  .6 

27  .6 

+    7  .7 

27  .9 

—   4  .8 

83   44  89  .7 

-   1  .0 

40  .5 

0  .0 

40  .5 

—  0  .9 

41  .9 

—   4  .1 

41  .5 

+  12  .1 

146    15  27  .5 

+  17  .4 

27  .8 

+  22  .1 

27  .6 

Mean.  Direct      33    44  40  .82 
Beflect.  146    15  27  .50 


u 


App.  merid.  zen.  dist.    83    44  86  .66 
Barom.  29«-.808  Att.  Therm.  47*^.1  F.  1       ^       . 

Ext.      «       49  .0  -  /  I^fra<^tion  +  88  .76 

Correction  of  the  circle  graduation  +  0".470 

Corr.  for  distance  of  mercury  -f-  0  .018  +    0  .49 

Star's  polar  distance  1    31  53  .53 

Complement  of  latitude    85    17     9  .44 

S^  =    54    42  50  .56 

In  computing  r  —  m  by  the  form  a'  —  T^  we  have  assumed 

a'=  1*  3*  14*.   The  circle  readings  are  the  means  obtained  from 

the  readings  of  four  microscopes. 
The  reduction  to  the  meridian  R  is  computed  for  the  reflection 

observations   by  the  same  formulae  as  for  direct  ones,   only 

changing  its  sign. 

Hie  correction  of  the  circle  graduation  was  derived  by  Bessel 
from  a  special  investigation  of  the  errors  of  those  divisions  which 
come  into  use  in  the  observation  of  Polaris  by  direct  and  reflection 
observations  at  its  upper  culmination.     For  a  given  zenith  dis- 
tance Zj  the  four  divisions  that  come  into  use  in  the  direct  obser- 
TatioD   by  the   use  of  the  four    microscopes   are  Zy   90°  +  z^ 
180°  +  z,  270°  +  z\  and  in  the  reflection  observation,  360°  —  z, 
90°  —  Zy  180°  —  z,  and  270°  —  z,     The  correction  0".470  is  here 
the  mean  of  the  corrections  of  these  eight  divisions  for  z  =  38°  44', 
the  sign  of  the  correction  for  the  reflection  observations  being 
changed.* 


*  See  BiBBiL,  in  AMtron,  Naeh,^  Nob.  481  and  482. 
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The  correction   for  the  distance  of  the  mercury  from  tlxe 
instrument  is  simply  the  difference  of  the  latitude  of  the  mercury 
basin  and  the  centre  of  the  telescope.    For  in  this  method  we 
really  measure  the  angle  between  the  direct  and  reflected  ray« 
which  is  formed  at  the  surface  of  the  mercury,  and,  consequently, 
the  latitude  determined  is  that  of  the  mercury.     The  basin  was 
here  north  of  the  instrument,  and  the  deduced  latitude  would 
require  a  subtractive  correction,  or  the  zenith  distance  an  additive 
one. 

To  find  the  horizontal  point  of  the  circle  corrected  for  the 
division  errors,  we  have,  according  to  Bessel,  for  z  =  88°  44'  in 
the  direct  observation,  the  correction  +  0'M56,  and  for  the  sup- 
plement of  this  the  correction  —  0".784,  the  half  difference  of 
which  is  the  correction  +  0".470  used  above,  and  the  half  suiiii 
—  0".314  is  the  correction  of  the  horizontal  point  found  by 
taking  the  mean  of  the  circle  readings  in  the  direct  and  reflected 
observations.     Thus,  we  have 

Mean  of  circle  readings  =  90**  (K  4'M6 
Corr.  of  graduations       =        —  0  .81 

Horizontal  point  ==  90    0  8  .85 

The  zenith  point  of  the  circle  is,  therefore,  0°  0'  8".85.  So  long 
as  the  state  of  the  instrument  is  unchanged,  this  is  the  constant 
correction  of  all  zenith  distances  observed,  additive  or  subtract- 
ive, according  as  the  object  is  south  or  north  of  the  zenith. 

201.  The  nadir,  horizontal,  and  zenith  points  of  the  circle  are 
all  (leterinincd  when  any  one  of  them  is  determined,*  and  there- 
fore wo  ouglit  to  be  able  to  combine  the  results  obtained  by  the 
niercurv  collimator  and  by  reflection  obsen'ations  of  stars. 
Nevertheless,  observers  have  sometimes  found  discrepancies 
between  the  two  methods  which  appeared  to  be  greater  than 
could  fairly  be  ascribed  to  errors  of  observation.  Among  tlie 
sources  of  error  which  may  produce  such  discrepancies,  we  may 
here  mention  the  personal  equation  in  bisecting  a  star  by  a  micro- 
meter thread.  Prof.  J.  II.  C.  CoFFiNf  has  demonstrated  the 
existence  of  such  an  equation,  more  or  less  constant,  between 

diflerent  observers,  by  comparing  the  declinations  of  the  same 

• — — — »    -^-^— i^ 

*  Provided  the  errors  of  division  and  of  flexure  have  been  duly  eliminated. 
f  Astronomical  Journal^  Vol.  III.  p.  121. 


MERIDIAN   CIRCLE.  297 

«tar  obtained  by  the  different  observers  using  the  mural  circle  of 
the  Washington  Observatory  during  the  years  1845  to  1849 
indosive,  the  declinations  having  all  been  reduced  to  the  same 
epoch.  He  also  found  a  constant  difference  between  the  decli- 
tttioDs  of  eenith  stars  observed  by  himself  when  they  were 
^served  as  southern  stars — i.e.  with  the  body  fronting  south — 
tnd  when  they  were  observed  as  northern  stars,  and  this  under 
eonditions  which  excluded  the  hypothesis  of  a  parallax  resulting 
from  a  maladjustment  of  focus.  This  difference  amounted  to 
Bearly  0".5. 

A  really  constant  error  in  bisecting  a  star  will  affect  the  zenith 
&tances  of  all  stars  alike,  but  will  have  opposite  effects  upon 
tfce  deduced  declinations  of  stars  north  and  south  of  the  zenith. 
It  will  also  have  opposite  effects  upon  the  declination  of  the 
iMue  star  deduced  from  direct  observations  and  by  reflection ; 
i&d  hence  the  discordance  between  the  results  of  these  two 
kinds  of  observations  will  be  twice  that  error.  It  will  also  cause 
the  zenith  points  determined  from  north  and  south  stars  to  differ 
bj  twice  the  error  of  bisection. 

Professor  Coffin  also  suggests  that  the  discrepancies  referred 
to  may  possibly  be  produced,  in  part  at  least,  by  a  habit  of 
making  the  bisection  constantly  before  or  constantly  after  the 
iastant  for  which  it  is  recorded,  in  which  ea^e  the  error  will  vary 
with  the  declination.  Thus,  if  the  observation  is  recorded  as 
made  at  the  time  the  star  passes  the  middle  thread,  and  the 
observer  always  makes  the  bisection  at  a  constant  time  before  or 
after  the  transit,  the  error  will  be  simply  the  reduction  to  the 
meridian  for  this  time,  and,  consequently,  proportional  to  sin  2  J; 
but  if  he  observes  at  the  constant  distance  c  from  the  middle 
thread,  the  error  in  the  time  being  csec^,  the  corresponding 
CRor  in  the  declination  will  be  proportional  to  c' sec' o  sin  2^, 
Aat  ia,  proportional  to  tan  d. 

hetinatian  of  the  micrometer  thread  is  another  source  of  error, 
iriiich  should  always  be  attended  to  and  removed  by  adjustment 
if  poamble,  or  by  computing  the  correction  for  it.  It  is  evident 
thfut  the  error  in  the  observed  declination  will  be  proportional 
to  the  distance  of  the  point  at  which  the  observation  is  made 
from  the  middle  thread.  The  inclination  will  be  determined  by 
hiaecting  a  star  at  two  extreme  points  on  the  right  and  left  of 
the  field.  The  difference  of  the  two  observations,  when  both 
bave  been  reduced  to  the  meridian,  will  give  the  required  correc- 
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tion  for  incliuatioii.  A  star  near  tin-  polu  will  hv  prtlVraWt  tlw 
tliis  pui-pose,  as  a  iiumbor  of  biavutioim  msiy  b«  luwle  ut  i:ai:t 
extremity  of  tUe  field. 

202.  Example. — As  an  example  Involving  all  tbo  various  o* 
rectioiia,  I  extract  the  Ibilowiug  from  the  Growtiwioh  Olwem- 
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At  tho  observtitiou  of  i/  Boolis  there  were  also  obaerved 
Barom,  29'-.80,  Atl,  Therm.  33''.2,  Ext.  Thorm-  36".8. 

The  pointer,  which  is  nsed  in  setting  the  cirele  for  an  obBcr»»- 

tion,  givL'S    the   Jt'grccs   iirid    next   jirfL-oding  !j'  of  the  ciMe 
rending. 

One  revolution  of  a  circle  microscope  is  called  a  "  nominaJ 
minnto,"  and  the  mean  value  of  4'.9U2  corresponds  to  5',  so  that 
the  nominal  minutea  are  reduced  to  trne  minutes  of  arc  by 
creasing  them  by  their  ,'5  part.  Since  the  mean  of  the  micro- 
scopes ia  to  be  found  by  dividing  tiieir  sum  by  6,  and  the  deci- 
mal part  of  the  quotient  is  then  to  be  converted  into  nominil 
seconds  by  multiplying  by  60,  the  nominal  seconds  in  the  mcM 
are  obtiiiued  at  once  by  simply  adding  tho  decimals  of  the 
several  mieroseopo  readings  {making  the  integers  the  same  in 
ail)  and  removing  the  decimal  point  one  place.  Thus,  in  the 
first  observation,  making  2  the  common  integer,  the  sum  of  tbe 
decimals  is  .(110,  and  hence  the  mean  is  2'  6". 10  {nomiuii!), 
which  iucrousi'd  by  its  ^\  or  ,a,  part  is  2'  8". 62  of  are.  Tliii 
requires  a  further  correction  for  variation  of  tho  value  of  a 
microscope  revolution  from  its  mean  value,  that  is,  for  error  of 
runs  (Art.  22).  The  correction  for  runs  on  tho  given  date  was 
+  0".576  for  100  nominal  seconds,  and,  therefore,  the  correction 
of  the  first  obser\-ation  is  +  0".576  X  1.2G1  =  +  0".73. 


MERIDIAN   CmCLE.  299 

There  is  next  to  be  applied  the  correction  for  error  of  gradua  . 
n  and  of  flexure.     These  are  combined  in  a  table  given  in 
5  introduction  to  the  observations,  from  which  their  values,  as 
ed  in  the  following  reduction,  are  taken  with  the  argument 
^oiuter  reading." 

The  value  of  one  revolution  of  the  telescope  micrometer  was 
''.626,  and  the  reading  multiplied  by  this  number  is  always 
iitive  to  the  circle  reading. 

The  distance  of  the  star  from  the  iheridian  is  expressed  by 
i  number  in  the  last  column  of  the  above  table,  here  denoted 
JV,  which  is  the  number  of  the  transit  thread  at  which  the 
ection  is  made.  The  middle  thread  is  assumed  to  be  in  the 
pridian  ;*  and,  since  the  average  distance  of  two  adjacent 
*ead8  was  207".31,  the  number  of  the  middle  thread  being  4, 
5  distance  of  the  star  from  the  meridian  is  represented  by 

€  ==  207".31  (N  —  4) 

tie  formula  for  reduction  to  the  meridian  is  put  under  the  ap- 
roximate  form 

i?  =  J  r*  sin  1"  sin  2^  =  ^  T*  sin  1"  sin  d  cos  d 

t  is  also  found  approximately  by  the  formula  t  =  c  sec  8 : 
according  to  this  (rather  inaccurate)  method,  we  have 

J2  =  i  c*  sin  r  tan  d 

for  the  Greenwich  instrument  gives 

E  =  0'M042  tan  d  y^  {N  —  4)« 

lp?en  in  the  explanations  of  the  observations. 
Ike  micrometer  thread  was  inclined  so  that  an  observation  at 
of  the  side  threads  required  the   correction  —  0".775  X 
'-4). 

He  complete  reduction  of  the  above  observations  is,  there- 
follows.     In  computing  the   reduction  R  we  have  as- 
d  =  19°  8'. 

'!•■  kere  stating  the  method  employed  at  the  Greenwich  Observatory,  not  re- 
ing  H.     For  stars  near  the  pole  it  is  not  sufficiently  accurate,  as  wiU  be 
by  redueiDg  some  of  the  observations  of  a  and  A  Ursm  Minorii  by  oar  com- 
ftmal*  (1M)«     A  difference  of  0".2  or  0''.8  occurs  in  some  oases. 
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Kl«aa  of  microMSopeB 
Beduclion  lo  are  =  ^a 
Correelinn  for  Tuna 


Teloecopc  mii 
RKJuctioa  U  meridirtD 
Corr,  for  incliaalioo  of  (bread 
Poimer  ' 

Curreclvi]  me  rid.  circle  reading 


+  0'62".ni 

+  1  .W 

+  0  .80 

+  1.2* 

+  9  57  .831 

+  0  ..12| 

—  2  .33 

n2»  0'               ]■ 


Si    10  60  .1^1179    o\   15 


Hence,  hy  ■q  Bootls,  we  liavo 


App,  renith  diet.  (R)       82°  23'  20  .08 
"     (D)        S2     10  50  .08 
Mean  app.  z 
£e£raotion 


sa 

19 

S6 

.53 

+ 

88 

.01 

32 

20 

13 

.64 

51 

28 

38 

.20 

in.  dist. 


a=  19      8  24  .66 

The  half  difFercnco  of  the  apparent  :^cnith  ilistanoce  (R) 
(D)  is  evidently  the  zenith  point  correction,  and  is  here  -f-  8'  45' 
additive  to  all  circle  readings.  According  to  the  nadir  p 
observation,  it  is  +  8'  44".33.  The  practice  at  the  Greens 
Observatory,  however,  ia  to  employ  for  a  number  of  consecu 
days  a  mean  value  of  the  zenith  point  correction  obtained  f 
all  the  values  determined  during  the  period.  Thus,  the  m 
value  employed  from  April  12  to  April  24,  1852,  a  period 
eluding  the  above  observations,  was  +  8'  45",1G.  The  prac 
recommended  by  Bessel  of  employing  the  nadir  point  read! 
determioed  at  the  time  of  the  observation  is  preferable. 


203.  The  zero  points  of  the  circle  may  also  be  determinec 
reversing  the  axis,  if  the  microscopes  rest  on  the  axis  and,  i 
eequently,  are  reversed  with  it.  Let  a  collimating  telcscopi 
placed  anywhere  in  the  meridian  with  its  axis  directed  towi 
the  rotation  axis  of  the  meridian  circle,  and  let  it  be  provi 
with  a  cross  thread  in  its  focus.  Direct  the  telescope  upon 
collimator,  and  bring  the  micrometer  thread  upon  the  iiitersec 
of  the  cross  thread.    Let  Che  the  circle  reading  corrected 
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?  inclination  of  the  microscope  frame,  micrometer  reading,  &c. 
►w  reverse  the  rotation  axis,  and  make  a  similar  observation 
on  the  collimator.  Let  C"  be  the  corrected  reading.  Then  it 
evident  that  ^{C  —  C")  is  the  true  zenith  distance  of  the  colli- 
itor  (supposing  the  readings  to  commence  at  the  zenith),  while 
C  +  C)  is  the  true  reading  when  the  telescope  is  vertical,  and 
presents  the  zenith  point.  This  method  may  occasionally  be 
ed  for  the  purpose  of  comparison  with  the  methods  already 
ren ;  but  it  is  too  troublesome  for  constant  use.  Moreover, 
servations  depending  on  the  spirit  level  are  not  so  reliable  as 
yse  made  from  the  surface  of  mercury,  which,  when  at  rest, 
ist  be  perfectly  horizontal. 

Another  method,  suggested  by  the  ever-inventive  Bessel 
jfore  the  introduction  of  the  mercury  collimator,  however),  is 
M>  dependent  on  the  spirit  level,  but  admits  of  greater  accuracy 
an  the  above,  because  a  level  of  larger  dimensions  may  be  used, 
ae  level  is  applied  to  the  collimating  telescope,  which  is  placed 
the  horizontal  plane  of  the  axis  of  the  meridian  circle.  When 
le  bubble  is  in  any  given  position,  the  sight  line  of  the  colli- 
tttor  makes  a  given  angle  with  the  vertical.  If,  then,  the  colli- 
litor  with  its  level  is  first  placed  south  and  then  north  of  the 
pcle,  and  the  bubble  of  the  level  brought  to  the  same  reading 
each  case,  the  zenith  distance  of  the  cross  thread  observed  by 
circle  must  be  the  same,  but  on  opposite  sides  of  the  zenith, 
mean  of  the  two  circle  readings  will  therefore  be  the  zenith 
reading.  Instead  of  bringing  tlie  level  of  the  collimator 
'4e  same  reading,  it  will  be  preferable  to  observe  the  inclina- 
in  each  position  north  and  south,  by  reversing  the  level  in 
Qsaal  manner ;  then  the  difierence  of  the  inclinations  will 
ipplied  as  a  correction  to  the  mean  of  the  circle  readings  to 
in  the  true  zenith  point.  This  method  has  the  advantage 
not  requiring  a  reversal  of  the  axis  of  the  meridian  circle. 
[Pkte  m.  Fig.  2  represents  a  collimator  with  its  spirit  level,  as 
in  this  method.  Two  piers,  one  north  and  one  south 
tbe  circle,  are  each  provided  with  Vs,  which  receive  the  col- 
ting  telescope  alternately.  ., 
i  Rnally,  to  complete  the  enumeration  of  methods  depending 
11  die  spirit  level,  the  collimating  telescope  may  be  placed  ver- 
fciBjr  over  or  under  the  telescope  of  the  meridian  circle.  The 
nrd  10  then  attached  to  the  collimator  at  right  angles  to  its 
fdaH  axis*     Two  observations  are  made  upon  the  cross  thread 
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of  the  collimator  bb  before,  the  colliinating  teleseopeH 
{between  tbo  two  observations)  rcvolvc-d  180"  about  the  ■ 
line.     The  moan  of  tho  circle  readings,  corrected  for  dif 
in  tlie  inclinivtion  of  the  collimator  as  ahowu  by  tho  level,  v 
be  the  zeuith  or  nadir  point  reading.  i 

204.  Plenire. — Notwithstanding  the  oonieal  form  which 
given  to  the  telescojie  tubes  of  largo  inBtrnments,  their  vnAf^ 
produces  a  seneible  flexure,  which  may  chanjje  tho  position  ( 
the  optictil  axis  of  the  telescope  with  respect  to  the  zero  poJB 
of  th«  circle.  It  18  important,  therefore,  to  investigate  1 
amount  of  thia  flexure.     The  following  ib  BkssklV  method. 

Two  collimators,  such  as  that  represented  in  Plate  III,  Fig. 
are  mounted  in  the  horizontui  plane  of  the  iixis  of  the  cin-le,  n 
north  and  the  other  aouth.  The  croya  threads  of  tho  oollimatd 
admit  of  adjustment  {by  a  micrometer  screw,  for  example),  bo 
they  may  be  brought  to  coincide  with  each  other,  the  meridil 
circle  being  raiaed  upon  the  reversing  apparatus  during  tl 
adjuiitment.  Tho  two  intereeetionB  of  tho  erose  threads  of  ti 
eollimatore  now  repreeeiit  two  infinitely  distant  points  who 
angular  distance  ie  exactly  180°.  The  meridian  ciroli;  bdi 
replaced,  observe  this  angular  distance  in  the  usual  manner, 
is  evident  that  the  errors  of  division  of  the  circle  will  not  ent< 
since  the  same  two  divisions  come  under  the  opposite  readii 
microscopes  in  the  two  ob3er^•ation8  in  reverse  positions.  Tl 
ditferenee  of  the  two  circle  readings  will,  therefore-,  be  exact 
180°  if  there  is  no  flexure.  But  if  the  difference  is  less  thl 
180°  by  a  quantity  x,  then  Ji  is  tho  correction  for  flexure  in  tl 
horizontal  position  of  the  telesoope.  In  this  way.  Airy  fouB 
that  when  the  Greenwich  transit  circle  was  directed  upon  tB 
south  collimator,  the  circle  reading  was  89°  46'  15".52,  all 
when  upon  the  north  collimator,  269°  46'  16",S5;  the  differeMi 
180°  0'  0".83  is  the  apparent  distance  of  the  two  opposite  poim 
measured  through  the  nadir,  and  hence  one-half  of  0". 83,  orO".43 
is  the  effect  of  flexure  in  increasing  apparent  nadir  distances  C 
in  diminishing  apparent  zenith  distances.  <, 

In  different  positions  of  the  telescope,  the  mechanical  efl'ectoil 
each  particle  of  metal,  supposing  it  to  act  simply  ns  a  wcigli 
attached  to  a  lever,  will  vary  as  the  sine  of  the  zenith  distancSl 
so  that  if/  is  the  horizontal  flexure,  /sin  2  exjiresses  the  flexuf* 
in  general.     It  is  not  quite  certain,  however,  that  the  flcro^ 
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ys  follows  this  simple  law ;  and  to  determine  the  law  experi- 
'ally,  we  should  have  the  means  of  mounting  a  pair  of  col- 
tors  in  a  line  making  any  angle  with  the  vertical, 
lo  flexure  determined  hy  the  ahove  tnethod  is  properly 
d  tlie  astronomical  flexure,  as  it  gives  the  deviation  of  the 
al  axis,  which  becomes  a  direct  correction  of  our  astro- 
ical  measures.  It  is  evident,  however,  that  it  does  not 
ess  the  absolute  flexure  of  the  tube.  K  when  the  tube  is 
sontal  both  ends  drop  the  same  distance,  the  optical  line 
rmined  by  the  centre  of  the  objective  and  the  micrometer 
ftd  will  merely  be  moved  parallel  to  itself,  and  no  flexure 
appear  from  the  circle  readings;  for  the  collimators  do  not 
rmine  merely  a  single  fixed  line  in  space,  but  rather  a 
*m  of  parallel  lines,  or  simply  a  fixed  direction, 
lie  effect  of  the  flexure  upon  an  observation  is,  then,  zero 
le  absolute  flexures  of  the  two  halves  of  the  telescope  are 
il ;  and  when  these  are  unequal,  tlie  efiect  is  proportional  to 
p  difference.  This  leads  directly  to  the  method  of  elimi- 
fig  flexure,  first  suggested  by  the  elder  Repsold  in  1823  or  *24, 
aterchanging  the  objective  and  ocular  of  the  telescope.  Let 
appose  that  at  any  given  zenith  distance  the  centre  of  the 
ctive  drops  the  linear  distance  <z,  and  the  horizontal  thread 
le  focus  drops  the  distance  a',  so  that  a  and  a'  represent  the 
)lute  ^exures  of  the  two  halves  of  the  tube.  Then,  if  the 
>le  length  of  the  tube  is  denoted  by  2r,  the  angles  of  depres- 

i  of  the  two  portions  may  be  expressed  by  --  and  —  respect- 

y.    If  then  y  is  the  angle  which  the  sight  line  now  makes 

b  the  direction  it  would  have  had  if  no  flexure  had  taken 

(I d^ 

ce,  we  have  y  =  —^ — ;  that  is,  the  astronomical  flexure  is 

rportional  to  the  absolute  flexure.  Now  let  the  objective  and 
liar  be  interchanged,  and  the  telescope  revolved  180°,  so  as  to 
again  directed  upon  a  point  at  the  same  zenith  distance  as 
fore.  The  absolute  Jlexures  being  the  same  as  before,  that  of  the 
ject  end  is  now  a',  and  that  of  the  eye  end  is  a :  so  that  the 

tronomical  flexure  is  now  — -; =  —  r.     Hence  the  mean  of 

2r  ' 

ro  observations  of  the  same  star  made  with  the  objective  and 
al»  reversed  will  be  free  from  the  effect  of  flexure.  More- 
w,  the  half  difference  of  the  measured  zenith  distances  will 
6  the  astronomical  flexure.    It  is  here  assumed  that  the  abso- 
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late  flexuroa  of  the  two  halves  remain  the  same  wben  1 
jective  and  ovular  arc  interchanged,  For  a  discussion  hy  IIaxsk 
of  the  conditions  necessary  in  the  construction  of  the  telescope  ) 
order  to  satisfy  this  condition  (if  poseible),  see  Asfr.  Naeh.,  Vd 
XVn.  p.  70.* 

As  to  the  effect  of  gravity  upon  the  form  of  the  circle,  se 
Bbj'sei.'s  paper,  Astr.  Nach.,  Vol.  XXV. 

iOh.  Olisrrfatioiis  of  the  decimation  of  the  moon  with  the  merielia 
i-hrk: — In  these  observations,  the  micrometer  tliread  is  usualU 
brought  into  contact  with  the  full  limb,  and  a  eorroetion  ^ 
applied  to  the  deduced  declination  of  the  limb  for  the  mooal 
parallax  and  aemidiametor.  When  the  observation  is  not  madj 
in  the  meridian,  the  reduction  to  the  meridian  (194)  is  also  to  H 
applied,  together  with  a  correction  for  the  moon's  proper  motloa 
The  most  precise  formula  for  making  these  reductions  ia  thfl 
given  by  Bessel,  which  is  deduced  as  follows.  I 

Id  Fig.  46,  p.  290,  let  0  now  represent  the  apparent  positiai 
of  the  moon's  centre,  and  suppose  the  observed  point  of  tM 
moon's  limb  to  be  designated  by  J/ (not  given  in  the  figursj 
Conceive  an  arc  to  be  drawn  from  A  tangent  to  the  moon's  linihj 
The  point  of  contact  M,  and  the  points  A  and  0,  form  a  triangle 
right  angled  at  31,  of  which  the  side  MO  is  the  moon's  appareirf 
semidiameter  =s',  the  side  AO  =  90°  +  c,  and  the  au'gle  at  i 
may  he  denoted  by  d.    We  hare  then 

sin  ^=sin  d  cos  c 


d,  ^  the  observed  declination  of  the  limb,  corrected  for  re- 

fi-action, 
i'  ^  the  apparent  declination  of  the  moon's  centre ; 

then  in  the  triangle  AOP  we  have  the  sides  A0  =  90''+* 
PA  =  90°  —  n,  PO  =  90°  —  S',  and  the  angles  PAO  =  3,  +  • 
APO  =  90°  +  (r  —  m) ;  whence,  as  in  Art.  199 

sin  9'  =i  —  sin  n  sin  c  +  cosn  co8  c  sin  (S^  +  i) 
cos  i'  sin  (r  —  m)  =  cob  n  sin  c  -f-  sin  n  cos  c  sin  (*,  ^  rf) 
cos  S'  cos  (r  —  m)  =!  cos  c  cos  (■>,  ^  d) 

*  8e«  alio  Dr.  OovLo'i  remarks  on  the  meridian  oirele  of  Ibe  Dnillej  ObBer*>tory 
Pnraeediiifi  of  the  Am.  AiaooiUion  for  the  Ad*,  of  Soienoe,  lOlk  mMtiDf,  p.  IIS. 
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Bnt^  as  before,  we  shall  neglect  the  insensible  term  sin  n  sin  c^ 
and  put  cos  n  ^  1,  and  then  the  first  and  third  of  these  equa- 
tions will  suffice  to  determine  8\  Moreover,  since  in  the  case 
of  the  moon  r  will  not  exceed  1",  the  neglect  of  m  will  cause 
no  sensible  error  in  cos  (r  —  m).    Hence  we  take 

sin  y  =:  cos  c  sin  (*,  q:  d) 
cos  d'  cos  T  =  cos  c  cos  (<Jj  :+:  d) 

or,  developing  the  second  members, 

sin  ^'  =  cos  c  cos  d  sin  ^^  =p  sin  a'  cos  d^ 
cos  d'eoB  T  =  cos  c  cos  d  cos  S^  dt  sin  ^  sin  d^ 

whence,  by  eliminating  cos  c  cos  d^  we  find 

qp  sin  «'  =  sin  d'  cos  d^  —  cos  d'  sin  d^  cos  r  G^S) 

r 

If  now  we  put 

i  =  the  moon's  geocentric  declination, 

« r=         <<  «  semidiametcr, 

ir  =         ^  eq.  hor.  parallax, 

^=the  geocentric  or  reduced  latitude  of  the  place  of 
observation, 

p  =  the  earth's  radius  for  the  latitude  ^, 
J,  J' =  the  moon's  distance  from  the  centre  of  the  earth 
and  from  the  place  of  observation,  respectively,  the 
equatorial  radius  of  the  earth  being  unity, 

we  have,  by  the  formulse  of  Art.  98,  Vol.  L, 

J'  gin  ^'  =  J  sin  ^  —  p  sin  / 

J'  cos  ^'  =  J  cos  d  —  p  cos  ^'  cos  T 

jBm  last  being  equivalent  to  the  more  rigorous  one  in  (133)  of 
TdL  L,  when  the  moon  is  near  the  meridian ;  and  by  Art  128, 
Vol  L,  we  also  have 

•  J'  sin  ^^  =  J  sin  8 

Sabstitnting  these  expressions  in  (195),  after  multiplying  it  by 
/,  we  find 

:F  ^  sin  *  =  J  sin  (^  -—  ^,)  +  2  J  cos  i  sin  *,  sin* }  r  ^ 

—  p  sin  (f '  —  d^)  —  p  cos  ^  sin  d^  sin*  t 
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Dividing  by  J  ^  -: — >  this  becotuea 

:7  Bin  «  =:  sin  (*  —  d^)  -\-  2  cos  S  sin  S^  sin'  i  r 

—  /)  Bin  <r  8in(v' —  i^)  —  /i  Bin  w  coe  /sin  X^  *in'r 

where  the  laat  term  U  evidently  insensible.     If  tlieii  we  pot 

Bin  p  ^  />  aiii  n  Bin  ((»'  —  d^)  (196) 

we  have 

sin  (a  ^  3,)  ^  sin  p  q:  sin  s  —  2  cos  J  sin  >I,  sin'  i  r 
The   last   terra  (which   is   the  reduction  to  the  meridian|  will 
seldom  exceed  1",  and  may  be  put  under  the  form 


Bin^  = 


/15\' 


•1". 


The  quantity  r  is  here  the  true  hour  angle  of  the  moon,  to 
tind  which,  let 

fij  =  the  Bidarotil  time  of  the  observation, 

ft  =1  "  "  moon's  transit, 

i  ^  the  inoroftso  of   the    moon's  right  ascension  in  oi 

}al  Becond ; 


Ihon 

and  hence 


r  =  (I  -;)(;,  - 


">) 


R  = fiin  1"  Bin  25  (1  —  -I)'  Qi  —  /*,)' 


(m 


The  first  two  terms  of  the  value  of  sin  (5  —  3,)  differ  but  little 
from  sin  (p  +  s).     To  find  their  exact  value,  we  have 


s  =  sin  ip  '- 
=  sin(p: 


s)  +  Bin  p  (1 
s)  +  2eiii;)Bi 


-  COB  s)  qr  Bin  s(l  —  coaj) 
i')  s  =H  2  sin  a  sin'Jp 


The  last  two  terras  of  this  wiU  seldom  amount  to  a  tenth  of  • 
second,  and  therefore  the  formula  may  be  regarded  as  perfects 
accurate  under  the  form 

ain  p  -\-  sm  s  ^  Bin  (^p  ^  s)  ^  i(p  ^  s)  sin  1"  sin  p  sin  S 

Now,  since  5  —  5,  and  p  ^  s  differ  by  so  small  a  quantity,  th* 

ratio  of  the  sine  to  the  arc  will  be  the  same  for  both  of  theffi' 
hence  we  shall  have,  with  the  utmost  precision, 


^  ^1  +  p  ^ «  ^  KiJ  +  «) « 


(m) 
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as  given  by  Bbssel.*    The  upper  or  lower  sign  is  to  be  used 
according  as  the  north  or  the  south  limb  is  observed. 

The  declination  thus  found  is  reduced  to  the  time  fi^  of  the 
observation.  But  if  we  wish  its  value  at  the  time  of  the  meri- 
dian passage,  we  must  add  to  it  the  correction  (ji  —  pt^  X'y  in 
which  X'  is  the  increase  of  the  declination  in  one  sidereal 
second,  or 

60.1648 

where  ^d  =  the  increase  of  declination  in  one  minute  of  mean 
time,  as  now  given  in  the  American  Ephemeris.  The  value  of 
1  —  jl  is  found  as  in  Art  154:  namely,  taking  Aa  =  the  increase 
-  of  the  moon's  right  ascension  in  one  minute  of  mean  time,  we 
have 

Aa 


k  = 


,    to  that,  putting 


we  shall  have 


60.1648 


^-'  =  -B 


log  (1  —  A)  =  ar.  CO.  log  B 


«nd  log  B  may  be  taken  from  the  table  on  page  179. 

In  practice,  it  will  generally  be  most  convenient  to  apply  the 
leveral  reductions  directly  to  the  observed  zenith  distance,  as  in 
the  following  example. 

ExAMPLE.—The  declination  of  the  moon  was  observed  with  the 
meridian  circle  of  the  Washington  Observatory,  1850,  September 
K.   The  nadir  point  was  first  observed  as  follows : 


Nadir  point 
at20».5 

CiroU  Microscopes. 

Micrometer  thread  in  co- 
incidence with  its  image: 
mean  of  10  readings  ^ 
88'.934. 

A 

B 

C 

D 

Means. 

0".9 
0  .7 

1".9 
1  .4 

2".2 
2  .0 

1".4 
1  .6 

1".60 
1  .42 

Means 

0  .80 

1  .65 

2  .10 

1  .50 

1  .51 

The  value  of  one  revolution  of  the  micrometer  =  34".856,  or 


*  Tohulm  Regionumtanm^  Introd.  p.  LV. 
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1"  =  O-.Oagi ;  and  hence,  by  the  method  of  Art.  197,  the  micr^ 
motcr  zero  (nr  reading  of  the  mieronioter  when  the  circle  reatlin-j 
was  0*  0'  0")  was 

(Jf)  =  38'.934  +  0'.0l'91  X  1-51  =  38',978 

The  observation  of  the  moou  waa  as  follows,  S.L.  denotiii^ 
south  limb: 

Uoon,  8.  L, 

Circle  MicToecopfB. 

Clooh  =  M, 

Micro— 
melCT 

A                  BCD         Mwn. 

55°  52'  45".7  42".8  45".2  46".!    44".9o 
Bftro.n.80«.ll4Au.Tboriii,64''.Eit.Thenn.B2''.8 

21'17-2I* 
32 
43 

39'.950  / 
39.904 
39  .87S 

The  circle  was  west,  in  which  position  the  readings  are  zenith 
distances  towards  the  south.  The  correction  for  nins  wu« 
—  0".75for3',  and  Binee  the  excess  of  the  reading  over  a  multiple 
of  8'  is  1'  44". 95,  the  proportional  correction  for  runs  ia  —  0".43- 

Theclock  time  of  transit  of  the  moon's  centre  over  the  meridian 
■waa/t=  21*  17-  16'.80. 

The  latitude  of  the  observatory  is  y?  =  S8°  53'  39".25.  aad 
thereforeyj  —  <p' =  11'  J4".54,  log /»  =  9.9994302.  The Jongituil«3 
is  5*  S"  12'  west  of  Greenwich. 

For  the  dutc  of  the  observation,  wo  take  from  the  Xantic^l 
Almanac 

a  =  —  le"  1'.7 
&3=  +  6".377    in  1-  mean  time,        t  =  64'    9" .64 
4»  =       2'.0150   "    "      "        "  a  =  U'  45''.49 

whence   log  (1  —  i)  =  9.98521  and  r  =  +  0".1060 

The  correction  for  the  micrometer,  or  Jlf  —  (Jlf),  converted  intt^" 
seconds,  is  additive  to  the  circle  reading.  The  reduction  to  tha 
meridian,  or  R,  found  by  (197),  ia  also  algebraically  additive  to 
the  circle  reading,  attention  being  paid  to  the  sign  of  d ;  aud  the 
correction  for  change  of  declination  to  be  added  to  the  circle  read- 
ing will  be  ^  (^  —  fi,)  i'.  Since  the  sum  of  these  three  correctiont  -^ 
should  he  the  same  for  each  micrometer  observation,  the  precision 
of  the  observations  will  be  shown  by  computing  this  aum  for 
each.     Thus,  we  find 
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f-l't 

M-(M) 

S 

-(/.-ft)  A' 

Sama. 

-   4'.2 
-15.2 
-26.2 

33".60 
31  .82 
80.82 

—  0".00 

—  .03 

—  .09 

+  0".44 
+  1  .61 
+  2  .78 

84".04 
83  .40 
33  .51 

Mean  =  33  .65 


Hence  we  have 


=  55^43'  29" 
lBy(198),p=44'41".75 


Circle  reading  = 

Corr.  for  runs  = 

Mean  corr.  for  microm.,  &c.  = 

Apparent  zenith  distance  = 
By  Table  II.  Refraction  = 

9—^1  = 

-(?  +  «)  = 

9  = 


65° 

52'  44" 

.95 

0 

.48 

+  33 

.65 

55 

53  18 

.17 

+ 

1  25 

.60 

55 

54  48 

.77 

— 

59  27 

.24 

— 

0 

.10 

54 

55  16 

.48 

88 

53  39 

.26 

a  =  — 16     137.18 


I.  Observations  of  the  declination  of  a  planeiy  or  the  sun. — The 
hrger  planets  are  observed  in  the  same  manner  as  the  moon, 
that  is,  by  making  the  micrometer  thread  tangent  to  the  limb, 
incl  when  the  planet  is  treated  as  a  spherical  body  the  observa- 
tion is  also  reduced  in  the  same  manner. 

In  the  case  of  the  sun,  both  limbs  may  be  observed.  The 
reduction  to  the  meridian  may  be  facilitated  by  a  table  giving 
the  logarithm  of  the  factor 


225 


sin  l"(l--;i)«sin2a 


fer  each  day  of  the  fictitious  year  (Vol.  I.  Art.  406),  such  as 
Bbskl's  Table  XII.  of  the  Tabulce  Regiomoniamz.  This  table 
•Iso  gives  for  each  day  of  the  year  the  value  of 

a  ==  increase  of  the  sun's  declination  in  100  sidereal  seconds, 

•0  that  the  redaction  of  the  observed  declination  to  the  meridian, 
iodu^g  the  correction  for  the  change  of  declination  in  the 
interval  r,  is 

100^ 
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The  correction  for  parallax  may  bu  put  under  tlie  form  ' 

ill  which  T  =  Ban's  distuiicc  from  thit  varth,  the  mean  distsuct 
being  aaity,  and  in  each  observatory  thia  quantity-  may  be  eoOr^ 
puted  for  t)ie  latitudv,  and  for  eauh  day  of  the  year,  and  ilit 
inserted  in  the  table.  In  order  to  embrace  every  thing  necevaij 
for  the  complete  rednction  of  the  obseri'ed  declination,  the  talilt 
coiitaina  also  the  sun's  seraidiamcter  for  each  day  of  the  fictitioa* 
year. 

207.  Correction  of  the  obnervrd  dfclination  of  a  plancCs  or  the  moex't 
hmh  for  spheroidal  Jigare  and  defecike  Slamination. — Let  us  ton- 
sider  the  most  general  case  of  a  spheroidal  planet  partially 
illuminated.  The  correction  to  reduce  the  ohsen-ed  declinatinn 
of  the  limb  to  that  of  the  centre  le  equal  to  tlio  perpendjculu 
distance  from  the  centre  to  the  micrometer  thread,  which  is 
tangent  to  the  limb  and  perpendicular  to  the  meridian.  The 
formulee  for  computing  this  perpendicular  in  general  arti(Y(^.I.. 
p.  580)  ** 


in  which  s"  is  the  required  perpendicular,  i?  the  angle  which  it 
makes  with  the  axis  of  the  planet  (reckoning  from  the  north 
point  of  the  disc  towards  the  east),  c  is  a  constant  depending  upon 
the  eccentricity  of  the  planet's  meridian,  Vthe  angular  dietanoe 
of  the  earth  and  suu  as  seen  from  the  planet,  and  s  is  the  eqo»- 
torial  radius  of  the  disc,  or  greatest  apparent  semidiameter  at  the 
time  of  the  observation.  The  perpendicular  here  coincides 
with  the  declination  circle,  and  consequently  we  have  at  once 
^  ^  —  P.  or  180°  —  p,  according  as  the  north  or  the  south  limb 
is  observed;  -p  denoting,  as  in  the  article  referred  to,  the  position 
angle  of  the  axis  of  the  planet.  From  the  discussion  in  Vol  I- 
Art.  354,  it  follows  that  (putting  ~  p  for  &)  the  north  limb  will 
be  full  (and,  consequently,  the  south  limb  gibbous)  when  sin  p 
and  sin  V  have  the  same  sign.  AVe  shall,  therefore,  here  change 
the  sign  of  sin  ]|,  and  take 


C!^ 
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tan;/ 


tanp 


sin  X  =  sin  p'  sin  V 


r'  sin// 


(199) 


COSjf 


m  wUcli  «9=  the  greatest  apparent  semidiameter  at  the  mean 
diitance  of  the  son  from  the  earth,  and  r^  =  the  planet's  geoeen- 
tiic  digtance.  We  then  have  the  rule :  the  north  or  the  south  limb 
tt  ike  full  limb  according  as  sin  x  is  positive  or  negative.  The  formulae 
fe  computing  jp,  F,  and  c  are  given  in  Vol.  L  Arts.  848  et  seq., 
and  fg  is  given  on  p.  578. 

The  gibbosity  of  Saturn,  however,  is  wholly  insensible,  and 
eventhat  of  Jupiter  at  the  north  and  south  points  of  the  limb 
onnot  exceed  0'^05,  which  is  so  much  less  than  the  usual  errors 
of  declination  observations  that  it  may  be  disregarded.  Hence, 
forSatam  and  Jupiter  the  correction  will  depend  only  upon  the 
tgoreof  the  planet,  and  will  be  computed  by  the  equations 


tany  = 


tanj> 


„ 8^    sm  p  C8^  cosp 

r'    siny        r'    cosj/ 


in  which  for  Jupiter  we  take  log  c  =  9.9672,  and  for  Saturn 

«=l/(l  —  ee  cos"  I)  =  v^(l  —  [9.2706]  cos*  Q,  I  and  p  being  taken 

fcectly  from  the  tables  for  Saturn's  Ring  given  in  the  Ephemeris. 

A  fiarther  simplification  may  be  permitted  in  the  case  of 

cos  7) 

wtttm;  for,  on  account  of  the  small  values  of  »,  the  ratio -, 

cs         ^^^? 
tin  be  very  nearly  unity,  and  if  we  take  5"  =  —^  we  shall 

^ethe  true  value  of  5"  within  less  than  0".05. 

It  is  hardly  necessary  to  remark  that  when  we  neglect  the 
|iM)08itjr  of  Jupiter  or  Saturn,  the  mean  of  the  observed  decli- 
^ns  of  the  north  and  south  limbs  gives  at  once  the  declination 
rf  the  centre. 

for  Mars,  Venus,  and  Mercury  the  correction  will  be  only  for 
Wctive  illumination ;  but  in  this  case  we  can  avoid  the  separate 
Mputation  of  p  and  V,  as  follows.  Substituting  in  the  equa- 
tioftfor  sin^f  {199)  the  values  of  emp  and  sin  V  given  in  Vol.  I. 
h  5f7,  and  moreover  observing  that,  since  these  bodies  are 
landed  as  spherical,  we  have  c  =  1,  and,  consequently,  jp'  =  p, 
flMfeiesolts 


tin  7  =  —  [cos  a '  sin  D  —  sin  d'  cos  D  cos  (a'  —  ^)]      (200) 
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a',  3'  ^  the  plunet'a  right  asconeion  and  deelinatiOD, 

A,  X>  ^  the  Bun'a  "  "  " 

R,  R  ^=  the  earth's  and  the  pluoet's  distances  fiom  the  Ban; 

and  a  positive  value  of  sin  jr  will  here  also  indicate  that  the  norti 
limb  is  full  and  the  south  Itmb  gibbous,  aiiJ  a  negative  valu< 
tlie  reverse.  Adapting  this  formula  for  logarithms,  we  hav«i 
therefore, 

tan  F  =  tan  D  sec  (a  —  A)  1 

-  a')  Bin  J)  \    t^I 


or,  more  conveniently,  perhaps, 

t&n  £=  tab  9'  tx»{J  —  A)  \ 

R    Bin  f  B  —  i?)  COB  3'  >  (201* 

Bin;?  =^ —    ^^^^ y      ' 

E  being  taken  lees  than  90°,  with  the  sign  of  its  tangent 
Then  we  find  the  reduction  to  the  centre  of  the  plauot  by  the 
formula 

,"=i™;  (208), 

If  the  deolination  of  a  aisp  of  Venus  or  Mercury  haa  beetil 
observed,  we  must  find  p  by  the  formula  (Vol.  I.  p.  577)  « 

tan  p  =  cot  (a!  —  A)  sin  {F  —  i")  sec  F  (208) 

in  which  ^has  the  same  value  as  above,  and  then  the  reductioB 
to  the  centre  of  the  planet  will  be 

^■=^™, 

For  the  moon,  when  the  gibbous  limb  has  been  observed,  the^ 
forraulte  (201)  may  be  used  for  computing  /;  but  on  account  of 
the  small  difference  of  R  and  R',  we  may  put  their  quotient  =  1.  - 
Since  the  declination  of  the  gibbous  limb  will  not  be  observedJ 
except  when  the  moon  is  nearly  full,  it  will  be  best  to  reduce^ 
the  observationB  as  if  the  observed  limb  were  full,  according  to* 
Art  205,  and  then  to  apply  a  small  correction  for  gibbosity.,— 
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This  correction  will  he  ^  =  s  —  s  cos  jf  =  «  versin  ;f.    Hence  the 
formuh»  for  the  moon  will  be 

tan  JB  =  tan  a'  cos  (a  —  -4) 

Bin  (D  —  ^)  cos  a'  .     .„^.. 

sinr  = ^^ -^ >    (204) 

^  C08-&  r    V      ^ 

^8=8  versin  / 

Example  1. — ^The  apparent  declination  of  the  southern  cusp 
of  Venus,  at  its  transit  over  the  meridian  of  Qreenwich^  July  16, 
1852,  observed  with  the  transit  circle,  was 

d'  =  15^  C  46".60 
From  the  Nautical  Ahnanac,  we  have 

a' =8*  11*    1'.46  log  r' ==  9.4675 

^  =  7  43    42 .80  D       =  21^  19'  8" 


and  from  Vol.  L  p.  578, 


8^  =  8".55 


3^ 


Hence,  by  (203),  we  find  log  tan  p  =  0.0031,  and,  consequently, 

«"=i»  cos»==20".53 
r' 

and  the  apparent  declination  of  the  planet's  centre  was,  there- 
fare, 

^  =  15^  1'  6'M3 

Example  2. — ^The  apparent  declinations  of  Jupiter's  north  and 
•nth  limbs,  observed  at  Greenwich,  March  18,  1852,  were — 

N.L.  a' =  —  17^  21' 57".86 
S.L.   a'=:--17    22  87  .61 

To  illustrate  the  complete  formulse,  let  us  take  the  gibbosity 
^  the  planet  into  account.    For  this  purpose,  we  take  from  the 
^H  Vntiefd  Almanac 

•'=      280<>  6d'.4  A  =  224^^  25'.0 

l'=—   17    22.2  f  =    23    27.5  log  r'=  0.6783 

■nifipwaVol.  Lp.  574, 

n  =  357*»  56'.5  i  =  25<'  25'.8 


<.•«- 


^« ' 
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nence,  hy  the  formulie  (619),  Vol.  L, 

F=  201"  23'.5  ;  =  2S4'»  52' S 

r^.l— ;  =  — 10«27'.7 
i^  =  —  20'  47.5  log  tan  J)  =  9.4281 

Then,  hy  (IftO),  taking  log  c  =  9.9672,  we  have 

log  HiD  X  =  S8-7025 

from  whioh  it  follows  that  the  south  Hmb  was  full.  Ileiice, 
taking  s,  =  99". 70,  wo  find 

For  fnl!  limb        (s")  =  ^  ■  ^'^  =  1»".50 

r'  sill/ 
For  gibbous  limb  a"    =  (*")  cos  /    =19  .47 

The  docliuntion  of  the  ecntro  was,  therefore,  according  to 
these  ohaervations, 

From  N.  L.     3  =  —  17'  22'  16".83 
"     8.L.  "     "    18  .11 

Considering  the  difference  of  tliese  results,  which  is  by  no 
means  as  great  as  often  occurs  in  the  Greenwich  observations  of 

Jujiitcr,  it  apiieiirfl  tliut  the  practice  tliere  fullowed  of  ahvays_ 
ajililyiiig  the /to?<jr  scniidiameter  (which  is  tlie  one  given  iii  the 
Nflutical  Almanac)  is  quite  accurate  enough /or  these  obserfotioM. 
Our  more  exact  method  will  not  be  without  application,  however, 
in  cnBes  where  greater  refiuement  both  in  observation  and 
reduction  are  attained. 

Example  3. — At  Greenwich,  Feb.  G,  1852,  the  declination  of 
the  moon's  centre  deduced  from  an  observation  of  the  north 
limh,  on  the  assumption  that  this  limb  was  full,  was 

d'=  +  13'  17'0".58 

For  the  time  of  the  moon's  transit  on  this  date,  wo  have 

■.'^158°  IS'.fi  A=        31i>°fti5'.l 

s  1=    16' 31"  D  =  —    15    36.3 

whence,  by  (204), 
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ti  shows  that  the  north  Mmb  was  gibbous.    The  correctioii 

^8=8  versin  /  =  1".88 

he  true  decimation  was,  therefore, 

^  =  4- 13<>  IT  r.91 


CHAPTER  VII. 

THE  ALTITUDE  AND  AZIMUTH   INSTRUMENT. 

3.  This  instmment  may  be  regarded  as  a  transit  instrument 
>ined  with  both  a  vertical  and  a  horizontal  circle,  by  means 
hich  both  the  altitude  and  the  azimuth  of  a  star  may 
bserved  at  the  instant  of  its  transit  through  the  vertical 
»  described  by  the  telescope.  This  combination  is  not  often 
for  the  higher  purposes  of  astronomical  research,  as  every 
ional  movement  introduced  into  an  instrument  diminishes 
ability  and  increases  the  risk  of  error.  However,  at  Green- 
,  a  regular  series  of  extra-meridian  obser^^ations  of  the  moon 
tried  on  with  such  an  instrument,  for  the  sake  of  comparison 
meridian  observations.  The  instrument  has  there  received 
lame  of  the  aliazimuth.  In  other  places,  it  has  been  called 
istronomical  theodolite;  and,  in  fact,  the  general  theory  of  the 
nment,  which  will  be  given  hereafter,  will  be  found  to  be 
rtly  applicable  to  the  common  theodolite  employed  in  geo- 
:  measurement. 

ill  another  name  is  the  xmwersal  instrument^  so  called  on 
unt  of  its  numerous  applications ;  but  this  name  is  usually 
n  only  to  the  portable  instruments  of  this  class.  The  small 
eraal  instruments  of  Ertel  are  well  known. 

y9.  Sometimes  the  horizontal  circle  is  reduced  to  small 
lennons,  and  designed  simply  as  a  finder,  or  to  set  the  instru- 
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nient  approximately  at  a  given  aziioutJi ;  while  the  rertical  cird 
is  made  of  udubuuIIj  large  dimensions,  and  is  intended  fortl) 
most  refined  aatrouomical  nieaHuremeut.  The  instrument  1 
then  known  airaplj  as  a  vertical  circle.  Such  is  the  Ertel  Vertja 
Circle  of  the  Pulkowa  Observatory,  the  telescope  of  which  h 
a  focal  length  of  77  inches,  and  its  vertical  circle  a  diameter  < 
43  inches.* 

This  inatrumont  is  permanently  mounted  upon  a  eoHd  granil 
pier  G,  Plates  X.  and  XI.,  which  is  insulated  from  the  walla  aS 
flour  of  the  building.  It  stands  upon  a  tripod  which  is  adjust* 
by  foot  screws.  The  three  feet  are  so  placed  that  two  of  them  «i 
in  the  east  and  west  line :  hence,  but  one  of  these  two  is  seen  I 
Plate  X.,  which  is  a  projection  of  the  instniment  upon  the  plai 
of  the  meridian,  while  all  three  arc  seen  in  Plate  XI.,  which 
a  projection  upon  the  plane  of  the  prime  vertical.  The  meridion 
foot  screw  w  carries  a  small  circle  ;•  graduated  into  360°,  the  mix 
of  which  ia  attached  to  the  foot  One  revolution  of  tliii*  cini 
changes  the  inclination  of  the  instrument  in  the  plane  of  U 
meridian  318" :  consequently,  one  division  corresponds  to  0".8 

The  centre  of  the  instrument  is  held  in  place  by  the  suppo 
a  attached  to  the  pier. 

The  vertical  stand  consists  of  a  hollow  cone  of  hra^s,  in  whid 
turns  the  steel  axis  b.  The  lower  extremity  of  this  axis  is  convt 
and  smoothly  finished,  and  is  supported  by  a  system  of  tlirt 
counterpoises  c,  snspended  upon  levers  which  relieve  the  presWl 
upon  the  bearing  points  of  the  vertical  axis,  and  thus  diitiinii 
the  friction.  At  the  top  of  the  conical  stand  is  a  13  inch  azimnt 
circle,  the  verniers  of  which  are  attached  to  the  axis.  Tliis  1 
provided  with  a  clamp  and  tangent  screw  which  is  moved  by  dl 
rod  d  in  giving  the  upper  portion  of  the  instrument  a  sinll 
motion  in  azimuth. 

The  upper  extremity  of  the  vertical  steel  axis  carries  the  stroo 
ohloog  bar  e,  which  may  ba  called  the  bed  of  tlie  iustrutnei 
On  this  bed  reata  the  adjustable  frame  rfyi\  which  supports  tb 
horizontal  axis  i  in  the  Vs  at  tT,  This  oxia  should  be  perpel 
dicular  to  the  vertical  axis,  and  itj*  adjustment  in  this  respect  i 
effected  by  means  of  two  opposing  screws  at  k. 

The  axis  i  has  two  equal  cylindrical  pivots  of  steel  at  rr.  Itt 
hollow,  to  admit  light  from  the  lamp  x,  which  is  reflected  up* 



*  Sh  DtteripHeH  dt  Fabitr.  ttnt..  So.,  p.  180.  ^ 
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the  threads  of  the  reticule  of  the  telescope  hy  a  mirror  in  the 
kterior  of  the  tube  at  u.  The  telescope  and  principal  vertical 
circle  o  are  firmly  and  invariably  attached  to  one  extremity  of 
tins  axis.  At  the  opposite  end  of  the  axis  is  a  smaller  vertical 
jcircle  m,  which  serves  as  a  finder.  From  the  centre  of  this 
fading  circle  radiate  four  conical  arms  terminating  in  ivory 
Mis  n.  The  telescope  is  swept  in  the  vertical  plane  solely  by 
means  of  these  balls,  never  by  touching  the  telescope  or  prin- 
;<ipal  vertical  circle.  When  the  telescope  is  approximately 
^nted  and  clamped,  fine  vertical  motion  is  given  to  the  tangent 
lerew  by  the  rod  k.  The  instrument  is  swept  in  azimuth  by 
>means  of  an  ivory  ball  at  /,  the  fine  azimuthal  motion  being 
fiveD  by  the  rod  d. 

;    The  circle  is  read  off  by  four  microscopes  attached  to  a  square 

gfrune  a,  which  is  fixed  to  the  frame  vfgd.     The  level  ^  attached 

^  this  frame  indicates  Its  inclination  with  respect  to  the  horizon. 

-The  circle  is  divided  to  2',  and  the  microscopes  read  directly  to 

ifWigle  seconds,  and  by  estimation  to  O'M,  or  even  less.     The 

[,|robabIe  error  of  reading  of  a  single  microscope  is  given  by 

['Peters  as  only  0".090  in  observations  by  day,  and  0".098  in 

observations  by  night. 

•  The  friction  of  tiie  horizontal  axis  in  the  Vs  is  diminished  by 
^  single  counterpoise  />,  which,  by  means  of  a  lever,  the  fulcrum 
rf  which  is  at  g,  supports  the  principal  part  of  the  weight  of  the 
telescope,  vertical  circles,  and  horizontal  axis,  by  exerting  an 
ipward  pressure  at  r.  The  point  r  being  at  suitable  distances 
^m  the  two  Vs  respectively  (nearer  to  the  principal  circle  than 
l(>  the  finder),  the  friction  in  both  Vs  is  equally  relieved ;  while 
tte  whole  weight  of  the  movable  portion  of  the  instrument  is 
tensferred  to  a  point  ^,  very  near  to  the  vertical  axis  of  rotation. 

The  striding  level  s  rests  upon  the  pivots  of  the  horizontal 
joifl,  and,  by  reversal  in  the  usual  manner,  serves  to  measure  the 
iDcUnation  of  this  axis  to  the  horizon. 

The  reticule  at  <  is  composed  of  three  horizontal  threads,  two 
of  which  are  close  parallel  threads  (the  clear  space  between  them 
6emg  only  6"),  which  serve  for  the  observation  of  objects  which 
present  sensible  discs,  or  of  those  which  are  too  faint  to  be 
observed  by  bisection  (see  Art.  198).  The  third  thread  is  18'' 
bom  the  others,  and  is  used  in  observing  stars  by  bisection. 
The  unequal  distances  prevent  mistakes  in  the  choice  of  tlireads. 
These  horizontal  threads'  are  crossed  by  two  vertical  ones,  the 
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distance  of  which  ia  1'  of  arc.  The  niiildlo  point  bctwei 
determines  the  optical  centre  of  the  itintrument,  and  al 
vationa  are  made  as  nearly  as  poasibio  at  this  point. 

The  extreme  ftceuracy  attainable  in  the  observation  ol 
distances  with  this  instrnment  may  be  inferred  from  the 
ing  values  of  the  zenith  point  ^(see  Art.  219)  of  the  ci 
cited  by  Stbhve,  from  observations  by  Peters  upon  Polai 
upper  and  lower  culminations ; 


18*3. 

Upper  tnniit. 
Z 

Diir.  from 
meaa. 

April  13 

0-  0-  38".13 

-  0".32 

14 

33  .26 

-0  .19 

17 

33  .82 

+  0  .37 

19 

33.27 

-0  .18 

20 

33  .75 

+  0  ,30 

22 

33  .17 

—  0  .28 

24 

33  .45 

0  .00 

25 

33  .G§ 

+  0  .23 

26 

33  .29 

—  0  .16 

27 

33  .68 

+  0  .23] 

Lower  transit. 

z 

ilU 

0=  0*  33".ftl 

16 

33  .32 

20 

33  .45 

21 

S3  .94 

22 

33  .43 

24 

33  .50 

25 

33  .94 

20 

33  .98 

27 

33  .82 

28 

34  .12 

Uean  0  0  83  .45 


Hean  0    0  I 


Hence,  assaming  that  the  zenith  point  of  the  circle  was  cc 
the  probable  error  of  an  observed  value  of  Z  was,  for 
series,  =  0",22.  This  error,  however,  is  the  combined  e 
error  of  observation  and  variability  of  Z.  But  the  pi 
error  of  observation  was  obtained  from  the  discrepancies  h 
the  several  values  of  the  latitude  deduced  from  these  snm< 
vations,  and  was  =  0".17:  so  that  the  probable  erroi 
arising  from  variation  in  the  instrument  was  =  \/[ 
—  (0".17)*]  =  0".14.  The  means  for  the  two  transits  di 
0".27,  which  results  from  the  use  of  different  divisions 
circle  and  different  parts  of  the  micrometers.  To  eompai 
justly,  it  would  be  necessary  first  to  eliminate  especia 
division  errors. 

IJi  order  to  eliminate  the  effects  of  flexure,  the  objccti 
ocalar  are  made  interchangeable  (see  Art.  204). 

The  dimeneioi^  of  the  various  parts  of  the  instrument 
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iken  from  the  plates,  which  are  accurately  drawn  upon  a  scale 

210.  The  portable  universal  instruments  are  usually  so  arranged 
diat  the  vertical  circle  may  be  removed  altogether  from  the 
instrument  when  horizontal  angles  only  are  to  be  measured. 
One  of  these  instruments  is  represented  in  Plate  XII.  In  Fig.  1, 
die  instrument  is  arranged  for  measuring  horizontal  angles 
exclusively.  In  Fig.  2,  the  telescope  of  Fig.  1  is  replaced  by 
another  which  is  connected  with  a  vertical  circle  and  (unlike  the 
inmuth  telescope)  is  at  the  end  of  the  horizontal  axis.  The 
weight  of  the  telescope  and  vertical  circle  is  counterpoised  by  a 
weight  at  the  opposite  end  of  the  axis.  The  focal  length  of  the 
telescope  in  instruments  of  this  kind  seldom  exceeds  24  inches. 

The  following  discussion  of  the  theory  of  these  instruments 
will  apply  to  any  of  the  forms  above  mentioned,  as  I  shall  con- 
rider  their  two  applications — ^to  azimutlis  and  to  altitudes — 
mdependently  of  each  other. 

211.  Azimuths. — ^Let  A^H^  Fig.  49,  represent  the  true  horizon, 
Zthe  zenith.    Let  us  suppose  the  vertical  p.    ^^ 

axis  of  the  instrument  to  be  inclined  to  the 
true  vertical  line,  so  that  when  produced  it 
meets  the  celestial  sphere  in  Z'.  Let  A^H' 
be  the  great  circle  of  which  Z'  is  the  pole. 
The  plane  of  this  circle  is  that  of  the  gra- 
duated horizontal  circle  of  the  instrument. 
Let  ns  suppose,  further,  that  the  horizontal 
mtation   axis,   which    should  be   at  right  ^- 

angles  to  the  vertical  axis,  and,  consequently,  parallel  to  the 
horizontal  circle,  makes  a  small  angle  with  this  circle.  As  the 
initrament  revolves  about  its  vertical  axis,  this  rotation  axis  will 
fcacribe  a  conical  surface,  and  the  prolongation  of  this  axis  to 
4e  celestial  sphere  will  describe  a  small  circle  AA'  parallel  to 
ifl'.  Let  A  be  the  point  in  which  this  axis  produced  through 
tt«  circle  end  meets  the  sphere  at  the  time  of  an  observation, 
■ad  0  the  position  of  a  star  observed  on  any  given  vertical  thread 

*  For  aU  the  particulars  of  the  use  of  this  instrument  in  the  determination  of  the 
^tdiaaiion  of  a  circumpolar  star,  consult  the  memoir  of  Dr.  C.  A.  F.  Pbtbbs, 
•^<(rM.  iWA.,  Vol.  XXII.,  RenUtate  aut  Beobaehtungtn  des  Polanterm  <tm  Erteltehen 
^trfMhrmit  itr  PMkowaer  Stemwarie. 
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ill  the  6cld.    As  the  telescope  revolves  upon  the  horizontali 
its  axis  of  collimatioii  describes  a  great  circle  of  which  A  is  t! 
pole,  and  the  given  thread  describes  a  small  circle  parallel 
this  great  circle.     Let 

c  ^^  tbe  distance  of  tlie  thread  from  the  collimatlon  axis, 

positive  when  tbo  thread  is  o'n  th«  eaino  side  of  the 

colltmiition  axis  as  tlio  vertical  circle, 
b  =  the  elevation  of  A  nbovo  Iho  horizon  as  given  by  the 

spirit  level  applied  to  the  horixonul  axis,  positive  when 

the  circle  end  of  thie  axis  is  too  high, 
i   =  tho  inclination  of  the  vertical  axis  to  the  true  vortical 

line, 
C  =  the  inclination  of  the  horizontal  axis  to  the  azimuth 

circle, 
a  =  A:!H, 
a'=AZ'H, 
A  =  the  azimuth  of  the  star  0,  reckoned  from  A^  as  the 

oriyiD, 
s  ^^  the  Benith  distance  of  the  star: 


have  AZ=9Q°-b,ZZ'  = 
a,  AZ'Z  =  a',  and  hence,  1 


then,  in  the  triangle  AZZ', 
AZ'=m°  —  i',  AZZ'=1S0' 
Sph.  Trig., 

sin  6  =  cos  a' cos  i'sin  j  -|-  sin  f&mi 

cos  f>  eos  a  =  cos  a'  cos  i'  eoa  i  —  sin  C  sin  t 

cos  b  sin  a  =^  sin  a'  eos  t' 

But,  t,  t',  and  b  being  always  so  small  that  we  can  neglect  tlie! 
squares,  these  equations  may  be  reduced  to  the  following 


fc  =  i  cos  o'  +  i'  =  i  cos  a  4-  r 


}    C2« 


In  the  triangle  AZO,  we  have  the  angle  AZO  =  A^ZO  +  A^ 
=  ^  +  90°  — a,  and  the  sides  AO  =  90° +c,  AZ=90''--i 
ZO  =  z ;  and  hence 

—  sin  c  =:  sin  fr  COB  X  —  cos  &  sin  ?  sin  (jl  —  a) 
or,  since  c  and  h  are  small, 


Ilence  sin  {A  —  a)  is  also  a  small  quanti^,  and  the  angle  A.  - 
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ii  either  nearly  0®  or  nearly  180°.  When  the  vertical  circle  at 
the  extremity  of  the  horizontal  axis  is  to  the  left  of  the  observer, 
supposed  in  the  above  diagram,  it  is  evident  that  A  and  a  are 
letrly  eqoal,  and  A  —  a  is  nearly  0°.  Bat  if  the  instrument  be 
levolved  about  its  vertical  axis,  the  azimuth  circle  remaining 
ftced,  and  the  telescope  be  again  directed  to  the  same  point  0, 
tike  vertical  circle  will  be  on  the  right  of  the  observer,  and  the 
.angle  a  will  be  increased  by  180°.  In  this  case,  therefore,  180° 
—  (j1  —  a)  will  be  a  small  quantity.  Putting,  then,  A  —  a  or 
180**  —  {A  — a)  for  sin  {A  —  a),  we  have 

A  =  a  '\-  b  cot  z  -{-  c  cosec  z  [Circle  L.] 

A  =  a  +  180°  —  6  cot  ;r  —  <?  cosec  z    [Circle  E.]  • 

Kow,  a  is  not  read  directly  from  the  azimuth  circle ;  but  if  we 
put  -4.':=  the  actual  reading  and  AQ=^the  reading  when  the 
point  A  in  the  diagram  is  at  A^  (in  which  case  the  telescope, 
when  horizontal,  is  directed  towards  the  point  A^j  we  have 

a  =  a'  =  ^'  — ilo    [Circle  L.] 
a  +  180°  =A  —  A^    [Circle  R] 

and,  therefore, 

A  =A'  —  A^  ±:b  cot  z  ±  <?  cosec  z 

"We  have  supposed  the  azimuths  to  be  reckoned  from  the  point 

i,;  but  it  is  indifferent  what  point  of  the  circle  is  taken  as  the 

origin  when  the  instrument  is  used  only  to  determine  differences 

l(  azimuth,  since  the  constant  A^^  of  the  above  equation  will 

finppear  in  taking  the  difference  of  two  values  of  A.    For 

Mute  azimuths,  let  us  denote  the  azimuth  of  the  point  A^  from 

fte  south  point  of  the  horizon  by  Ai ;  then  the  azimuth  of  the 

itir,  also  reckoned  from  the  south  point,  will  be  equal  to  the 

ibove  value  increased  by  A^    If,  therefore,  we  add  A^  to  the 

•cond  member,  and  then  write  ^A  for  the  constant  A^  —  -4^,  we 

ibattliave 

A  =  A+^A±beotz±:c  cosec  z    j^]  c*^*l^  E  1      ^^^^^ 

vhere  A  now  denotes  the  absolute  azimuth  of  the  star,  and  /^A 
»&e  index  correction  of  the  circle,  or  reduction  of  the  readings 
to  absolute  azimuths.  The  readings  for  circle  right  differing  by 
180®  from  those  for  circle  left,  we  shall  always  assume  that  the 
fermer  have  been  increased  or  diminished  by  180°,  when  two 

T«L.IL— 21 
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observations  in  different  positions  of  the  inxtniment  are  co 
pariMi.     We  miiBt  now  determine  the  quantities  c,  b,  and  a.4. 

212.  To  tind  c  and  b. — The  most  convenient  method  of  finding 
n  with  a  fixed  instrument  ia  to  employ  a  eoUiniating  teU-seo|)« 
placed  on  a  I«v«l  with  th«  horizontal  axis,  such  as  that  of  I'lat* 
III.  Fig.  2.  The  croiw  thread  of  tho  collimator  ia  observed  as  an 
infinitely  distant  point  or  star,  whose  zenith  distance  is  90°;  »nd 
hence  cotj  ^^  0,  eosecr  =^  1.  Observing  it  both  with  circle  left 
and  circle  right,  let  A'  and  A"  be  the  readings  of  the  azimuth 
circle  (the  latter  reading  being  changed  180°) ;  then  we  have 

'  A  =  A'  -^  aA  -i-  c 

A  =A"+  aA  —  c 
whence 

c=\{A"^A')  («n 

which  will  give  c  with  its  proper  sign  for  circle  left. 

If,  however,  the  collimator  ia  below  the  level  of  the  horizontd 

axis,  60  that  the  telescope  must  be  depressed  to  observe  it,  we 

shall  have 

A=:  A' +  AA-i-b  oaiz-\-e  ooBeo  z 
A  =:  A"-^-  &.A  —  ft  oot  2  —  e  cosec  z 

in  which  z  ^=  the  zenith  distance  of  the  coliimator  ^=  90°  +  de- 
pression of  the  telescope,  as  given  Ly  the  vertical  circle;  and 
then 

c  =  i  {A"  —  A'')  Bin  ;  —  i  cob  z  (2081 

and  A  mnat  be  observed  with  the  atriding  level  applied  to  the 
axia,  aa  in  the  case  of  the  transit  instrument. 

"When  the  telescope  is  furnished  with  a  micrometer,  the  vaJae 
of  c  can  be  found  with  still  greater  accuracy,  by  means  of  two 
coliimatora,  as  in  Art,  145. 

213,  In  some  cases  the  spirit  level  cannot  bo  reversed  opnii 
the  axis,  but  is  permanently  attached  to  it  or  to  the  frame  which 
supports  it.  It  is  then  reversed  only  when  the  inwtmmcni  is 
reversed,  and  it  becomes  neeessarj-  to  know  the  level  zero,  or 
that  reading  of  the  level  whieh  corresponds  to  a  truly  horizontal 
position  of  the  axis.  Let  this  reading  be  denoted  by  ^  and  let 
[  be  the  reading  at  any  obaer^'ation  ;  then  we  have 
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where  I  is  the  mean  of  the  readings  of  the  two  ends  of  the 

babble,   the    readings    towards    the    circle   end  being  always 

reckoned  bb  positive.     Then  to  find  l^  we  have  recourse  to  the 

observation  of  two  stars,  one  near  the  zenith  and  the  other  near 

tfe  horizon,  or  of  the  same  star  at  different  times.    Let  A'  and 

A''  be  the  circle  readings,  z'  and  2"  the  zenith  distances  of  the 

Wgh  star  for  circle  left  and  circle  right,  respectively ;  V,  V  the 

level  readings ;  then,  A^  and  A^  being  the  true  azimuths,  we  have 

A^=A'  +  aA  +  (r  —  i;)  cot  /  +  c  cosec  z! 
il,  =.  A"  —  A  A  —  (I"  —  g  cot  ^"  —  c  cosec  /' 

The  difference  between  A^  and  A^  may  be  accurately  computed 
from  the  known  place  of  the  star,  and  a  small  error  in  its 
Msumed  place  will  not  sensibly  affect  this  difference.  K  the  star 
II  near  the  meridian  (which  will  be  advisable),  the  change  in 
azimuth  will  be  sensibly  proportional  to  the  interval  of  time 
between  the  two  observations:  so  that  if  T'  and  T"  are  the 
sidereal  clock  times,  and  dA  the  change  of  azimuth  in  one 
second,  we  shall  have 

il,  —  A,  =  ^A  (  T"  —  T)  (209) 

in  which  T"  —  T  is  in  seconds ;  and  dA  may  be  found  by  the 
differential  formula 

.  dA  15"  cos  d  cos  q 

dT  %m  z 

where  i  =  the  star  s  declination,  and  the  parallactic  angle  q  is 
found  by  Art.  15  of  Vol.  I.  The  difference  of  the  above  equa- 
tions will  then  give  us  the  equation 

—  mZ, +  nc=;>  (210) 

where,  to  abbreviate,  we  denote  the  known  quantities  as  follows : 

m  =  cot/4-cot/'  n  =  cosec  / -f- cosec /'    1     /oil^ 

p  =A"  — A'  — (A,  — A,)— Tcot^'  — r'coty'        /    ^      ^ 

In  like  manner,  the  low  star  gives  a  similar  equation, 

—  mW„  +  n'c  =  /  (212) 

^i  from  the  two  equations  the  unknown  quantities  l^  and  c  are 
foond  by  the  usual  method  of  elimination.    If  a  greater  number 
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of  Btara  have  been  obsorve'l,  the  eqiiationR  nifty  he  combined  hj 
(he  meth<Hi  of  luast  Bqiiarfa.  Where  there  ie  a  collimator,  it 
may  always  be  used  aa  tbe  low  etar  of  thia  method. 

214.  To  determine  the  inde:^  correction  aA,  observe  aily 
known  star  in  either  poaitiou  of  the  iustrumeut*,  then,  hiving 
computed  ita  true  azimuth  A  (Vol.  L  Art.  14),  we  have 

&A  =  A  —{A'  ±  b  cot  z  ±  c  coBcc  ;)  (213) 

215,  W^ith  a  portable  instrument,  Buch  as  is  described  in  Art. 
210,  the  nse  of  a  collimator  is  impracticable,  since  the  telescope 
is  at  the  extremity  of  the  axis,  and,  therefore,  cannot  be  direcW 
towards  the  collimator  in  both  positions.  We  must  then  employ 
stars,  as  in  the  preceding;  article ;  but,  aa  in  portable  instrumeata 
.the  inclination  b  is  usually  tbnnd  directly  by  the  striding  level, 
a  single  star  observed  in  both  positions  of  the  instrument  will 
suffice.  If  we  take  the  pole  alar  when  near  the  meridian,  we 
eiin  suppose  z  to  have  the  same  value  for  both  observatioaB,  and 
we  slijdl  have  the  two  equations 


=  .1'  +  aX  +6'  cots  +  c 

=  .^"+  a.4  -  i"L'ot;  — c 


c  =  J  [^1"  —A'  —  {A,  —  ^,)]  BID  .'  —  1  (^  +  b")  cos  X      (214) 

and  it  will  then  be  expedient  to  determine  ^A  at  the  same  time 
from  either  A^  or  Ay 

21G,  If  instead  of  a  single  vertical  thread  there  are  several 
stieh  threads,  the  horizontal  transil  of  the  star  is  observed  over 
each  by  the  clock,  as  in  ordinary  transit  obser\'ations,  the  reading 
of  the  horizontal  circle  remaining  constant.  If  the  star  is  not 
too  far  from  the  equator,  tlie  intervals  of  time  between  the 
transits  over  the  threads  may  be  assumed  to  be  proportional  to 
the  distances  of  the  threads,  and  then  the  moan  of  the  times 
will  bo  tbe  time  of  the  star's  transit  over  the  mean  thread.  Tlie 
rolliniation  constant  p,  determined  from  stars  as  in  the  preceding 
articles,  will  then  be  that  of  the  mean  thread. 

If  some  of  the  tjireads  have  failed  to  be  observed,  let/,,/^tc. 
be  the  distances  of  the  threads  from  the  mean  thread,  positive 
for  threads  on  the  same  side  of  the  mean  as  the  vertical  circle; 
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tod  let/g  be  the  mean  of  the  distances  of  the  threads  observed, 
and  T^  the  mean  of  the  observed  times.  Then/^  +  ^  is  the  dis- 
tHDce  of  the  mean  of  the  observed  threads  from  the  collimation 
nis;  and  the  azimuth  at  the  time  7^  is  found  by  the  formula 
(206),  substituting /q  +  c  for  c. 

» 

217.  If,   however,  we  wish  to  proceed  rigorously,  we  can 
reduce  each  thread  to  the  mean  thread  by  the  complete  formula 

(138), 

Bm7= —^ f-2tan^8in«J/ 

cos  d  cos  n  coBf 

where  /  is  the  interval  of  time  in  which  the  star  describes  the 
distance  /,  and  i  =  r  —  m,  r  being  the  east  hour  angle  of  the 
itir,  and  m  and  n  being  determined  by  (78).    But  we  can  sim- 
plify this  formula  for  our  present  purpose  as  follows.    Let  Ay 
Fig.  50,  be  the  point  in  which  the  horizontal  axis  of  the 
instrument  meets  the  sphere  when  produced  through 
the  circle  end  (as  in  Fig.  49) ;  Z  the  zenith ;  P  the  pole ; 
Othe  star  when  in  the  collimation  axis  of  the  telescope. 
Since  the  small  inclination  of  the  horizontal  and  verti- 
cal axes  will  not  sensibly  aftect  the  thread  intervals,  we 
can  here  regard  A  as  the  pole  of  the  vertical  circle  ZOy 
ind  the  triangle  OPD  may  be  regarded  as  right  angled 
at  2).    In  this  triangle  we  have,  according  to  the  de- 
Snitions  of  m,  n,  and  r  in  Art.  123,  the  angle   OPD  =  OPZ 
^APZ  =  —  r  —  (90^  —  m)  =  —  90°  —  ^   and    the   side   PD 
-AP  -  90°  =  (90°  —  n)  —  90°  =  —  n.      We   have   also    OP 
=  90°  —  d,  and  the  parallactic  angle  POD  =  q.    Ilence 

cos  n  cos  t  =  —  cos  q 

tan  t  =       tan  q  sin  d 

ndoor  formula  becomes 

sin  /  = 1-  2  sin  d  tan  q  sin*  i  I 

cos  d  cos  q 

This  applies  for  circle  left.  For  circle  right  it  is  only  necessary 
to  change  the  sign  of  the  first  term,  so  that  the  complete  for- 
Qolaig 

Bin  7  =  ip  — ^^^ f-  2  sin  ^  tan  j^  sin*  i  I  (216) 

C0S^C0Bj[ 
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in  nhich  we  take    .  I  sign  for 


circle  L."| 
llower-1 '"°"  '"'  Lcirciii  K.J' 


and  /  will  be  the 


I 


correction  algebrait-ally  additive  to  the  observed  time  on  a  thread 
to  reduce  it  to  the  nioau  thread.  The  augle  q  is  found  by  the 
formula 

Bill  A  COS  a 
Siu  q  =-  — 


COS  3 


(217) 


(216) 

where  q  will  have  a  negative  value  for  a  uegative  value  of  ain  A, 
that  ia,  for  a  star  eaat  of  the  meridian. 

It  is  evidpnt  that,  except  for  starB  of  considerable  declination, 
the  laet  term  of  (215)  will  be  inappreciable,  and  that  we  may 

usually  take  ^ 

1=^ 

cos  a COH  q 

which  amounts  to  assuming  that  I'm  proportional  to/,  as  in  the 
preceding  article. 

218.  To  find  the  equatorial  values /of  the  thread  intervalB, 
we  observe  the  transit  of  a  slow  moving  star  near  the  meridian, 
and  from  the  observed  intervals  /  we  deduce 
sin  /  =  +  Bin  I  cos  S  cos  j 
210.  Zenith  distances.— 'Lei  Z,  Fig.  51,  ho  the  zenith ;  Z'  and  A 
the  points  in  which  the  vertical  and  horizontal  axes  meet  the 
celestial  sphere;  BB'O'  the  great  circle  of 
which  A  ia  the  pole,  and,  consequently,  the 
circle  which  represents  the  vertical  circle  of 
the  instrument  This  circle  is  also  that  which 
is  described  by  the  coUimation  axis  of  the 
telescope.  Let  the  star  0  be  o'bserved  on  a 
horizontal  thread  00',  which  is  perpendicular 
to  the  great  circle  BO'  and  coincides  wdth 
the  arc  AC  produced.  The  point  B',  in 
which  AZ'  produced  meets  the  circle  BB',  represents  the  ex- 
tremity of  that  diameter  of  the  alidade  circle  which  is  in  the 
plane  of  the  vertical  axis  of  the  instrument.  The  arc  B'O',  or 
the  angle  B'AO*  which  it  measures,  is  then  the  zenith  distance, 
as  given  directly  by  tlie  circle  when  the  circle  readings  for  & 
and  C  are  given.  Let  the  reading  of  the  circle,  when  the  thread 
is  at  B',  be  denoted  by  ^g,  and  the  reading  on  the  star  by  l^,  and 
put  B' 0'  or  B'A C  =  z,;  then,  for  circle  left, 

i,  =  Co  — : 


Fig.  61. 
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the  graduations  of  the  circle  being  supposed  to  increase  from 
right  to  left.  Now,  for  different  azimuths  the  relative  position 
of  -B  and  B'  is  different ;  and  they  coincide  only  when  the  point 
A  is  in  the  plane  of  the  circle  ZZ'.  Their  relative  position  at 
Miy  time  is  given  by  the  level  attached  to  the  alidade  circle ;  for 
let  l^  be  the  reading  of  the  level  when  B  and  B'  coincide,  and 
I  the  reading  in  any  other  case ;  then,  denoting  BB'  by  ^^  we 
have 

where  we  take  the  left-hand  end  of  the  level  as  the  positive  end, 
the  observer  facing  the  circle,  and  I  is  half  the  algebraic  sum  of 
the  readings  of  the  ends  of  the  bubble. 
Let  us  now  denote  the  arc  BO*  by  ^';  then  we  have 

and  in  the  triangle  AOZyj^  have  the  required  true  zenith  dis^ 
tance  ZO  =  2:,  the  angle  OAZ  =  z* ;  and,  in  accordance  with 
the  notation  before  employed,  ^0  =  90°  +  0(y  =  90°  +  (?, 
AZ=W  —  b.    Hence 

cos  z  =  —  sin  c  sin  6  -f~  ^^^  ^  ^^^  ^  cos  :f 
Substituting  cos  z'  =  cos*  J^'  —  sin*  J^',  we  obtain 

COB  z=z  —  sin  c  sin  b  (cos* }  /  +  sin' }  2^) 
+  cos  c  cos  b  (cos*  i  /  T—  sin'  }  ^) 
=  cos  (c  4-  6)  cos'  i^  —  cos  (c  —  6)  sin*  J  sf 
006^ — co82r  =  2  sin  i(z  +  sf)&m  \{z  —  sf) 

=  28in'  J  (c  +  b)  cos'  i^  —  2  sin'  J  (^  —  *)  sin'  *  / 

The  second  member  involving  only  the  squares  of  the  small 
quantities  c  and  6,  the  correction  z  —  z'\%  very  small,  so  that  for 
the  fiactor  8inJ(z  +  2')  we  may  take  sin  2'=  2  sin  J  z' cos  J  2/. 
Hence,  substituting  the  arcs  for  the  sines  of  the  quantities  \{z  —  z^), 
\{c  +  6),  \{e  —  b\  we  find 


(218) 


J  — y=/^i^|sinrcotjy— (^ ^\'sinl"tanj/  =  t 

and  «  will  denote  the  correction  for  collimation  and  the  inclina- 
tion of  the  horizontal  axis.  Substituting  the  value  of  z'  above 
g^en,  we  find  as  the  value  of  the  zenith  distance  given  by  the 
observ^ation  ctrck  leflf 
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Ill  this  equation  the  Constanta  Co^'i'^  ^u^'"^  unknown;  bat  ■ 
now  revolve  the  instniraent  180°  in  azimuth,  and  obsen'ff 
zenith  distance  of  the  same  point,  we  sliall  have 

--,=  :■-.',  i.-,  =  -(!.-;■) 

wliere  f 'and  t'  denote  the  new  readings  of  circle  and  level;  a 

hence,  for  circle  right, 

in  which  «'  is  computed  by  the  formula 

,'  =  (£ii::j,i„  l"coHj'-('^)".lQl"t.n  Iz- 

c'  and  b'  being  the  collimation  and  the  inclination  of  the  hi 
zontat  axis  in  this  second  observation.  The  mean  of  the  t 
values  of  i  is 

Their  dift'erence  gives  the  constant  quantity 

If  the  observed  point  is  moving,  as  in  the  case  of  a  Btar,  the  va 
of  z  obtained  by  (219)  is  the  zenith  distance  at  the  mean  ti 
between  the  two  observations;  and,  in  general,  if  a  series  of  zei 
distADces  ia  taken,  one  half  in  each  position  of  the  circle,  am 
^  denotes  the  mean  of  all  the  readings  of  the  circle  in  the  i 
position,  Q'  the  mean  of  all  the  readings  in  the  second  posit 
I  and  I'  the  corresponding  means  of  the  readings  of  the  ci 
level,  the  value  of  z  given  by  (219)  will  be  the  zenith  distanc 
the  mean  of  all  the  observed  times,  provided  always  that  the  Be 
is  not  extended  so  far  aa  to  introduce  second  differences  of 
change  of  zenith  distance.  The  correction  for  second  difieren 
when  necessary,  may  be  found  by  Vol.  I.  Art.  151. 

The  corrections  e  and  e'  are,  however,  usually  rendered  in: 
Bible  in  practice  by  observing  the  star  only  in  the  middle  of 
field,  or  as  near  the  middle  vertical  thread  as  possible,  whic 
effected  by  giving  the  instrument  a  slow  motion  in  azimuth  w 
the  star  passes  obliqnely  across  the  field,  and  thus  keeping 
middle  thread  constantly  upon  the  star  until  it  is  bisected  by 
horizontal  thread. 
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220.  The  equation  (220)  gives  the  constant  Co  +  4  ^^^7  when 
Ike  obsenred  point  is  fixed.  The  cross  thread  of  a  coUimating 
tdescope,  or  a  distant  terrestrial  object,  may  be  used  as  such  a 
ixed point;  and,  making  the  observations  in  the  two  positions  of 
ibe  circle  only  in  the  middle  of  the  field,  we  shall  have  e'  — -  e  =  0: 
10  that  if  we  denote  this  constant  by  Z  we  shall  have 


Z=i(C+CO  +  i('  +  n 


(221) 


With  this  constant  thus  determined,  a  single  observation  of  a  star, 
in  either  position  of  the  instrument,  will  suffice  to  determine  its 
xenith  distance,  since  we  shall  then  have 


z  =  Z^(Z  +  l)    for  circle  L. 


} 


(222) 


The  constant  Z  expresses  the  zenith  point  of  the  instrumentj  since 
m  any  position  of  the  instrument  it  is  equal  to  the  corrected  circle 
leading  when  the  observed  object  is  in  the  zenith. 

If  we  wish  to  deduce  Z  from  the  two  observations  of  a  star,  at 
fte  tihes  T  and  T\  we  must  compute  the  difference  between  the 
xenith  distances  for  the  interval  T^  —  T^  which,  when  the  interval 
iiunall,  may  be  done  by  the  differential  formula 

/i2  =  (^T'—  r)^  =  (r—  T)cos^smA 

dt 

ti which  T^ —  T*  is  supposed  to  be  reduced  to  seconds  of  arc; 
^then  we  shall  have 

z=i(:  +  c')+{(i  +  V)^i£iz 

It  should  be  remarked  that  when  (^'  is  numerically  less  than 
Cwe  should  increase  it  by  860®,  both  in  finding  z  and  Z. 

When  the  two  observations,  in  opposite  positions  of  the  axis, 
iftmade  very  near  to  the  meridian,  it  will  be  advisable  to  reduce 
^  to  the  meridian  by  applying  the  correction  for  circum- 
^dian  altitudes.  Vol  I.  equation  (289)  or  (290). 

ExAMPLS. — To  determine  the  zenith  point  of  an  Ertel  uni- 
^^  instrament,  the  telescope  was  directed  towards  a  distant 
^^w««trial  object,  and  the  horizontal  thread  was  brought  into 
•^^hicidence  with  a  sharply  defined  point  in  the  object,  twice  in 
«sch  portion  of  the  vertical  circle.     The  readings  of  the  circle 
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and  level  were  aa  below.  The  graduations  of  tlie  level  procee* 
coiitinuoualy  from  tho  right  to  the  left  end  of  the  tube,  bo  thai 
the  values  of  I  are  simply  the  arithrneticat  means  of  the  readings 
of  the  two  eudfl  of  thy  bubble.     The  value  of  one  division  =  2".0. 


Circle  L. 
Circle  R. 

Hence,  taking  the  means, 

C  =  180"    2'  32".! 
C'=  3^59    66  25  . 

:„=^ 


Cirols  reulings. 

LeTelrewimgi 

I 

180'     2'  SO". 

40.2    14.6 

27.4 

180     2  35 

40.4    14.5 

27.45 

359    5C  20 

38.2    12.8 

25.5 

369    66  30 

38.5    12.9 

26.7 

69  1 


I  =  27.48 
;'=  25.60 
;,=  26.52  =  53".04 


=  270     0  21  .79 


A  series  of  zenith  distances  of  the  sun's  lower  limb  near  tiut] 
meridian  was  then  taken,  as  follows: 


Cirde 
rcajing. 

read 

el 
ng. 

Circle  rending  cor- 
rected for  level. 

ObeerTed  leoiUi 
disl.nce. 

229''  Sff  50" 

38.4 

12.7 

229° 

51'  41".l 

40"     8*40".7 

229    57  15 

88. 

12.3 

229 

58     5  .3 

40     2  16  .6 

Circle  L. 

230      2    6 

37. 

11.5 

230 

2  63  .6 

39    67  28  .3- 

230     5  15 

37.6 

12. 

230 

6    4  .6 

39   54  17  .2 

\ 

230      7    0 

37. 

11.4 

230 

7  48  .8 

39   62  83  .0 

309    53  16 

SS.4 

7,9 

809 

52  66  .3 

39    52  34  .6 

309    54  10 

38. 

7.4 

309 

54  50  .4 

39   54  28  .6 

Circl.E. 

309    57  50 

SS.6 

8.0 

309 

58  31  .6 

39   58     9  .8 

310     2  40 

33.8 

8.3 

310 

3  22  .1 

40     3     0  .3 

310      9  15 

34. 

8.8 

310 

9  67  .8 

40     9  36  .0 

Here  we  have,  at  the  first  observation, 

Z  =  229°  50'  50"  l  =  +  25.55  =  +  51". 

and  hence  the  corrected  circle  reading  is 
:  +  I  =  220°  51'  4I",1 
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e  correction  t  being  neglected,  as  all  the  observations  were 

e  near  the  middle  vertical  thread,  we  obtain  the  observed 

ith  distance  by  subtracting  this  number  from  the  above  read- 

Z  of  the  zenith  point,  whence  z  =  40°  8'  40"J. 

In  like  manner,  the  fifth  observation  gives  {;'  +  /'=  809°  52' 

'.3,  from  which  Z  is  subtracted  to  obtain  the  observed  zenith 

ee.     The  results  are  given  in  the  last  column. 
These  observations  have  been  employed  in  Vol.  I.  Art.  171,  as 
eridian  zenith  distances  for  determining  the  latitude. 

221.  In  the  methods  of  observation  above  adopted,  a  know- 
^e  of  the  deviations  t  and  V  of  the  horizontal  and  vertical  axes 
>m  their  normal  positions  is  not  required :  it  is  only  necessary 
they  should  be  small.  Their  values,  however,  can  be  readily 
restigated.  In  the  triangle  AZZ'^  Fig.  51,  we  have  the  angle 
\Z'  =  BB'  =  AZi  =  ^> —  Z,  as  given  by  the  level  of  the  vertical 
de ;  and  this  triangle  gives,  with  the  notation  of  Art.  211, 


sm  AJ|  = 


sin  t  sin  a! 
cos  6 


taking  a  for  a'y 


i  sin  a  =  ?^  —  I 


Uie  same  time,  we  have,  from  the  level  h  of  the  horizontal  axis, 

i  cos  a  -(-  r  =  6 

BTow,  revolving  the  instrument  180°,  the  angle  a  becomes 
+  ISO**,  and  if  the  level  reading  of  the  vertical  circle  alidade  is 
Vj  and  the  inclination  of  the  horizontal  axis  is  6',  we  have 

—  I  sin  a  =  1^  —  V 
—  icos  a  -f-  *'=  ^' 

ice,  combining  these  equations  with  the  former  ones,  we  find 


t  sin  a  =  ^  (r  —  I) 
i  cos  a  =  J  (6  —  6') 

'which  determine  i  and  a;  and  for  i'  we  have 


}    (223) 


f=J(6  +  6')  (224) 

We  can,  also,  find  i  and  V  from  the  inclinations  of  the  horizontal 


axis  alotio.  Let  the  alidnde  of  the  azimuth  circle  be  set  at 
asgumed  reading  -4',  and  then  also  at  A'  +  120°  and  -4'  +  2 
and  let  6,  b',  b",  be  the  inclinations  of  the  horizontal  axis  gi 
by  the  spirit  level  io  the  three  positions.     Then  we  have 

t'  COB  a  +  ('  =6 

I  cos  {a  -Y  240°)  +  ('=6" 

the  snm  of  which,  since  cos  (a  +  120°1  +  cos  (a  +  240")  =  —  e 
gives 

This,  subtracted  from  the  1st  equation,  gives 


and  the  difference  of  the  2d  and  3d  equations  gives 


(1 


which  determine  i  and  a.  This  method  may  be  used  for  ins 
menta  intended  only  for  the  measurement  of  horizontal  ang 
In  other  instruments,  both  methods  may  be  used,  and 
accordance  of  the  results  will  indicate  the  degree  of  perfecl 
in  the  workmanship  of  the  vertical  pivots  of  the  instrument 

222.  If  there  are  several  horizontal  threads,  the  vertkal  tra 
of  the  star  over  each  may  be  observed,  revolving  the  instrum 
slowly  in  azimuth,  so  as  to  make  the  transit  occur  in  the  mid 
of  the  field.  The  level  of  the  alidade  should  be  read  b 
before  and  after  the  observation,  and  the  mean  taken  as 
value  of  /  at  the  mean  of  the  times  of  observation.  When 
star  is  not  near  tlie  meridian,  the  zenith  distance  represented 
the  mean  of  the  threads  may  be  assumed  to  correspond  to 
mean  of  the  observed  clock  times ;  but  when  near  the  merid 
a  correction  for  second  differences  will  be  necessary. 

In  Vol.  I.  Art.  151,  we  have  found  that  if  T,,  T^  T^,  4c. 
the  several  clock  times,  and  T  their  mean,  the  corrected  t 
corresponding  to  the  mean  of  the  zenith  distances  is 
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I  which,  i  being  the  hour  angle,  A  the  azimuth,  and  q  the  par- 
lUctic  angle  of  the  star, 

,  cos ^ COB  9 

*  = ^~7"^ 

Binf 

lad  m^  is  the  mean  of  the  quantities 

28in«K^,  — ^T)  28in«K^.  — ^)  ,, 

sin  r  sin  1" 

fiviiich  can  be  taken  from  Table  V. 
For  the  moon,  the  correction  will  be 


15^ 


B  being  found  as  in  Art.  154. 

ff  the  transit  is  defective,  that  is,  if  only  a  portion  of  tLe 

Iflireads  have  been  used,  it  will  be  necessary  to  apply  to  the  circle 

[reading  a  correction  which  will  be  the  diflTerence  between  the 

of  the  threads  observed  and  the  mean  of  all  the  threads. 

[Thus,  /  denoting  the  distance  of  any  thread  from  the  mean  of 

and  n  the  number  of  threads  observed,  the  correction  of  the 

[Ade  reading  will  be  -  £f.    The  value  of  /  for  each  thread  will 

moet  readily  found  from  complete  vertical  transits  of  stars 
ich  are  not  so  near  to  the  meridian  as  to  require  a  correction 

fcr  second  differences,  since  we  can  then  use  the  differential 

lomiala 

/  ==  15  J  X  —  =  15  /cos  0  sin  A 

which  /is  the  interval  between  the  observed  time  on  a  thread 

the  mean  of  all  the  times. 
To  compute /with  regard  to  second  differences,  see  Vol.  1. 
[lit  150. 

223.  Carrecticn  of  the  observed  azimuth  and  zenith  distance  of  the 
Bmb  of  the  moon  or  a  planet  for  defective  iUumination. — I  shall  here 
consider  only  the  case  where  the  defective  limb  of  a  spherical 
body  has  been  observed.  The  formulae  for  the  more  general 
ease  of  a  spheroidal  planet  may  easily  be  deduced  from  those 
^ven  in  Vol.  L  (occultations  of  a  planet) ;  but  they  are  rarely 
UT  ever  required.    We  can  obtain  the  formulae  necessary  for  our 
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present  purpose  from  those  given  m  Arts.  157  and  207  of  t 
present  volume.  It  is  evident  that  in  computing  the  appare 
outline  of  the  disc  of  a  planet  as  illuminated  bj  tlie  sun,  ai 
system  of  co-ordinates  may  be  usitd,  provided  the  piaces  of  tl 
sun  and  planet  are  expressed  in  the  same  system.  If,  then,  i 
here  substitute  the  zenith  for  the  pole,  and,  consequently,  tl 
horizon  for  the  equator,  we  have  only  to  substitute  zenith  di 
tance  for  polar  distance  and  azimuth  for  right  ascension,  i 
rather  the  negative  of  the  azimuth,  since  the  azimuth  is  reckoni 
from  left  to  right,  while  right  ascension  is  reckoned  from  rig 
to  left.     Putting,  therefore, 

d  ^  the  snn's  sonith  distance,  ^^J 

a  ^  azimuth,  ^^H 

A  =  the  planet's  azimuth,  ^^H 

s  =  the  planet's  apparent  semidiamoter, 

jR,  If  ^^  the  gpocentric  distances  of  tlie  earth  and    planet, 
respectively, 

we  have,  by  (124),  for  computing  the  horizontal  perpendicn! 
from  the  centre  of  a  planet  upon  the  vertical  thread  in  eonti 
with  the  defective  limb,  the  formula 


ein  ;  ^  -—  sin  rf  sin  (d  —  A) 


«"  =  S  cos  jf 


(22 


The  value  of  sin  j;  will  be  positive  or  negative  according  as  tl 
2d  or  the  1st  limb  is  defective.  The  value  of  s  may  be  fonn 
from  its  mean  value  given  in  Vol.  I.  p.  578. 

For  the  moon  we  can  put  M  =  B'. 

Since  we  wish  to  deduce  from  the  observed  azimuth  of  fi 
defective  limb  that  of  the  true  limb,  the  correction  of  the  cird 
reading  will  evidently  be 

U  =  '-=^  =  '^"''''>  (230 

Sin  z  sin  s 

Again,  for  computing  the  vertical  perpendicular  from  the  centr 
of  a  planet  upon  the  horizontal  thread  in  contact  with  th 
defective  limb,  we  deduce  from  (200),  by  changing  the  co-ori 
natea, 

Bin  ;f  =  —  [sin  z  cos  rf  —  cos  2  sin  d  coB  (a  —  j4)]        (231 
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\T,  by  introducing  an  auxiliary, 


tan  JS  =  tan  d  cob  (a  —  A) 

B    sin  (z  —  E^  cos  d 

sin  y    =^^=:, ^^ ^ 

^  K  cos  j& 


(231*) 


tnd  the  correction  to  reduce  the   observed   zenith  distance  to 
Ihat  of  the  true  limb  will  be 


dz  =  s  versin  / 


(232) 


i  negative  value  of  sin  i  will  indicate  that  the  upper  limb  is 
defective. 

Example  1. — The  following  observations  of  the  azimuths  of 
Begulus  and  of  the  mopn's  1st  limb  were  made  at  Greenwich 
with  the  "  Alt-azimuth,"  May  3,  1852. 


Vertical 
eircle. 

Clock  time  of 
transit. 

Circle  reading 

Level 

Clock 
corr. 

Left 

*  11»  26-  12-.95 

140°  3^  39".71 

-^  19".79 

+  11'.46 

Bight 

12     3    11.80 

328    45  10  .76 

20  .14 

11.51 

Bight 

12  31    55.37 

62    54  43  .04 

—  21  .49 

11.55 

Left 

12  45    26.83 

246    84  47  .08 

—  19  .28 

11.57 

JIL. 

nh. 

Sigtdus. 
Begulus. 

The  clock  time  is  the  mean  of  the  transits  over  six  vertical 
threads.  The  clock  correction  is  the  reduction  to  sidereal  time. 
The  circle  readings  are  the  means  of  four  microscopes.  The 
level  reading  is  the  m^ean  of  the  indications  of  six  levels,  per- 
manently attached  to  the  instrument,  parallel  to  the  horizontal 
axis.    The  level  zero,  found  by  the  method  of  Art;.  213,  was 

Z,  =  —  30'M6 

The  collimation  constant  for  the  mean  of  the  threads  was,  for 

circle  left, 

c  =  4-  2".68 

The  observations  being  taken  for  the  purpose  of  determining 
the  moon's  azimuth,  we  shall  first  find  the  index  correction  of 
the  drcle  from  the  known  star  Regvlus.  From  the  Nautical 
Almanac,  we  take 

Begulus,  B.  A.  =       10*  O-  29*.32 
**         Decl.  =  +  12°  41'  16".6 


with  which  and  the   latitude  if  =  51"  28'  37".84  we  find,  by  Vol  - 
I.  Art.  14,  the stars'a true azimuthand  approximate  zenith  distuncc, 


The  zenith  distances  are  apparent,  i.e.  affected  by  refraotion. 
The  instruraental  correctiona  for  the  star  are  then  aa  foUowa: 


i  =  ( -  1, 

±  A  cnl  . 

*„»., 

Circle  R. 
Circle  L. 

+    8".67 
+  10  .88 

_  7".45 
+  8  .73 

-  3"  .33 
+  3  .45 

The  corrected  circle  readings  are,  therefore  (addiag  180"  to 
the  reading  for  Circle  R.), 


Circle  B. 
Circle  L. 


242"  64'  33".0(1 
246    34  53  .32 


A.-f 

169 
169 

15' 
1.5 

41 
39 

.04 
.{13 

15  40  .48 


which,  compared  with  the  trne  azimuths  A  above  found,  |pTe 

the  index  correction 


Circle  E. 
Circle  L. 
llean  uA  -. 


In  the  next  place,  to  reduce  the  obaorvationa  of  the  mocm  1 
there  wore  given  the  moon'a  apparent  zenith  distances  (afiectod  1 
by  parallax  and  refraction), 

Circle  L.    5  ?  =  77"  11' 

Circle  R.    5  3  =  73     17 

whence  we  find  the  instrumental  correctiona  to  bo  as  follows: 


AUtrtVJH  AND  AZIMCTH   INSTBUHKITr. 


337 


i=t-l. 

de  6  eot  X 

:!:  e  eosM  t 

+  10".37 
+  10  .02 

+  2".36 
—  8  .01 

+  2".75 
—  2  .80 

Circle  L. 
«     B. 

Applying  these  and  the  above  found  index  correction,  the  true 
izimaths  of  the  limb,  as  observed,  were 


Ciide  li.  At  11*  26-  24*.41    Sid.  time,      A  =  309°  55'  25".30 
<*     R    "  12     3    22 .81      '*      "  A  =  318      0  45  .43 


Bat  the  moon's  limb  was  slightly  gibbous ;  and  we  must  yet 

9pp]y  the  correction  given  by  our  formulsB  (229)  and  (230).   As  the 

correction  will  not  be  sensibly  different  for  the  two  observations, 

we  may  compute  it  for  the  middle  instant  between  them,  which 

corresponds  to  the  mean  solar  time  8*  57"  16'.    For  this  time,  we 

find 

Sun's  a  =  2*  44-  15*.74 

«      d=  +  15^'  54'.6 
from  which  we  deduce  the  suti*8  azimuth  and  zenith  distance 


a  =  136*>  4'.9 


d  =  102°  8'.1 


and  hence,  taking  A  =  818^  58M  (the  mean  value),  we  find 

log  sin  /  =  n8.5570 

ffinee  rinjf  is  negative,  the  first  limb  is  defective.     Then,  since 
$^1&  36". 5y  and  the  mean  value  of  z  =  75''  14^ 

dA  =  lZ!r!!!Li  =  o".67 

sm  z 

which  is  to  be  added  to  the  above  values  of  ^1  to  obtain  the 
azimaths  of  the  true  limb. 

Example  2. — The  following  observations  of  the  zenith  dis- 
tances of  the  collimator  and  of  the  moon's  lower  limb  were 
made  at  Greenwich  with  the  ^^Alt-azimuth,''  Sept.  21,  1852. 


Collimator.    Circle  L. 

^     E. 

Vol.  IL— 21 


Circle  reading 

Lerel  reading 

C  +  ' 

315^  47'  57".53 
160    23  30  .34 

74".63 
82  .46 

315^  49'  12".16 
160    24  52  .80 

Z=    58      7     2  .48 


^H 
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The  vertical  transit  of  the  moon  waa  observed  on  six  horizo: 

threads,  as  follows : 

5  L.L.  Circle  L. 

Threkd. 

Cloot. 

r, -r 

«» 1- 

I 

19'  88-  11-.5 

-  3-  43'.4 

27"  .22 

11 

39    47.0 

—  2      7.9 

8  .93 

m 

41    16 .0 

-0    88.9 

0  .88 

IT 

42    4S.5 

+  0    47  .6 

1  .24 

V 

44     6.5 

+  2    10 .6 

9  .30 

TI 

45    27.0 
19   41    54.92 

+  3    82  .1 

24  .58 
m,  =  12  .01 

Clock  corr.  = 

+      7.90 

Sid.  time     = 

19  42      2.82 

Circle  reading  :  = 
Ley«l       "        (  = 

341"  !7'  12".S 
+  80  .9 

5 

0 
5 

c  +  ;- 

841    28  33  .4 

^  =    58      7     2  .48 

r  =    76    38  29  .03 

This  zenith  distance  does  not  correspond  precisely  to  the  m( 
time  T,  on  account  of  the  moon's  proximity  to  the  meridian, 
obtain  the  correction  for  second  differences  by  our  formula  (2S 
we  have  found  ahove  the  differences  between  the  several  cl( 
times  and  T,  and  also  the  mean  (m,)  of  the  corresponding  vali 
of  m.  Then,  to  compute  the  coefficient  k,  we  have  the  appro 
mate  azimuth  of  the  moon  at  the  time  of  obserratioD, 

A  =  +  8°  58'.8 
and  the  moon's  declination, 

a  =  —  28°  84'.5 
Hence,  with  f  =  51°  28'.6,  by  the  formulae 

.    ,       einA. 

am  (  = am  z 

cos  i 


log  Bin  q  =  9.0257, 


log  Bin  t  =  9.2194 


log  k  =  0.7727 
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The  change  of  the  moon's  right  ascension  in  one  minute  of 
mean  time  was  2*.40 ;  and  hence,  by  the  table  in  Art  164, 

ar.  CO.  log  B  =  log  (1  —  ;)  =  9.9823 

We  have,  therefore,  the  correction 

T^5a--i)'*mo  =  +  4'.37 

which,  being  •added  to  the  sidereal  time  above  found,  gives 
19*  42*  7M9  as  the  sidereal  time  corresponding  to  the  apparent 
lenith  distance  76°  38'  29".03. 

It  should  be  observed  that  in  the  observation  of  the  collimator 
one  of  the  horizontal  threads  is  made  to  bisect  the  cross  thread 
of  the  collimator,  and,  therefore,  in  order  to  make  the  circle 
readings  correspond  to  the  mean  of  the  threads,  they  must  be 
increased  by  the  distance  of  the  horizontal  thread  employed 
from  the  mean.  In  the  above  observations  the  4th  thread  was 
employed,  the  distance  of  which  from  the  mean  of  the  six 
threads  was  1'  0".46.  This  quantity  is  included  in  the  circle 
readings  above  given,  so  that  they  represent  the  readings  that 
would  have  been  obtained  if  the  fictitious  thread  called  the  mean 
ftread  had  actually  been  observed  in  coincidence  with  the 
ftreads  of  the  collimator. 

In  conclusion,  it  is  to  be  remarked  that  stars  may  be  observed 
both  directly  and  by  reflection  in  a  mercury  horizon,  in  which 
eaie  the  diflference  of  the  readings  of  the  vertical  circle  (corrected 
for  any  change  in  the  alidade  levels,  &c.)  will  be  twice  the  alti- 
tude. The  combination  of  the  reflected  observations  in  both 
positions  of  the  axis  gives  the  nadir  point  of  the  instrument, 
precisely  as  the  zenith  point  is  obtained  from  the  direct  obser- 
vations. The  method  of  conducting  such  observations  will  be 
readily  inferred  fix)m  what  has  already  been  said  under  Meridian 
Circle,  Art  200. 

[For  an  example  of  the  use  of  a  portable  instrument  in  de- 
termimng  the  longitude  of  a  place  by  the  moon's  azimuth,  see 
Vol  L  p.  880.] 
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THE  ZENITn   TEI-ESTOPE, 


224.  Thr  Keiiitli  telescope  is  a  portable  inatrnment  ftpecbUr 
adapted  for  the  meaBnrement  of  small  difftrmces  of  zenitb  div 
taricL>.  It  is  east-'ntiiilly  tlie  invention  of  Capt.  Asubew  TauoH 
of  the  U.  8.  Corps  of  Kngineers  (in  3834) ;  but,  having  been  exclt> 
sively  adopted  in  tlie  U.S.  Coast  Survey  for  the  detcrmiost)Ml> 
of  latitudes,  it  haa  there  received  wveml  improvt-meuta,  wLi«fc 
have  jfiven  it  a  more  geneml  character  than  it  posBeased  at  find' 
Ah  now  constructed,  it  can  be  used  at  all  zenith  distances,  ani- 
may  he  regarded  as  designed  for  tlie  compariaon  of  any  two  unviif 
equal  xenith  distaiicea  in  any  azimuths.  The  method  of  (indijig 
tlie  latitude  by  this  instrument,  now  known  as  Talcutt'a  MeOiai, 
ifl  one  of  the  noBt  valaable  improTementa  in  practical  seCronon^ 
of  ri'pcnt  yoarri,  Piirpiissing  all  previously  known  methods  (not 
ex<'i'ptinir  that  of  Hki^sel  by  prime  vertical  irantiitci)  both  hi  sim- 
plicity and  in  accnracy. 

Plate  XIC  repreaents  one  of  the  zenith  telescopes  of  the 
U.  S.  Coast  Survey.  The  telescope  is  attached  to  one  end  of  > 
horizontfil  axis  Q,  and  ia  counterpoised  by  a  weight  0  at  the 
otlier  end.  whicli  is  so  connected  with  the  telescope  by  tlta 
curved  lever  P.  P,  P  :is  to  tend  not  only  to  equalize  the  pressure 
of  the  axis  Q  upon  the  two  Vs,  but  to  prevent  the  flexure  of  the 
axia.  The  Va  of  the  horizontal  axis,  one  of  whicii  is  eeen  at.V, 
are  connected  with  each  other  by  the  horizontiil  bar  M,  ami 
thereby  to  the  vertical  colnnin  C.  This  column  revolves  about 
a  vertical  axia  and  carries  a  vernier  and  clamp  c,  by  means  of 
wliich  it  may  be  set  at  any  reading  of  the  horizontal  circle  BB. 
The  vertical  axis  and  horizontnl  circle  are  aecnred  to  a  tripod, 
the  feet  of  which,  A,  A,  A,  are  levelling  screws  for  adju.sting  iIil' 
verticality  of  the  axia.  The  striding  level  S  ia  applied  to  the 
horizontal  axis,  aa  in  the  case  of  the  transit  instrument. 

Wo  now  come  to  the  distinctive  features  of  the  instmnient, 
the  spirit  level  L  and  the  micrometer  E.     The  level  L  ia  at  right 
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angles  to  the  horizontal  axis,  and,  consequently,  in  the  plane  of 
motion  of  the  telescope,  and  is  firmly  connected  with  the  bar  H^ 
which  revolves  upon  a  centre  secured  to  tlie  telescope :  so  that 
it  maj  be  placed  at  any  angle  with  the  optical  axis  of  the  tele- 
scope. In  order  to  set  the  level  at  any  given  angle  approximately, 
the  bar  H  carries  a  vernier,  which  by  the  clamp  /  can  be  fixed 
at  any  reading  of  the  vertical  circle  K^  and  this  circle  is  perma- 
nently connected  with  the  telescope.  This  circle,  being  graduated 
ftom  0*^  at  its  middle  point  to  90°  in  each  direction,  w^ill,  when 
properly  adjusted,  give  the  zenith  distance  of  a  star  towards 
which  the  telescope  is  directed  when  the  bubble  of  the  level  is 
in  the  middle  of  the  tube ;  and  it  therefore  serves  as  a  finder  by 
letting  the  vernier  upon  the  given  zenith  distance  of  a  star  and 
then  revolving  the  telescope  until  the  bubble  plays.  When  the 
telescope  is  thus  approximately  set,  it  is  clamped  by  the  screw 
6,  which  acts  upon  a  circular  collar  around  tlie  horizontal  axis, 
and  then  a  fine  motion  in  zenith  distance  can  be  given  to  the 
telescope  by  the  tangent  screw  F.  This  fine  motion  is  required 
only  in  bringing  the  bubble  of  the  level  nearly  to  the  middle  of 
the  tube. 

-K  is  a  filar  micrometer  with  one  or  more  movable  threads 
carried  by  a  single  micrometer  screw  with  a  graduated  head 
reading  directly  to  hundredths  of  a  revolution,  and  by  estima- 
tion to  thousandths.  In  the  instruments  in  use,  one  revolution 
ia  usually  less  than  60",  and  hence  each  observation  is  read  oft', 
by  estimation,  within  less  than  0".05.  There  are  usually  added 
several  fixed  vertical  threads,  so  that  the  instrument  can  be  used 
as  a  transit  instrument  when  required. 

In  the  preliminary  adjustment,  when  setting  up  the  instru- 
ment, the  test  of  the  verticality  of  the  axis  Cis  that  the  reading 
of  the  striding  level  S  is  not  changed  while  the  instrument  makes 
4  complete  revolution  in  azimuth.  The  perpendicularity  of  the 
horizontal  and  vertical  axes  Q  and  C  is  proved  when,  after 
having  made  C  vertical,  Q  is  horizontal ;  and  the  latter  is  proved 
hy  reversing  the  level  S  upon  the  axis. 

The  middle  transit  thread  can  be  approximately  adjusted  by 
fusing  it  to  coincide  with  a  very  distant  terrestrial  point  in  two 
positions  of  the  telescope  for  which  the  readings  of  the  hori- 
zontal circle  differ  exactly  180®.  This,  however,  is  but  an 
approximation;  for  there  will  bo  a  parallax  in  the  apparent 
position  of  any  terrestrial  point  as  observed  in  the  two  positions. 


I 
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since  the  absoluto  position  of  the  centre  of  the  teleecop«1a 
chaiigej  by  twice  its  constant  distanoe  from  tlie  vertical  axis. 
Wg  can  oaaily  compute  the  amount  of  this  pamllax  in  a  given 
case  and  allow  for  it ;  for  if  rf  =  the  distanre  of  the.  centre  of  tho 
tek-Bcope  from  the  vertical  axis,  D  =  the  diatanee  of  the  object, 
and  p  =  the  parallax,  we  have 

_        d 
^~  D  sill  1" 

but,  as  the  horizontal  circle  is  not  designed  for  very  accurate 
nieasiirce,  it  will  not  usually  be 'worth  while  Ui  nse  this  method 
further  than  to  make  a  first  adjustment.  A  perfect  ai^ustmcut 
can  be  directly  cS'ected  by  the  use  of  two  uoUimatiug  telescopes 
(Transit  Inst.,  Art.  145),  for  which  we  cau  temporarily  use  the 
telescopes  of  two  theodolites  or  other  field  iustrunientB  at  lumil. 
When  the  instrument  is  used  an  a  transit,  the  collimation  cou- 
stant  can  he  detei'mined  from  a  number  of  etara  observed  in  tho 
two  poaitiouH  of  the  axis  by  the  method  of  least  squares,  Hup- 
posing  two  different  azimuths  but  the  some  collimation  in  thu 
two  sets  of  equations  of  condition,  as  in  the  example,  p.  202. 

The  verticality  of  the  transit  threads  is  proved  by  the  methods 
used  for  the  transit  instrument. 

In  finding  the  latitude  by  meridian  obsen-ations,  the  instm- 
meiit  is  frequently  revolved  in  azimuth  180°  for  the  alternate 
observation  of  north  and  south  stars,  and,  to  save  time  in  this 
operation,  two  stops,  t,  b,  are  provided,  which  can  be  clamped 
at  any  points  of  the  limb  of  the  horizontal  circle,  and,  conse- 
quently, at  such  points  tliat  the  telescope  shall  he  in  the  meri- 
dian when  the  clamp  e  bears  against  either  stop. 

225.  Takotl'a  method  of  finding  the  latitude. — Two  stars  are 
selected  which  culminate  at  nearly  equal  zenith  distances,  one 
north  and  the  other  south  of  the  zenith.  The  difference  of  their 
zenitli  distances  must  he  less  than  the  breadth  of  the  field  of  the 
telescope,  and  it  is  better  to  have  it  less  than  half  this  breadth,  to 
avoid  observations  near  the  edge  of  the  field.  Their  right  ascen- 
sions should  be  nearly  equal,  ao  that  their  transits  may  occur 
within  so  short  a  period  that  the  state  of  the  instrument  may  be 
assumed  to  tiave  remained  unchanged ;  but  a  sufficient  interval 
should  be  allowed  for  making  the  necessary  observation  of  the 
level  and  micrometer  and  for  reversing  in  azimuth.    The  stop» 
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biaving  been  previously  set  (by  means  of  some  known  star)  so  as 
to  mark  the  meridian,  the  finding  circle  K  is  set  to  the  mean 
senith  distance  of  the  two  stars,  and  the  telescope  is  pointed  so 
as  to  make  the  reading  of  the  level  L  nearly  zero.  The  tele- 
scope can  now  be  directed  upon  either  star  by  revolving  the 
iustrument  about  the  vertical  axis,  and  this  axis  is  supposed  to 
be  so  nearly  vertical  that  the  reading  of  the  level  will  not 
be  greatly  changed,  since  for  accurate  determinations  with  a 
^irit  level  it  is  always  important  to  make  the  inclinations  which 
%  is  to  measure  as  small  as  possible,  and  not  to  use  the  extreme 
limions.  The  chronometer  times  of  the  transits  of  the  stars 
bve  been  previously  computed  from  their  right  ascensions  and 
flie  chronometer  correction.  The  instrument  being  set  for  the 
itir  which  culminates  first,  when  the  star  comes  into  the  field 
aa  assistant  calls  the  seconds  of  the  chronometer,  and  the 
observer  bisects  the  star  by  the  micrometer  thread  as  nearly  as 
powible  at  the  computed  time  of  trai^sit;  or,  failing  in  doing 
this  satisfactorily,  he  bisects  it  soon  after,  and  records  the  actual 
time  of  the  observation.  He  then  reads  the  level  and  micro- 
meter, revolves  the  instrument  180°,  and  observes  the  second 
«tar  in  the  same  manner. 

Several  bisections  of  the  star  might  be  made  while  it  is  passing 
through  the  field,  and  each  could  be  reduced  to  the  meridian ; 
bat  in  the  Coast  Survey  a  single  deliberate  meridian  observa- 
tion is  regarded  as  preferable  to  several  circummeridian  obser- 
vations.* 

We  must  not  fail  to  remark  that,  since  the  excellence  of  this 
method  depends  upon  the  invariability  of  the  angle  which  the 
telescope  and  level  make  with  each  other,  the  observer  must  not 
touch  the  tangent  screw  I  after  having  set  for  the  proper  zenith 
distance,  until  the  observation  of  the  two  stars  is  completed. 
The  same  restriction  does  not  apply  to  the  tangent  screw  -F, 
which  moves  the  telescope  and  level  together ;  and,  in  case  the 
vertical  axis  is  not  very  well  adjusted,  it  may.  be  necessary  to 

*  Th€  single  obserration  is  preferable  on  the  score  of  simplicity  in  the  subsequent 
rednetions,  bat  it  cannot  be  regarded  as  more  accurate  than  the  mean  of  seyeral 
properly  taken  obserrations.  The  best  reason  for  preferring  the  single  obseryation 
is  found  in  the  present  state  of  the  star  catalogues,  for  even  the  single  observation 
with  the  senith  telescope  is  subject  to  a  less  probable  error  than  the  place  of  the  star 
in  most  of  the  catalogues  that  have  to  be  used.  It  is,  therefore,  preferable  to 
simplif J  the  indiTidoal  obserrations  and  to  moltiplj  obseryations  by  taking  different 
pain  of  itAn. 
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use  this  screw,  after  turning  to  the  secoad  star,  in  order  to  bril^ 
(he  bubble  of  the  level  near  the  muklie  of  tho  6i:ale. 

Now  let  m  be  the  micrometer  reading  (reduced  to  arc)  for  tl 
Boutlieni  star.  Let  /rto  be  the  micrometer  reading  for  any  poil(| 
of  the  field  arbitrarily  assumed  as  the  micrometer  zero ;  and  1 
2(  be  the  apparent  zenith  distance  represented  by  m„  when 
level  reading  is  zero.  Let  us  also  suppose  that  the  micrometM 
readings  increase  as  the  zenith  diatanees  decrease.  Then,  if  tJ 
level  reading  were  zero,  the  apparent  zenith  distance  of  the  at 
would  bo 

Let  /  be  the  equivalent  in  arc  of  the  level  reading,  positive  when  ' 
the  reading  of  the  north  end  of  the  level  is  the  greater;  let  r  h« 
the  refraction.     Then  the  true  zenith  distauce  of  the  eoutheni 
8tar  is  j 

i=;Z,  -|-M„  —  m-f?  +  r  I 

The  quantity  jg  +  m^,  is  constant  so  long  as  the  relation  of  the  ' 
level  and  telescope  is  not  changed.     We  eball,  therefore,  have 

for  the  northern  star  _  ! 

2"  =  ;,  +  fflj  —  m'  —  i'  +  r"  "^  "^         '  "^ 

Ilence  we  have 

z  —  ?*  ^;  m'  —  m  -If-  I'  ~\-  I  -{•  r  ^  j' 

But,  if  d  and  3'  are  the  deflinatione  of  the  south  and  north  stars, 

respectively,  and  f  the  latitude,  we  have 


and,  therefore, 

Thus,  to  the  mean  of  the  deelinations  we  hare  to  add  three  cor- 
rections, which  I  shall  consider  separately. 

226.  The  correction  for  refraction. — The  observations  beiug 
usually  restricted  to  zenith  distances  leas  than  25",  and  the  differ- 
ence of  zenith  distance  being  necessarily  less  than  the  breadih 
of  the  field  of  the  telescope,  the  difference  of  the  refractions  it 
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•o  Bmall  that  the  variationB  depending  on  the  state  of  the  barom- 
eter and  thermometer  are  not  Beusible^  and  we  may  employ  the 
equation 

in  which,  if  z  —  z'  is  expressed  in  minutes,  the  differential 

dr 
quotient  -7-  will  denote  the  change  of  the  mean  refraction  cor- 

HZ 

responding  to  a  change  of  one  minute  of  zenith  distance.  If 
we  take  Bessel's  formula  for  the  refraction, 

r  =  a  tan  z 

in  which  a  may  be  regarded  as  constant  for  small  vaHations  of 
r,  we  have 

dr a  sin  1' 

dz  008"^ 

\    by  which  we  readily  form  the  following  table : 


M 

dr 
di 

0° 

0".0168 

5 

.0169 

10 

.0178 

16 

.0180 

20 

.0190 

25 

.0205 

The  principal  term  in  the  value  oi  z  —  z'  is  m'  —  m,  and  we 
may  in  practice  take  (m'  —  m  being  expressed  in  minutes) 


i(r'^r')  =  \(m!—m) 


dr_ 
dz 


(234) 


The  correction  for  refraction  then  has  the  same  sign  as  the  cor- 
rection for  the  micrometer.* 


If 


e  vlak  to  eonsider  the  actual  state  of  the  air  as  giTen  by  the  barometer  and 
;  we  hare  only  to  mnltiply  the  yalues  of  --  by  ^  and  y,  whose  loga- 
fHkoit  are  giTen  in  Table  II. 
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227.  The  corrntimfor  level. — If  we  denote  the  reading  of  t 
north  and  south  enda  of  the  bubble  by  n  and  s,  the  iucliii 
observed  at  the  obsen'atioiiB  of  the  south  und  uoith  stars,  i 
apectively,  expreased  in  divisions  of  the  level,  or,  as  I  shall  c 
them,  the  level  readings,  will  bu 

and,  putting  D  =  the  value  of  a  division  of  the  level  in  secont 
of  art',  we  shall  have 

t  =  LD  r=  L'D 

and  the  correction  for  the  level  will  be 

ur  +  0  =  Ki'  +  i>  -0  =  ( <-!^^^-f-^'-±^ )  D      (2a 

Thus  the  correction  for  tlie  level  is  found  with  ita  proper  sign  by 
subtracting  the  sum  of  the  south  end  readings  from  the  sum  of 
the  noith  end  readings,  and  multiplying  one-fourth  the  remainde] 
by  the  valu<!  of  a  division. 

228.  The  correction  for  the  mierometer. — If  we  denote  the  s 
micrometer  readings  for  the  south  and  north  stars  by  M  and  M*^ 
expressed  in  revolutions  of  the  screw,  and  put  Ji  =  the  value  of 
3  revolution  in  seconds,  we  have 

l(m'~m)  =  i  (Jf  —M)R  (236) 

We  have  supposed  the  readings  to  increase  as  the  zenith  dis- 
tances decrease,  or,  which  is  the  same  thing,  that  the  readings 
increase  from  the  upper  part  of  the  field  towards  the  lower  part 
This  is  desirable  only  on  account  of  the  symmetry  it  gives  to  the 
reductions,  the  proper  sign  of  the  correction  being  determined,  as 
in  the  case  of  the  level,  by  always  subtracting  south  readings  ' 
from  north  readings.  But  it  is  well  to  reverse  the  instrument 
occasionally,  using  the  telescope  sometimee  on  the  right  and 
sometimes  on  the  left  of  the  vertical  axis,  in  order  to  eliminate 
an^-  unknown  peculiar  error  of  the  instrument,  and  in  conformity 
with  the  general  principle  of  varj-ing  the  circumstances  under 
which  different  determinations  of  the  same  quantity  are  made. 
This  reversal,  of  course,  reverses  the  sign  of  the  readings,  and 
therefore  when  the  readings  are  the  reverse  of  those  above  snp- 
)kOsed  it  will  be  sufficient  to  mark  them  all  with  the  negative 
sign,  and  then  to  proceed  by  the  same  formul»  aa  before. 
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229.  Reduction  to  the  meridian. — ^When  from  any  cause  the 
server  fails  to  obtain  the  meridian  observation,  a  single  extra- 
mdian  observation  is  usually  substituted.  This  observation 
ay  be  taken  in  either  of  two  ways. 

FirsL  Tlie  instrument  is  left  clamped  in  the  meridian,  and  the 
;ar  is  observed  at  a  certain  distance  from  the  middle  vertical 
bread,  the  time  being  noted.  The  reduction  to  the  meridian  is 
ihen  the  same  as  for  the  meridian  circle  (Art.  199),  namely,  i 
|1»ei!ig  the  hour  angle  of  the  star  in  seconds  of  time, 

i(15T)«8in  r8in2^ 

This  is  to  be  added  to  the  observed  zenith  distance  of  a  southern 
|ilar,or  subtracted  from  that  of  a  northern  star,  and  in  either  case 
OM-half  of  it  is  to  be  added  to  the  latitude.     The  correction  to 
l&e  latitude  is,  therefore, 

x  =  l  (15r)«  sin  r  sin  2  ^  =  [6.1347]  t«  sin  2  d  (237) 

Jwben  owe  of  the  stars  of  a  pair  is  observed  out  of  the  meridian. 
If  both  are  so  observed,  two  such  corrections,  separately  com- 
[pated  for  each,  must  be  added.  If  the  star  is  south  of  the 
tqoator,  the  essential  sign  of  the  correction  is  negative. 

Secondly,  We  may  follow  the  star  off  the  meridian  by  revolving 
fte  instrument  in  azimuth,  keeping  the  star  near  the  middle 
wrtical  thread.  The  reduction  is  then  the  same  as  that  of 
cireiunmeridian  altitudes  (Vol.  I.  Art.  170),  namely, 

(16r)*8in  1"  cos  ^  cos  ^ 

'  2  sin  z 

which  is  always  subtractive  from  the  observed  zenith  distance, 
ind  therefore  the  correction  to  the  latitude  in  this  case  will  be 

4  sin  2 

die  upper  sign  for  a  northern  and  the  lower  for  a  southern  star. 

230.  Selection  of  stars. — The  fundamental  stars  whose  declina^  . 
Sons  are  determined  with  the  highest  degree  of  precision  are  too 
ew  to  afford  suitable  pairs  for  this  method,  and  hence  we  must 
uive  recourse  to  the  smaller  stars.     Those  of  the  6th  or  7th 
oagnitude  are  the  smallest  that  can  be  easily  observed  with  a 


portable  inatniment.     But,  as  the  declinationa  of  these  stftw 
not  very  precisely  determiiied,  we  are  obliged  to  pinploy  a  larg 
number  of  pairs  in  order  to  eliminate  their  errors  as  far  as  post 
bio  by  taking  the  mean  of  all  the  resulta.     The  British  Asaocil 
tion  Catalogue  will  generally  furnish  from  tit^een  to  thirtj-  pair 
for  any  given  latitude  on  almost  any  night  in  the  year,  bat,  M 
the  declinations  of  the  stars  sf  leet^d  will  ofteu  be  found  to  r« 
upon  H  single  observation,  or  upon  a  single  authority,  those  ougti 
to  be  rejected  unless  they  can  be  found  also  in  more   recei 
eattiloguca.     In  order  to  secure  every  available  pair,  the  catalogs 
ehould  be  consulted  from  ihc  oarliest  right  iiacension  which  d 
daylight  at  the  time  of  the  beginning  of  the  series  of  observi 
tions  permits,  to  the  latest  hour  at  which  it  U  tleeirablo  to  observi 
It  ix  found  expedient  to  .prepare  a  ttthlu  in  which  all  thu  fta 
which  culminate  within  25°  of  the  zenith,  both  norUi  and  souti 
are  arranged  in  tlie  order  of  their  right  ascensions.     From  tli 
table  suitable  p:iirs  are  selected  to  satisfy  as  nearly  as  possible  th 
fullowiug  couditiona:  lat,  The  difference  of  the  zenith  distanot 
in  a  pair  should  not  be  more  than  10' ;  in  order  not  to  have  t 
observe  either  star  near  the  edge  of  t!io  iiold,  and  also  in  oriis 
to  lessen  the  effect  of  an  error  in  the  determination  of  the  vaJn 
of  the  micrometer  screw.     2d,  The  difference  of  the  right  aseei 
fiions  of  a  pair  should  not  be  less  than  one  minute,  so  as  to  gin 
time  to  read  the  micrometer,  and  to  revolve  the  instrument  t( 
be  prepared  for  the  second   star;  and  not  greater  than  aboUl 
twenty  minutes,  to  avoid  changes  in  the  state  of  the  instrumenW 
3d,  The  interval  between  pairs  should  afford  time  for  readiiil 
the  micrometer  and  level,  and  for  setting  the  instrument  for  thi 
nest  pair.     4th,  The  greater  zenith  distance  should  be  as  oftei 
that  of  the  northern  as  that  of  the  southern  star,  aa  an  error  ii 
the  value  of  the  micromotor  screw  will  thereby  be  rendca'd  led 
sensible.     The  effect  of  such  an  error  would  evidently  be  wliollj 
insensible   in  the  case  of  a  pair  whoso  zenith  distances  wer^ 
exactly  equal ;  and,  in  general,  for  any  number  of  pairs  the  efTed 
of  such  nn  error  upon  the  final  result  will  he  the  more  nearlj 
insensible  the  more  nearly  wc  approach  to  the  condition 

l2  — 1^=0  r23» 

2S1.  Example. — To  illustrate  the  preceding  method,  I  cictrac: 
from  the  records  of  the  U.  S.  Coast  Sur\-ey,  by  the  kind  pemii» 
sion  of  tlie  Superintendent,  a  portion  of  the  observations  tai^ 
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the  Boslyn  Station^  Virginia,  in  July,  1852,  and  shall  give  them 
Tjr  nearly  in  the  form  in  which  they  are  recorded  and  reduced 
^n  the  survey.  After  selecting  the  most  suitable  pairs  of  stars 
f  the  process  above  described,  a  list  is  made  out  for  the  use  of 
le  observer  in  preparing  for  each  observation,  as  follows : 

Programme  for  Zenith  Telescope. . 
TT.  8.C.  8.  Roslyn  Station,  Va.  Approx.  lat.  =  87®  14' 


Star. 

Mag. 

AR. 

Deo. 

Zen.  Dist. 

Setting. 

B.AC.  4843 
«       4902 

6 
6 

14»  33- 
14  48 

21- 
37 

+  45"    3' 
29    14 

7°  49' 
8     0 

N. 
S. 

1 

7°  55' 

"       4902 

6 

14  43 

37 

29    14 

8      0 

S. 

«       4965 

5i 

14  57 

55 

45    14 

8     0 

N. 

8      0 

«       4991 

6 

15     2 

2 

26    52 

10    22 

S. 

«       5092 

7 

15  20 

21 

47    35 

10    21 

N. 

10    21 

«       5092 

7 

15  20 

21 

47    35 

10    21 

N. 

"       5192 

5 

15  36 

83 

26   46 

10    28 

S. 

10    24 

kc. 

&c. 

fhe  following  are  some  of  the  observations  taken  by  Mr.  Dean  : 


Date, 
1852. 

Star. 

Micrometer. 

Level 

• 

Merid. 
dist. 

No. 
D.A.C 

N. 
S. 

Reading. 

Diff.  Z.  Dist. 

N. 

S. 

N       S. 

%9 

4843 
4902 

N. 
S. 

29.590 
12.840 

KeY. 

+  17.250 

32.4 
34.0 

35.0 
35.3 

—  8.9 

» 

«   9 

4902 
4965 

S. 

12.340 
13.990 

+    1.650 

34.0 
33.8 

35.3 
37.0 

—  4.5 

**    9 

4991 
5092 

S. 

23.810 
25.525 

+    1.715 

31.2 
39.2 

39.5 
33.0 

—  2.1 

1   **   9 
"■""19" 

5U92 
5192 
5911 
5922 

N. 
S. 

25.525 
14.800 

+  10.725 

39.2 
32.8 

33.0 
41.0 

2.0 

N. 
S. 

14.805 
26.675 

—  11.870 

48.5 
43.0 

43.6 
49.0 

—  1.1 

10'.9 

"20 

6453 
6530 

S. 

N. 

8.225 
5.360 

—    2.865 

44.4 
50.2 

49.4 
43.5 

+  1.7 

20.5 
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The  stare  59ll  and  645S  were  obser\-ed  out  of  tlie  meridii 
the  hour  angles  l(f".9  and  20'.5,  refipectively,  the  iustrui 
remaining  in  the  meridian. 

The  next  step  is  to  deduce  the  apparent  declinations  foi 
dates  of  the  olraorvations  from  the  catalogues,  using  for  this 
po6C  not  only  the  B.  A.  C,  but  aUo  any  later  catalogues  in  w 
the  stars  can  he  found. 

The  value  of  a  revolution  of  the  micrometer  was  R  =  41' 
and  that  of  one  division  of  the  level  waa  D  =  1".65.  The  i 
putatiou  of  the  latitude  is  then  as  follows: 


aiv. 

Iwdf 

IM  +  1') 

Htena. 

Uni. 

Mt. 

Marll. 

Utlbi< 

4843 
4902 

+45'   I'SH-M 
+29   14     1  .85 

87 

8'  28".21 

4-6'67'.08 

— 1-.61 

+0'M0 

87"  14'  a 

49«6 

29    14     1  .85 
45    13  43  .04 

87 

18  62  .75 

+0  84.16 

-1  .86 

+0.01 

2.' 

4U»I 
61)92 

2fl   62  24  .78 
47   85  IB  ,37 

37 

13  60  .66 

+  0  85  .50 

-0.87 

+0.01 

21 

5UW 

61 B2 

*T   Si  18  .87 
26   46  13  .52 

87 

10  44  .05 

+  3  42  .01 

-0.83 

+0  .no 

2( 

B9I1 
5922 

48   23  23  .47 
2«    IS  41  M 

37 

18  31  .92 

—4    6.71 

—0.45 

—0.07 

+o.ta 

SS 

22   27  47  .31 
52     3     0  .81 

37    15  23  .81 

-0  60  .31 

+0.70 

-0  M-1 

+0.1)4 

232.  Discussion  of  the  results. — In  combining  the  results 
tained  by  this  method,  we  should  have  regard  to  their  rpspet 
weights.  The  weight  of  any  result  from  a  pair  is  a  functio 
the  probable  error  of  the  declinations  of  the  stars  and  of 
probable  error  of  observation. 

The  probable  error  of  an  observation  of  a  single  pair,  w 
may  be  denoted  by  e,  is  found  by  comparing  all  the  observai 
on  the  same  pair  with  their  mean,  where  a  sufficient  numbs 
observations  have  been  taken.  Assuming  that  the  prob 
error  of  observation  is  the  same  for  every  pair  of  stars,  we 
find  ita  mean  value  from  all  the  pairs,  as  follows.  If  v,  der 
the  residuals  obtained  by  comparing  the  mean  of  the  result 
the  first  pair  with  m,  individual  results  from  that  pair,  r, 
residuals  obtained  in  like  manner  from  a  second  pair  on  w 
there  are  n,  observations,  and  so  ou,  to  m  pairs,  we  have,  ac< 
iiig  to  the  theory  of  least  squares, 
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ere  \t){V^  4;c.  denote  the  sums  of  the  squares  of  the  values 
r„  Ac,  and  q  is  the  factor  for  reducing  mean  errors  to  pro- 
)le  errors.  (See  Appendix,  Art  15.)  The  sum  of  these  equa- 
ls ^ves 

(n  —  m)ee  =  ^  [w] 

ere  n  denotes  the  whole  number  of  individual  results,  or  n 

Wj  -f-  w,  + +  ^>i>  ^nd  [^'^]  the  sum  of  the  squares  of  all 

J  residuals,  or  Ivv}  ==  [v{v^']  +  [r,i;J  + +  [vj)^.     Hence 

have 


^  n  —  m 


q  =  0.6745 


(240) 


Example.— *The  individual  results  of  the  whole  series  of  ob- 
•vations  at  Roslyn  in  July,  1862,  from  which  the  above  are 
traeted,  were  as  stated  in  the  following  table,  in  which  only 
e  seconds  of  latitude  are  given. 


To  find  the 

error  of  obiermttion. 

No.  of 
pur. 

Lat. 

Means 

V 

W 

1 

24".78 

2 

25  .05 

8J 

V 

26  .19 

24  .47 

24".83 

.86 
.36 

.1296 
.1296 

i 

26  .19 

25  .94 

26  .47 

26  .20 

.01 
.26 

.27 

.0001 
.0676 
.0729 

i 

25  .52 

26  .08 
26  .14 

25  .91 

.39 
.17 
.28 

.1521 
.0289 
.0529 

22  .95 
22  .50 

22  .78 

.22 
.28 

.0484 
.0529 
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No.  of 

Lat. 

Meaoe. 

.. 

p«r. 

26".26 

.33 

.1089 

25  .42 

.51 

.2601 

7- 

25  .96 

25".93 

.08 

.0009 

26  .01 

.08 

.0064 

25  .98 

.05 

,0025 

25  .96 

.03 

.0009 

26  .47 

.29 

.0841 

24  .97 

.21 

.0441 

8. 

24  Mb 

26  .18 

.28 

.0529 

25  .30 

.12 

.0144 

24  .99 

.19 

.0361 

25  .38 

.20 

.0400 

25  .17 

.72 

.5184 

25.  .64 

.25 

.0625 

9. 

26  .00 

25  .89 

.11 

.0121 

26  .45 

.66 

.3186 

26  .17 

.28 

.0784 

r 

26  .92 

.13 

.0169 

J 

25  .46 
25  .70 

25  .79 

.83 
.09 

.1089 
.0081 

I 

26  .09 

.30 

.0900 

r 

25  .15 

.62 

.3844 

" 

24  .24 
24  .4.^ 

24  .53 

.29 
.10 

.0841 
.0100 

I 

24  .29 

.24 

.0576 

26  .18 

1.03 

1,0609 

12 

24  .17 

25  .15 

.98 

.9604 

26  .10 

.05 

.0025 

f 

25  .73 

.51 

.2601 

J 

2S  .78 

25  .22 

.56 

.3136 

24  .12 

1.10 

1.2100 

I 

25  .23 

.01 

.0001 

24  .86 

.02 

.0004 

14. 

24  .65 

25  .16 

24  .84 

.29 
.32 

.0*11 
.1021 

24  .80 

.04 

.0016 

r 

25  .91 

.55 

.3025 

J 

25  .00 
25  .18 

25  .36 

.36 
.18 

.1293 
.0324 

I 

25  .35 

.01 

.0001 

ZENITH  TELESCOPK. 


853 


To  find  the  error  of  observation, — Concluded. 


No.  of 
pair. 


16 


17 


18^ 


19 


20 


25".94 

26  .74 

26  .23 

26  .18 

25  .82 

26  .01 
24  .99 

24  .86 

26  .37 

25  .94 

25  .84 

26  .16 

25  .97 

25  .92 

25  .60 

25  .81 

26  .02 
25  .67 
25  .89 

25  .20 

26  .32 
25  .49 
25  .97 

73 
19 
54 


26".02 


25  .42 


26  .08 


25  .72 


25  .70 


25  .93 


^^^.^     /11.0169       ^„„^ 
ice,  e  =  0.6745  yj     ^      =  0".80 


V 

w 

.08 

.0064 

.72 

.5184 

.21 

.0441 

.84 

.7056 

.40 

.1600 

.59 

.8481 

.48 

.1849 

.56 

.3136 

.29 

.0841 

.14 

.0196 

.24 

.0576 

.08 

.0064 

.25 

.0625 

.20 

.0400 

.12 

.0144 

.85 

.1225 

.82 

.1024 

.03 

.0009 

.19 

.0861 

.50 

.2500 

.89 

.1521 

.44 

.1936 

.04 

.0016 

[w]  =  11.0169 


his  Binall  probable  error  is  a  proof  both  of  the  great  supe- 
ity  of  this  method  over  all  previously  known  methods  of 
ing  the  latitude,  and  of  the  skill  of  the  observer.  Possibly 
anusually  favorable  state  of  the  atmosphere  may  have  con- 
ed to  give  this  series  an  unusual  degree  of  precision,  as  the 
•age  experience  of  the  observers  of  the  Coast  Survey  gives 
value  of  e  somewhat  greater.  Not  to  assume  too  high  a 
ree  of  precision  for  the  observations,  the  adopted  value  upon 

Survey  is 

e  =  0".50 

Vol.  IL— J3 


and  even  this  value  justifiea  us  in  asserting  that  the  results  \ 
this  method  compare  favorably  with  those  obtained  by  tiJ-Mt  fla 
fixed  iustruments  of  the  observiitory,  whore  the  muasureo  depoB 
upon  graduated  circlea. 

But  the  precision  of  the  results  is  impaired  by  the  defeoti' 
state  of  the  catalogues  of  the  smaller  stars,  and  the  necessity  fi 
using  such  stars  in  order  to  find  suitable  paira  is  the  only  "wei 
point  of  the  method."  The  faeility  of  multiplying  the  numb 
of  pairs,  on  account  of  the  extreme  simplicity  of  the  observation 
in  a  great  degree  compensates  for  this  defect. 

If  now  we  denote  the  probable  error  of  an  observed  zeni 
distance  by  e„  wo  have  the  probable  error  of  the  observed  dilB 
ence  z  —  z' ^  \/2e*,  and  the  above  value  of  e  is  the  probab 
error  of  J  (i  —  z').     Hence  we  have  the  relation 

and,  taking  c  =  0".50, 

f^=e,/2  =0".71 

which  represents  the  combined  effect  of  the  error  in  blsmd 
the  stai",  the  culmination  error,  or  error  peculiar  to  a  culmii 
tion  arising  from  an  anomalous  variation  in  the  refraction  I 
affecting  differently  the  two  stars  of  a  pair,  the  erroi-s  in  i 
values  of  the  micrometer  and  level  divisions,  and  errors  arisii 
from  changes  in  the  instrument  (resulting  chiefly  from  c 
of  temperature)  between  the  two  observations  of  a  pair.  C 
these,  the  most  imijortant  is  the  error  in  bisecting  the  eti 
which  is  strictly  the  error  of  observation. 

233,  Having  found  the  probable  eiTor  of  observation,  we 
determine  that  of  the  declinations  employed.     For  if  e  is  ti 
probable  error  of  observation  of  the  mean  value  of  f  dedna 
from  all  the  observations  of  a  pair,  £,  the  probable  error  of 
mean  of  two  declinations,  E^  the  probable  error  of  the  latitiu 
composed  of  the  errors  of  observation  and  declination,  Wi 

whence 

£,'  =  £'/-e'  (ft 

The  mean  value  of  E,  for  the  stars  employed  (or  for  a  givi 
catalogue  when  all  the  declinations  are  taken  from  the  sari 
catalogue)  will  he  obtained  from  this  equation  by  emploj-ingi 
the  second  member  mean  values  of  E/  and  c*.     A  mean  vsU 
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of  JS^  will  be  obtained  from  the  several  means  obtained  from 
the  several  pairs  (without  here  attempting  to  assign  different 
weights  to  the  observations)  by  the  usual  method  from  the 
residuals.  The  value  of  e  may  be  obtained  for  each  pair  from 
the  single  observations,  when  they  are  sufficiently  numerous ; 
but,  as  we  wish  in  the  present  investigation  to  use  all  the  obser- 
vations even  where  a  pair  has  been  observed  but  once,  it  will  be 
expedient  to  compute  £  by  the  formula 


n 


in  which  e  is  the  probable  error  of  a  single  observation  of  a  pair 
already  found,  and  n  is  the  number  of  observations  of  that  pair. 
Then  the  mean  of  all  these  values  of  ^  is  to  be  used  in  (241), 
and  this  mean  is,  for  m  pairs, 

^  =  -^  F-l  (242) 

From  the  observations  at  Roslyn  above  given,  we  form  the 
following  table : 

To  find  the  probable  error  of  declination. 


No.  of 
pair. 

Lai. 

V 

r» 

No.  of 
obs.  =  n 

1 

n 

1 

24".78 

.57 

.3249 

1 

1. 

2 

25  .05 

.30 

.0900 

1 

1. 

3 

24  .83 

.52 

.2704 

2 

0.500 

4 

26  .20 

.85 

.7225 

3 

0.333 

5 

25  .91 

.56 

.3136 

3 

0.333 

6 

22  .73 

2.62 

6.8644 

2 

0.500 

7 

25  .93 

.58 

.3364 

6 

0.167 

8 

25  .18 

.17 

.0289 

6 

0.167 

9 

25  .89 

.54 

.2916 

5 

0.200 

10 

25  .79 

.44 

.1936 

4 

0.250 

11 

24  .53 

.82 

.6724 

4 

0.250 

12 

25  .16 

.20 

.0400 

3 

0.338 

13 

25  .22 

.13 

.0169 

4 

0.250 

14 

24  .84 

.51 

.2601 

4 

0.250 

15 

25  .36 

.01 

.0001 

4 

0.250 

16 

26  .02 

.67 

.4489 

4 

0.250 

17 

25  .42 

.07 

.0049 

4 

0.250 

18 

26  .08 

.73 

.5329 

4 

0.250 

19 

25  .72 

.37 

.1369 

4 

0.250 

20 

25  .70 

.35 

.1225 

4 

0.250 

21 

25  .93 

.58 

.3364 

3 

0.338 

Mean  =  25  .35  [ri?]  =12.0083 


&]= 


7.366 


the  re 
of  a  si 
Ifal. 
the  prob 


That 


le  probable  error  of  tlie  quantity  J  (3  +  S'). 

liuation  ia,  tlierofore,  0",49  X  \  2  =  0".G9. 

;IiiiHtioiis  had  been  taken  from  the  same  authority, 

Tor  thus  found  would  have  deterniiui-d  the  weight 
of  that  authority,  ami  oould  afterwarda  he  used  in  assigning 
weights  to  ditfurunt  obaervationa.  For  this  purpoei.',  the-  proba- 
ble errors  of  th<»  diffcrpnt  antbi 
the  numoro 


essentially 
cussion  to  H 
results:  e,  Uei 


have  been  determined  from 
oast  Sur\'ey  by  diacnssiona   I 
course,  confining  each  di»-    ' 
gource),  with  the  followbig 
>r  of  a  single  dccliQation, 


Gronmbridge  , 

B.A.C.  on    autt..  of  Bn  iazzi,  am 

Taylor 

The  same  with  additional  modern  authority .... 
Twelve  Tear  (Gr.)  Catalogue,  with  less  than  si; 

obKervntions... 

Nautical  Almanac,  or  Twelve  Year  Calalogut 

with  six  or  more  observations 


tt 

V 

1".5 

2.25 

1  .0 
0  .85 

1.00 
0.78 

0  .6 

QM 

0  .5 

0.25 

V^''  +  T 


234.  Combination  of  the  observations  by  wdghts. — Let  t,  and  c^ 
denote  the  probable  errors  of  the  declinationB  of  the  stars  of  a 
pair  on  which  there  are  n  observations;  then  the  probable  error 

of  i  {5  +  *')  IH 


and  that  of  the  latitude  is 


The  weight  ;>  of  an  observation  is  reciprocally  proportional  to 
E^  ;  or,  since  the  scale  of  weights  is  arbitrary,  we  may  take 
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Adopting  the  Coast  Survey  value  e  =  0".50,  we  have,  therefore, 


;>= 


c.'+V+- 


(244) 


By  thia  formula,  the  weight  imiti/  would  be  assigued  to  a  value. 

of  the  latitude  found  by  a  single  observcUion  of  a  pair  of  stars  when 

tiie  declinations  were  perfectly  exact,  or  to  a  value  found   by 
im  obtervations  on  a  pair  of  Nautical  Almanac  stars. 

The  stars  observed  at  Roslyn  wore  really  taken  from  various 
authorities,  although,  for  the  sake  of  illustration,  we  have  dis- 
cussed the  probable  error  of  their  declinations  as  we  should  have 
done  if  but  a  single  authority  had  been  used.  Let  us  now  find 
the  final  value  of  the  latitude  from  all  the  observations,  having 
regard  to  tlieir  weights  as  determined  by  this  formula.  In  the 
following  table  the  values  of  e,*  are   given   according  to  the 

authorities  from  which  their  declinations  are  taken,  as  stated 

in  the  table  at  the  end  of  the  preceding  article. 


j  Ho.  of 

« 

# 

V  = 

1  Mir. 
1 

««» 

eg'* 

n 

P 

^ 

JHj, 

^-^^0 

pvv 

1 

'   1 

1.00 

0.25 

1 

0.44 

24".  78 

lOf'.OO 

0".76 

0.26 

2 

0.25 

0.25 

1 

0.(J7 

25  .05 

16  .78 

0  .49 

0.16 

3 

0.36 

0.86 

2 

0.82 

24  .83 

20  .86 

0  .71 

0.41 

4 

0.30 

1.00 

3 

0.59 

26  .20 

15  .46 

0  .06 

0.26 

5 

1.00 

1.00 

3 

0.43 

25  .91 

11  .14 

0  .87 

0.06 

[tj]* 

1.00 

1.00 

2 

[22  .73] 

7 

1.00 

0.25 

6 

0.70 

25  .93 

18  .15 

0  .89 

0.11 

8 

0.86 

l-.OO 

6 

0.65 

25  .18 

16  .37 

0  .86 

0.09 

9 

0.36 

0.86 

5 

1.09 

25  .89 

28  .22 

0  .85 

0.18 

10 

0.25 

0.25 

1.33 

25  .79 

84  .80 

0  .25 

0.08 

n 

1.00 

2.25 

0.29 

24  .58 

7  .11 

1  .01 

0.80 

12 

0.3G 

1.00 

0.69 

25  .15 

14  .84 

0  .89 

0.09 

13 

1.00 

0.25 

0.07 

25  .22 

16  .90 

0  .82 

0.07 

14 

1.00 

0.25 

0.67 

24  .84 

16  .64 

0  .70 

0.88 

15 

1.00 

0.25 

0.67 

25  .86 

16  .99 

0  .18 

0.02 

16 

1.00 

0.36 

0.G2 

26  .02 

16  .18 

0  .48 

0.14 

17 

1.00 

1.00 

0.44 

25  .42 

11  .18 

0  .12 

0.01 

18 

1.00 

1.00 

0.44 

26  .08 

11  .48 

0  .64 

0.18 

19 

1.00 

0.25 

0.67 

25  .72 

17  .28 

0  .18 

0.02 

20 

0.25. 

0.25 

1.83 

25  .70 

84  .18 

0  .16 

0.08 

21 

0.26 

0.25 

8 

1.2D 

25  .98 

81  .12 

0  .39 

0.18 

aasM 


[j>]  =  U.ai         O^]  —  8ud  .47      [pvv}  =  2.86 


9, 


=  [^5  =  25".54 
[J>] 


JBL  =  0.6745*/ — ^^^3 —  =  o".07 


*  Tlie  result  bjr  the  6th  pair  of  stars  is  rejected  by  Peirce*t  Criterion  (see  Appendix). 
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Ilenee,  the  final  result  from  these  observations  is 
Lat.  of  Hoalyn  =  37=  14'  2b".bi  ±  0".07 

235.  To  ilelermine  Die  value  of  a  dicision  of  the  la'^el. — It  will 
generally  be  most  convenieiit  to  find  the  value  of  the  diviaioos 
of  the  level  by  the  aid  of  the  micrometer.  It  would  Boem, 
therefore,  most  natural  to  begin  by  diitenniniug  the  value  of  the 
mii;romotor  screw;  but  it  will  be  euou  in  the  next  article  that  in 
the  investigution  of  the  screw  we  must  know  the  value  of  a 
division  of  the  level  in  parts  of  a  recolulion  of  tltc  sercU!.  This 
value,  then,  we  lire  here  to  find,  and  at^erwarda,  when  the  micro- 
meter value  has  been  determined,  we  can  convert  it  into  arc. 

Let  the  telescope  be  directed  towards  a  well-defined  terrestrial 
mark,  or,  which  is  better,  to  the  cross-thread  of  a  collimating 
telescope.  Let  the  level  he  set  to  an  extreme  reading  L.  Bisect 
the  mark  by  the  micrometer,  and  let  the  reading  be  M.  Now 
move  the  telescope  and  level  together  [by  the  tangent  screw  F, 
Plate  XTTI.]  until  the  bubble  ^vea  a  reading  L'  near  the  other 
extreme.  Bisect  the  mark  again  by  the  micrometer,  and  let  the 
reading  be  M'.  Then  the  value  J  of  a  division  of  the  level  in 
terms  of  the  micrometer  will  be 


and  if  E  ia  the  value  (in  seconds  of  arc)  of  a  revolution  of  the 
micrometer,  we  shall  afterwards  find  the  value  /)  of  a  division 
of  the  level  in  seconds  of  arc,  by  the  formula 


J>  =  Rd 


(246) 


Instead  of  a  terrestrial  mark  we  may  nse  a  cireumpolar  star 
at  its  culmination  ;  for  we  can  apply  to  each  observation  the  re- 
duction to  the  meridian  (237),  so  that  each  will  be  referred  to 
the  fixed  point  in  which  the  star  culminates.  In  this  method, 
however,  we  are  exposed  to  errors  arising  from  transient  irregu- 
laritioa  in  the  refraction,  and  also  to  any  error  arising  from  in- 
clination of  the  micrometer  thread.  The  latter  error,  however, 
may  be  avoided  by  revolving  the  instrument  in  azimuth,  so  aa 
to  observe  the  star  always  in  the  middle  of  the  field,  and  then 
we  should  nee  the  reduction  to  the  meridian  for  circummeridian 
altitudes  (238). 
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Example. — ^The  following  are  some  of  the  observations  for 
stennining  the  value  of  a  division  of  the  level  of  a  zenith  tele- 
ope,  taken  by  Mr.  G.  W.  Dean,  of  the  U.  8.  Coast  Survey,  at 
le  Roslyn  Station,  Virginia,  June  30,  1852,  the  telescope  being 
reeled  upon  a  fixed  terrestrial  point. 


No.  of 

Readings 

of 

Difference. 

d 

• 

»« 

r«mp. 

Lerel. 

Mier 

Hior 

T.avaI 

N. 

8. 

90^ 

1 

diT. 

1941 
2106 

diT. 

54.0 
11.2 

diT. 

11.4 
53.9 

165 

42.65 

3.869 

0.176 

• 

.0310 

2 

2111 
2296 

56.1 
10.5 

8.2 
54.0 

185 

45.70 

4.048 

.003 

.0000 

8 

2305 
2506 

55.5 
5.2 

8.8 
59.0 

201 

50.25 

4.000 

.046 

.0020 

4 

2517 
2704 

55.0 
8.8 

9.1 
65.2 

187 

46.15 

4.062 

.007 

.0000 

5 

2709 
2915 

59.0 
9.0 

4.8 
64.7 

206 

49.95 

4.124 

.079 

• 

.0062 

6 

2919 
3115 

56.0 
9.2 

7.8 
54.4 

196 

46.70 

4.197 

.152 

.0231 

7 

1176 
1890 

58.2 
.5.6 

5.8 
58.5 

214 

52.70 

4.061 

.016 

.0003 

8 

1396 
1617 

69.6 
4.6 

5.0 
60.1 

221 

56.10 

4.011 

.034 

.0012 

Mean  d  =  4.045    Sura  =  .0638 

The  column  of  v  gives  the  difference  between  each  observed 
due  of  d  and  the  mean.  From  the  sum  of  the  squares  of  v  we 
nd  the  probable  error  of  the  mean  to  be 

=  0.6746  yj'-'''' 


=  0.023 


8  X7 

Fhe  value  of  d  is  here  expressed  in  divisions  of  the  micrometer 
thread  which  represent  hundredths  of  a  revolution.  Hence  we 
bave,  m  ps^iB  of  a  revolution  li  of  the  micrometer,  the  value  of 
i  (firiftio&.of  the  level, 

D  =  0.04045  B  ±  0.00023  B 
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From  twciity-one  observationa  of  the  same  kiDd,  the  value  fonuii 
waa 

D  =  0.08985  R  ±  0.00018  R 

236.  To  find  the  value  of  a  revolution  of  the  mierometfr. — Tbc  mott 
convenient  method  witli  this  intitniineiit,  as  it  avnidd  di6|t!at!!iij 
the  mifronieter,  is  by  traneita  of  a  circiinip^Uar  »tur  near  ia 
eastern  or  western  elongation  (Art.  45).  We  first  find  the  huut 
angle  and  zenith  distance  of  the  star  at  the  elongation  br  tht 
fonuulie 

cos  F,  =  cot  3  tan  y  cos  ?,  =  coaeo  B  sin  ^ 

and  then,  o  being  the  star's  right  ascension,  &  T  the  correotioB 
of  the  chronometer,  wo  find  the  chronometer  tiinti  of  the  elonga- 
tion hy 

r=«  +  (— iT    ["•"  '^'^^"'^  elong.-j 
•  '  L —  eautern      "      J 

Set  the  telescope  for  the  zenith  distance  z,,,  direct  it  nyon  tlit 
star  some  20"  or  30"  before  the  time  of  elongation,  bringing  ti* 
star  near  the  middle  vertical  tliread,  and  elaniji  the  iiistrunicut. 
Set  the  micrometer  thread  at  any  reading  a  Uttle  iu  advance  d 
the  star,  and  note  the  transit  by  the  chronometer.  Then  ad^-ano* 
tile  tlirciiil  In  ii  iicw.ri'adiiirr,  anil  iijraiii  oIwctvo  the  truii-^ts  mJ 
,-0  on  mitii  tlic  star  liiw  li.^L'ti  ol.scrvcd  through  tliu  whole  tliid 
or  through  the  whole  range  of  the  micrometer  screw.  Tbe 
repeated  manipulation  of  the  ncrew  may  slightly  disturb  tht 
direction  of  the  telescope,  but  the  only  change  which  can  afferf 
the  determination  of  R  will  be  sliown  by  the  level,  which,  tlii'i^ 
fore,  must  also  be  frequently  observed  during  tbe  transits.  Of 
course,  the  relation  of  the  level  to  the  telescope  must  not  he 
cliunged  during  the  observations.  Now,  ^„  denoting  as  aboK 
the  zenith  distance  of  the  star  at  the  time  T^  and  M^  the  cum- 
uponding  reading  of  the  micrometer  when  the  level  reading  if 
zero,  z  the  zenith  distance  at  the  time  Tof  an  observed  transit 
when  the  micrometer  reading  is  Jf  and  the  level  reading  is  i- 
we  have  (neglecting  for  the  |ircscnt  the  refmeliou) 

J  =  ;„  +  {M^  —  M)R  -  LD 

or,  since  we  as  yet  kn{)W  the  value  of  a  level  division  onlj  in 
parts  of  R, 

z^z,-\- (^l/„  —  M,n^  LRd 
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In  like  manner,  for  another  observation, 


whence 


R  =    (^-^o)--(^--^^o)  247) 


The  qnantity  z  —  z^  may  be  computed  (as  we  have  shown  m 
Art.  45)  by  the  formula 

sin (j:  —  XTo)  =  ±  sin  (T  —  T^) cos d 
where  the  lower  sign  is  to  be  used  for  the  eastern  elongation ;  or 

i?-i?o=±8in(r--r.)-^  (248) 

SID  1" 

The  value  of  JR  thus  found  is  corrected  for  refraction  by  sub- 
traeting  from  it  the  quantity  -R^r,  in  which  Ar  =  the  change  of 
refraction  at  the  zenith  distance  z^  for  1^  of  zenith  distance,  and 
J?  is  expressed  in  minutes.  "*" 

Example. — Observations  of  Polaris  at  its  eastern  elongation 
were  taken  June  80,  1852,  at  the  Roslyn  Station  (Va.)  of  the 
tr.8.  Coast  Survey,  to  determine  the  value  of  the  micrometer  of 
the  same  zenith  telescope  as  was  used  in  the  example  of  the 
preceding  articles. 

To  prepare  for  the  observation,  we  have 

^  c=  37°  14'  25" 

a  =  88°  30' 56"  a=    1*    5-36*.8 

Hence,  z.=  52°  44'  42"  t  =   5  55    29.1 

Sid.  time  of  elongation  =  19   10      7  .7 
Chronometer  fast,  24    46 .8 

7;  =  19  34    54.5 
The  micrometer  thread  was  set  at  every  half  revolution,  and 

*Th6  ndaes  of  both  R  and  D  might  be  found  at  the  same  time  from  these  obser- 
**tMBt.  For  bjr  varying  the  level  reading  at  the  different  observations  (by  means 
•(tke  tangent  aorew  /*),  we  shall  have  from  the  observations,  taken  suitably  in  pairs, 
^utioM  of  oondition  of  the  form 

fr^  vhieh  both  B  and  2>  may  be  found.     In  this  method  2  —  /  must  be  the  appa- 
mt  d'ffnenoe  of  lenith  distance  affected  by  the  differential  refraction. 
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59  transita  were  observed.     I  extract  only  those  taken  ( 
eveu  whole  revolationa,  to  illustrate  the  method. 


I 
I 


T.«p. 

No.  of 
Ob.. 

Mior 

M 

UtBl. 

L 

T 

r— Tp 

'—', 

N. 

> 

77° 
76 

1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 
12 
13 
14 

6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
SO 
32 

42.2 

42.5 

42.6 
42.7 
41.9 

44 

44 

44 

44 
45 

8 

2 

2 
2 

1 

-1.80 

-0.85 

-0.80 
-0.75 
-1.60 

19'lI-39',0 
15  14.2 
18  46 .8 
22  23 .4 
25  58.8 
29  29.4 

53  4.4 
36  36.4 
40  11.6 
43  43 .3 
47  15.0 
50  46 .7 

54  19.3 
67  62.8 

—  23- 15'.5 
19   40.3 
16     7.7 
12   31.1 

8   65.7 

5  25.1 

-  1    50.1 
+    1   41.9 

6  17.1 
8   48.8 

12   20.6 
16   53.2 
19   24.8 
22   58.3 

+  54i".33 
458  .10 
375  .73 
291  .71 
2U8  .12 
126  .30 
+   42  .77 
-   39  .61 
123  .20 
205  .43 
287  .62 
369  .72 
452  .08 
534  70 

We  compare  tlie  lat  observation  with  the  8th,  the  2d  with  the 
9th,  &c.,  and  in  each  case  we  have  M'  —  jW"  ^  14  Rov.,  or,  taking 
d  =  0.04,  as  found  on  p.  359,  we  have  for  the  1st  and  8th  ob- 
servation [L'  —  L)d^-\-  0.020  revolutions  of  the  micrometer;  and 
hence,  denoting  the  divisor  in  (247)  hy  a,  we  obtain 

a  =  M'—  itf-f(i,'—X)d  =  14.020 

Proceeding  thus  for  each  pair  of  transits,  we  have — 


ObB. 

• 

z-i' 

fi 

• 

- 

land    8 

14.020 

5SO".94 

41".436 

+  0".042 

0.0018 

2     "     9 

14.020 

581  .30 

.462 

+  0  .008 

.0046  1 

3    "    10 

14.022 

581  .16 

.446 

+  0  .052 

.0027 

4    "    11 

14.022 

579  .33 

.316 

-  0  .078 

.0000 

5    "    12 

13.970 

577  .84 

.363 

-  0  .031 

.0010 

6    «    13 

13.970 

578  .38 

.402 

+  0  .008 

.0001  ! 

7     "    14 

13.970 

677  .47 

.386 

—  0  .058 

.0034  1 

Mean  =   41  .394 
6..„„.  =  2     ,.0196^ 
3  \6x7 


Snm  =     .0196 
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The  change  of  refraction  for  1'  of  zenith  distance  is,  for  ^^  = 
45',  AT  =  0".046,  and  hence  the  correction  of  the  above  mean 

—  0''.046  X  ^  =  —  0".032.     These  observations,  therefore, 

ive  us  the  result 

B  =  41".362  ±  0".014 

The  final  value,  as  found  from  all  the  observations  on  several 
its,  was 

B  =  4r.400  ±  0".011 


from  this  we  find  the  value  of  a  division  of  the  level  of  this 
ent  to  be 

D  =  1".65  ±  0".005 

Fich  are  the  values  employed  above  in  reducing  the  observations 
latitude  at  Roslyn. 

■  287.  A  more  thorough  method  of  treating  the  preceding  obser* 
iations  is  the  following.     We  have  for  each  observed  transit 

z  —  z^  =  (M^---M)  R  —  LRd 

vfaere  3f^  is  the  unknown  reading  corresponding  to  ^^.  Let  us 
iHome  an  approximate  value  for  M^^  denoting  it  by  itf,,  and  put 
H^  =  Jfj  +  X.  Also  let  jRj  be  an  assumed  approximate  value  of 
B;  and  put  J5  =  i?i  +  y.     Then 

z-^z,={M^^M+  x)\E,+  y)^LR,d 

there,  on  account  of  the  small  values  of  i,  we  can  use  i?,  instead 
^  jR  in  the  last  term.     Then,  neglecting  the  product  xy  as  insen- 
»le  when  M^  and  R^  are  properly  assumed,  and  putting 

n  =  ^  —  ^0—  {M^  —  Jtf )  i2j  +  LR^d  (249) 

have  from  each  observation  the  equation  of  condition 

R^x  +  iM^'--M)y  =  n  (250) 

id  from  all  these  equations  x  and  y  can  be  found  by  the  method 
least  squares. 
Thus,  in  the  above  example,  if  we  assume  M^  =  19.0,  i?i=  41".4, 


I 
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which  are  easily  seen  from  tlie  observations  to  be  uesr  apj 
mations,  we  have  the  following  equations: 


41.41—  y™^-^.!; 
41.41—  ay  —  ~Oit 
41.41—  6y  =  +  0J» 
41.4X—  7y  =  +0.M 
41.4X—  9y  ^  +  0  ij 
4I.4i— IIy  =  +  0  .«: 
41.4 J  —  13y  =  +  0  .85 


23!l96.44x=  + 240.12 
910y=—      1.72 
whence 

I  =.  +  0.01  t  =  —  o-oo* 

Jf,  =,     19.01  S=     41.398 

If  we  substitute  the  values  of  x  and  y  in  the  equatioH 
condition,  we  shull  find  the  sura  of  tiie  squares  of  the  residu 
to  he  =:  2.956,  and  hence  the  mean  error  of  a  single  ohser\'atiffl 


41.41 

+ 

13j  = 

+  0' 

.98 

41.41 

+ 

11,= 

+  0 

.55 

4I.4X 

+ 

9,= 

+  0 

.98 

41.4  r 

+ 

7»  = 

-0 

.24 

4I.4X 

+ 

6,= 

-0 

.29 

41.4  X 

+ 

»»  = 

+  0 

.69 

41.4  X 

+ 

»  = 

—  0 

04 

from  which 

ve  form  tht 

no 

/  2.956 


and  consequently  the  probable  error  of  y,  the  weight  of  wliid 
13  its  coetKeieiit  (=  910)  in  the  final  equation,  will  be 


Applyinj;  to  the  above  viilue  of  R  the  correction  for  refractioi 
as  before,  we  have  the  final  result  by  this  method, 

J{  =  U".3GG  ±  0."U11 

The  smallcrprobable  error  here  found  shows  that  the  obsem 
tions  arc  better  satisfied  by  the  value  of  li  found  by  the  melhw 
of  least  squares. 


EXTRA-MERIDIAN  OBSERVATION'S    FOR    LATITUDE    WITH    THE    ZENITH 
TELESCOPE. 

238.  It  has  been  seen  above  that,  although  the  probable  erro 
of  observation  with  the  zenith  telescope  is  very  small,  the  grealt 
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>le  error  of  the  declinations  employed,  when  the  observa- 
re  restricted  to  the  meridian,  renders  it  necessary  to  greatly 
dy  the  number  of  pairs  of  stars  observed.  But  if  we  are 
^  to  observe  one  of  the  stars  at  some  distance  from  the 
ian,  we  can  generally  find  a  pair  of  fundamental  stars,  or 
Tom  the  most  reliable  catalogues,  which  can  be  observed 
same  zenith  distance  within  a  sufficiently  brief  interval  of 

0  exclude  the  probability  of  sensible  changes  in  the  state 
instrument;  and  by  moderate  attention  to  the  determina- 

f  the  time  the  probable  error  of  observation  will  be  very 
increased,  while  the  number  of  observations  necessary  to 
to  the  desired  degree  of  precision  will  be  greatly  reduced. 
IT  not  be  superfluous,  therefore,  to  deduce  here  the  necessary 
Ice  for  this  purpose. 

d  and  d'  be  the  declinations  of  two  stars,  the  first  of  which 
erved  out  of  the  meridian  at  the  zenith  distance  z  and  hour 
/,  and  the  second  on  the  meridian  at  the  zenith  distance  z'^ 
is  very  nearly  equal  to  ^.     We  have 

cos  z  =  cos  (^  —  S)  —  2  cos  ^  cos  i  sin'  1 1 
econd  equation  gives 

.,  substituted  in  the  first  equation,  gives 

—  i  (^  +  O -—  i  (/—^^li 8'"  i (a— ^'+^— y)  =  cos^cos^sin* }  t 

ig  then 

cos  0  cos  d  sin*  \t  /r»civ 

sin  Y  = ; (251) 

^       Bin  K^— 5' +  ^  —  2')  ^      ^ 

all  have 

^=:}(^  +  d')+  i(^-'?)+r  (252) 

1  quantity  z'  —  z  will  be  given  by  the  micrometer  and  level, 
\e\y  as  in  the  case  of  meridian  observations.  The  value  of 
[  always  be  known  with  sufiicient  accuracy  for  the  compu- 
I  of  y-. 

e  effect  of  an  error  in  t  upon  y-,  and  consequently  upon  y, 
be  computed  by  the  formula 

,1  -     .X  tan  Y 

A^  =  (15  Ckt) - 

sin  \t 


fiin  u  =  - "  "-"[*(^'  +  ^)-y.]«i"K^'-^)  \ 
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To  prepare  for  the  oliaervation.  put  f  =  p,  —  S',  (or  3'  - 
fi,  boiug  an  assuuicd  approximate  value  of  f,  aud  Hct  die 
nient  at  the  zenith  distauce  f  for  the  observation  of  botli  t 
The  hour  angle   at  which  the  stsir  out  of  the  meridian  U  tol 
observed  will  be  found  by  the  formula 

sin  ! ,  =  .  |(  .IM(.-  +  ,.-^).inK;-,,-fJ)^ 
\  \  COS  If  con  d  f 

or  rather, 

\  \  COS  p  COB  d 

Then  the  sidereal  time  of  the  observation  of  this  star  maj 
either  a  +  (  or  a  —  (,  a  being  the  right  ascension;  and  it 
often  be  convenient  to  observe  the  star  at  each  of  these  times. 

It  will  probably  be  most  expedient  to  observe  one  of  the 
in  the  meridian  ;  but,  if  both  are  observed  out  of  the  meridil 
we  can  find  the  latitude  by  the  method  of  Vol.  I.  Art.  186. 

239.  The  zenith  telescope  may  he  used  with  adrantagft 
measuring  any  small  difference  of  zenith  distance.  Its  applieatj 
in  finding  the  longitude  from  equal  zenith  distances  of  the  moo 
limb  and  a  neighboring  star  is  given  in  Vol.  I.  Art.  245, 

correction  of  the  method  there  given  for  a  small  ditJerem 
the  zenith  distances  of  the  moon  and  star,  as  foumi  bj 
micrometer,  is  obvious. 

240.  We  may  determine  both  time  and  latitude  with  the  zed 
telescope,  by  observing  a  number  of  stars  at  the  same  altitiH 
and  iiombining  them  by  the  method  of  leaat  squares.  See  Vi 
I.  Art.  189 

ADAPTATION    OF   TUE    PORTABLE    TRANSIT    INSTRUMENT    AS    A    ZESl 
TBLESCO' 

241.  Prof.  C.  S.  Lyman,  of  Yale  College,  has  shown*  that  t 
transit  instrument  may  be  successfully  used  as  a  substitute  I 
the  zenith  telescope  in  the  application  of  Talcott's  niethoU 
finding  the  latitude  by  meridian  observations.  Indeed,  it 
evident  that,  if  the  level  usually  attached  to  the  finding  circle 
luade  of  the  same  delicacy  as  that  applied  to  zenith  telescopes, 

a  micrometer  is  added  to  the  telescope,  that  method  maybe  can* 
out  precisely  in  the  same  manner  as  with  the  zonitli  teleseoj 

■  Am.  Jouraal  of  Science  and  Arts,  Vol.  XXX.  p.  &2. 
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The  different  method  of  reversing  the  instrument  by  lifting  it 
from  its  Va  instead  of  revolving  directly  about  a  vertical  axis, 
does  not  in  any  way  affect  the  principle,  the  essential  condition 
of  Talcott's  method  being  always  observed,  namely,  that  the 
relation  of  the  level  and  the  telescope  is  to  be  absolutely  the 
same  at  the  observations  of  both  stars  of  the  pair. 


CHAPTER  IX. 

the  equatorial  telescope. 

242.  The  equatorial  telescope  is  mounted  with  two  axes  of 
motion  at  right  angles  to  each  other,  one  of  which  is  parallel  to 
the  axis  of  the  earth.  Of  the  various  modes  which  have  been 
employed  for  mounting  the  instrument  according  to  these  con- 
ditionSy  that  which  is  now  universally  adopted  is  the  one  con- 
trived by  Fbaunhofbr  and  known  by  his  name. 

Plate  XIV.*  is  a  representation  of  the  great  Fraunhofer 
equatorial  of  the  Pulkowa  Observatory,  constructed  by  Merz 
and  Mahler.  The  lens  has  a  clear  aperture  of  15  inches,  with 
a  focal  length  of  22.55  feet.  The  pier  P  is  of  stone  (in  smaller 
instruments  a  wooden  stand  is  frequently  used,  resting  on  three 
feet).  The  upper  face  of  the  pier  makes  an  angle  with  the  hori- 
zon equal  to  the  latitude  of  the  place ;  secured  to  this  face  is  a 
metallic  bed,  which  supports  at  two  points  the  polar  or  hour  axis 
H.  of  the  instrument.  This  axis,  being  in  the  plane  of  the 
meridian,  and  making  an  angle  with  the  horizon  equal  to  the 
latitude  of  the  place,  is  parallel  to  the  earth's  axis,  and,  conse- 
seqaently,  is  directed  towards  the  poles  of  the  heavens.  Perma- 
nently attached  to  the  hour  axis,  and  at  right  angles  to  it,  is  a 
metallic  tube,  DDy  in  which  the  declination  axis  revolves.  The 
telescope  is  firmly  attached  to  one  extremity  of  this  declination 
axis,  and  at  right  angles  to  it,  the  point  of  the  tube  at  which  it  is 
attached  being  somewhat  nearer  to  the  eye  end  than  to  the 
object  end. 

*  Kednced  from  the  drawing  in  the  Descripfion  de  V obtervatoire  central  of  Stbuvb. 
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It  is  erident  that  as  the  inBtrunient  revolves  upon  the  hoar 
Kxis  the  declination  axis  remains  in  the  plane  of  the  celestial 
equator,  and.  eonaeqiieutly,  the  telescope,  as  it  revolves  ujiou 
the  declination  axis,  always  describes  secondaries  to  the  celestial 
equator,  or  declination  circles.  The  declination  of  the  point  of 
the  hoavena  towards  which  the  telescope  ia  at  niiy  time  direct<?d 
may,  tlierefore,  be  indicated  by  the  graduated  liecUmttion  circfe  Si, 
which  is  read  by  two  opposite  verniers.  The  hour  angle  of  this 
poiut  is  at  the  same  time  shown  by  the  graduated  hour  circle  (, 
which  is  also  read  by  two  opposite  verniers. 

The  great  advantage  of  this  mode  of  mounting  the  telescope 
IB  that  we  can  follow  a  star  in  its  diurnal  motion  by  revolving 
the  instrument  upon  the  hour  axis  alone,  the  declination  circle 
being  clamped  at  the  reading  corresponding  to  the  star's  declina- 
tion. Further,  the  star's  motion  being  uniform,  we  can  cause 
the  iuRtrument  to  follow  it  autximatically  by  means  of  a  clock/, 
which,  by  a  train,  turns  an  endless  screw  acting  upon  the  circum- 
ference of  the  hour  circle.  The  observer  is  thus  left  free  either 
to  make  a  careful  examination  of  the  physical  appearance  of  the 
objects  in  the  field,  or  to  measure  their  relative  positions  with 
the  micrometer  m  of  the  telescope. 

It  is  important  that  all  tlie  parts  of  the  instrument  he  so  coun- 
teqioised  that  the  telescope  will  be  in  equilibrium  in  all  positions, 
and  possess  the  greatest  freedom  of  movement  upon  either  axis. 
This  ia  effected  iu  the  Fratinhofer  arraugemcut  in  the  most 
perfect  manner.  The  equilibrium  of  tho  telescope  with  respect 
to  the  hour  axis  is  produced  by  the  counterpoises  TV,  W,  S,  and 
}'  of  which  W,  Ware  fixed  cylindrical  masses,  but  Yis  adjust- 
able, so  that  the  equilibrium  may  be  finally  regulated  with  the 
utmost  nicety.  The  weights  ^T"(ot'  which  there  are  two,  one  on 
each  side  of  the  declination  axis)  are  attached  to  the  extremities 
of  levers  whose  fulcrums  are  at  x.  Tho  opposite  extremities  of 
the  levers  seize  upon  a  circular  collar  at  K,  iu  which  there  are 
four  friction  rollers.  The  weights  -1"  thus  not  only  contribute  to 
the  equilibrium,  but  also  rednce  the  friction  of  tho  declination 
axis.  The  centre  of  gravity  of  the  telescope  tube  is  not  in  the 
prolongation  of  the  declination  axis,  but  nearer  to  tho  object 
glass;  its  equilibrium  with  respect  to  the  declination  axis  is 
produced  by  counterpoises  a  {one  on  each  side  of  the  tube)  at  the 
end  of  levers  ahe.  Each  of  these  levers  consists  of  two  conical 
tubes  attached  to  a  cube  at  b,  which  moves  upon  two  axes ;  and 
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^ir  extremities  c  seize  upon  a  collar  around  the  tube.  The 
tremitj  a,  at  which  the  weight  is  placed,  is  free,  and  the  weight 
a  be  acyusted  by  sliding  upon  the  lever.  In  consequence  of 
^  doable  axis  of  each  lever  at  6,  the  counterpoises  act  in  all 
sitions  of  the  telescope,  and  not  only  balance  the  tube,  but  pre- 
nt  in  a  degree  the  flexure  of  the  object  end  which  would  result 
>m  its  weight,  increased  as  it  is  by  the  groat  weight  of  the 
ject  glass  itself.  The  centre  of  gravity  of  the  telescope  and 
i  its  counterpoises  is  now  in  the  hour  axis  at  a  point  a  little 
ove  its  upper  journal ;  the  result  is  a  downward  pressure  upon 
is  journal,  and  an  upward  pressure  upon  the  lower  journal. 
tie  weight  <a  at  one  extremity  of  a  bent  lever  reduces  the  fric- 
m  upon  the  upper  journal  by  producing  an  opposite  pressure 

e  at  right  angles  to  the  axis,  two  friction  rollers  upon  the 
tremity  e  being  thus  pressed  against  the  axis.  The  remaining 
lall  upward  pressure  of  the  inferior  extremity  of  the  axis  is 
duced  by  a  spring  .which  presses  two  friction  rollers  against  the 
is  at  g. 

The  weight  of  the  Pulkowa  telescope  (including  all  the  parts 
iiieh  move,  namely,  the  axes  and  tube  with  its  counterpoises) 
very  nearly  7000  pounds ;  and  yet,  with  this  admirable  system 

counterpoises,  it  moves  upon  either  axis  with  almost  as  much 
se  as  a  small  portable  instrument.  Without  this  perfect  equi- 
)riani  and  reduced  friction,  it  would  have  been  very  difficult  to 
t>duce  a  regular  automatic  movement  of  the  instrument  by  the 
iving  clock.  As  this  clock  is  required  to  produce  a  continuous 
gular  movement,  it  is  not  regulated  by  an  oscillating  pendulum, 
It  by  the  friction  of  centrifugal  balls  against  the  interior  of  a 
inical  box  (L  The  rate  of  movement  is  regulated  by  raising  or 
^pressing  the  pivot  of  this  conical  pendulum,  which,  in  consc- 
ience of  the  conical  form  of  the  box,  changes  the  degree  of 
iction  of  the  balls  against  its  interior  surface.  The  rate  may 
lug  be  adapted  not  only  to  the  motion  of  a  fixed  star,  but  to  that 
f  the  moon,  or  sun,  or  any  planet,  all  of  which  have  different 
tales  of  motion.  In  our  own  country,  Bond's  Spring  Governor 
W  been  saccessfuUy  applied  to  produce  the  equable  motion  of 
equatorial  telescopes. 
kjinder  F  is  attached  to  the  principal  telescope  (Art.  IG). 
The  field  of  the  telescope  is  illuminated  by  a  lamp  9,  the  light 

rf  which  is  reflected  towards  the  reticule  by  a  small  mirror 

within  the  tube.     The  direct  illumination  of  the  threads,  which 

Tou  IT.-.24 
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is  required  when  very  faint  objects  are  to  be  observed,  ia  efl^aet 
by  two  email  laiapa  suspended  at  n  and  n.  (See  Transit  Instl 
ment,  p.  134). 

The  micrometer  is  provided  with  a  position  circle  (Art,.  49). 

243.  Any  point  of  the  heavens  may  be  observed  with  ti 
equatorial  instrument  in  two  different  positions  of  its  deflim 
tion  axis.  For  example,  if  the  declination  a.\i8  is  at  right  angU 
to  the  plane  of  the  meridian, — that  is,  horizontal, — the  teleaoop 
will  describe  the  plane  of  the  meridian;  and  this,  wbetlier  lb 
circle  end  of  the  declination  axis  is  east  or  west ;  and.  iu  general 
the  same  declination  circle  oi'the  heavens  may  be  described  by  tb 
telescope  with  this  circle  end  of  the  axis  on  either  side.  Tlie< 
two  positions  are  to  be  distinguished  in  the  use  of  the  instrumenl 
Let  UB  suppose  the  declinatiou  axis  to  be  produced  through  tib 
circle  end  to  the  celestial  sphere.  The  point  in  which  it  meet 
the  sphere  may  be  called  the  pole  of  the  declination  circle,  tl 
the  hour  angle  of  this  pole  is  90°  greater  than  the  hour  angle  ffl 
a  star  observed  in  the  telescope,  the  circle  is  said  toprrcaW&i 
telescope ;  if  the  hour  angle  of  this  pole  is  90°  less  than  that  01 
the  star,  the  circle  is  said  to  follow  the  telescope.  Thos,  for; 
nt:ir  on  the  iiieridian  (at  its  upper  eulminulion)  the  cirij\v  prendi 
when  it  is  west  and  follows  when  it  is  east  of  the  meridian. 
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244.  Let  us  first  consider  the  instrument  in  the  most  genen 
manner,  that  is,  without  supposing  its  hour  axis  to  be  erei 
approximately  adjusted  to  the  pole  of  the  heavens.  That  poiff 
of  the  celestial  sphere  towards  which  the  hour  axis  is  actniill} 
directed  will  be  called  the  pok  of  Ike  instrument,  or  the  pole  of  iti 
hour  axis,  and  that  point  in  which  the  declination  axis  produce! 
on  the  side  of  the  declination  circle  meets  the  sphere  will  b< 
called  the  pole  of  this  axis  or  circle. 

The  instrument  is  designed  to  give,  by  means  of  its  two  circle* 
the  hour  angle  and  declination  of  a  star  observed  iu  the  Bifct^ 
line  of  the  telescope.  If  the  sight  line  were  perpeodicab 
to  the  declination  axis,  and  if  this  axis  were  perpendicular 
the  hour  axis,  the  readings  of  the  circles  would  give  »t  once  ( 
merely  correcting  them  for  any  index  error)  the  hoar  angle  »" 
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lation  refen^  to  the  meridian  and  pole  of  (he  instrument.  The 
aons  from  perpendicularity  being  always  very  small  in  a 
constructed  instrument,  approximate  forraulie  will  fully 
s  to  reduce  given  readings  to  the  proper  values  referred  to 
)le  of  the  instrument.  But  an  equatorial  instrument  may 
imes  be  used  in  a  place  for  which  it  was  not  intended,  and, 
g  no  adjustment  by  which  the  angle  which  its  hour  axis 
s  with  the  horizon  can  he  greatly  changed,  the  pole  of  the 
ment  may  be  so  far  from  the  celestial  pole  that  the  reduc- 
>f  the  hour  angles  and  declinations  from  their  instrumental 
!Jr  true  values  (referred  to  the  celestial  polo)  will  require  the 
f  rigorous  formulBe,  In  order  to  provide  for  such  a  ease,  I 
first  consider  the  method  of  deducing  the  instrumental 
ities  by  approximate  but  sufficiently  exact  formulee;  then 
the  rigorous  formulse  for  reducing  these  to  the  celestial 
and  finally  give  the  approximate  formulee,  most  frequently 
red,  for  the  case  in  which  the  deviation  of  the  hour  axis 
the  celestial  pole  is  very  small.  As  some  flexure  of  the 
lation  axis  and  of  the  telescope  is  always  to  be  expected  in 
strument  of  this  kind,  I  shall  include  its  efiect  in  the 
life. 

>.  To  find  the  instrumental  declination  and  hour  angle  of  an 
edpoint. — ^Let  the  figure  be  a  projection 
e  celestial  sphere  upon  the  plane  of  the 
T  of  the  instrument;  P'  its  pole;  Z  the 
1  of  the  observer:  then  P'Z  may  be 
I  the  meridian  of  the  instrument. 
:  Q  be  the  pole  of  the  declination  axis  of 
nstrument.  Wliile  the  instrument  re- 
s  upon  the  hour  axis,  the  point  Q  will 
ibe  a  circle  of  which  P'  is  the  pole,  and  which  would  be  a 
circle  if  the  axes  were  at  right  angles  to  each  other,  in 
1  case  we  should  have  P'Q  —  90".  But  we  shall  assume 
there  is  a  deviation  from  this  condition,  and  suppose  the 
"Q  to  be  =  90°  —  i:  so  that  i  will  express  the  declination 
le  point  Q  referred  to  the  equator  of  the  instrument. 
St  08  next  suppose  the  declination  axis  to  remain  fixed  while 
telescope  revolves  upon  this  axis  and  its  sight  line  is  brought 
B  »  star  S.  As  the  telescope  revolves,  the  sight  lino  (which 
nuy  here  suppose  to  be  determined  by  a  simple  cross  thread), 
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describes  a  cirele  in  the  heavens  of  which  Q  is  tbe  pole 
which  will  be  a  great  circle  if  this  eight  line  is  perpendicul 
the  decliiiatiuu  axis,  and  a  aniall  circle,  ASS,  in  any  other 
Let  us  suppose  tlie  polar  distance  of  this  small  circle,  or  Q 
be  90°  —  L' :  so  that  c  wilt  denote  the  coUiniation  constant 
given  tliread. 

The  revolution  of  the  iitetrunient  upon  the  hour  axis  is  mens 
by  the  hour  circle.  When  Q  ie  90°  west  of  the  meridiau. 
telescope  should  he  in  the  meridian,  and  the  reading  of  tlie 
circle,  consequently,  zero;  but  let  us  suppose  the  reading  is 
—  j:.  When  Q  is  in  the  meridian  and  above  the  pole,  the  rea 
will  be  —  z  —  90°.  If,  then,  for  the  actual  position  wher 
star  is  obsen-ed  at  <S  the  reading  ia  I,  we  have  the  angle  2 
=  I  -^  X  +  90°. 

Let  the  instnimenfal  honr  angle  ZP'S  =  I'.  Then  we 
the  angle  SP'  Q  =-  ZP'  Q  —  ZP'S  ^  (  +  j  —  r  -(-  90° ;  and  s 
from  the  construction  of  the  instrument,  this  angle  dilFera 
little  from  90°,  the  quantity  i  +  i  —  /'  will  be  very  small. 

Aa  the  telescope  revolves  upon  the  declination  axis  an 
sight  line  describes  the  circle  ASB,  the  reading  of  the  dec 
tion  circle  will  vary  directly  with  the  angle  P'QS.  since  Q  ii 
pole  of  this  circle.  If  we  denote  the  reading  of  the  declini 
circle  when  the  arc  QS  coincides  with  QP'  by  90°  ~  &d,  am 
actual  reading  for  the  star  at  S  by  d,  we  shall  have  the  a 
P'  QS  =  90°  —  A(?  —  d,  provided  the  readings  increase  witl 
star's  declination,  aa  we  here  suppose. 

Finally,  let  the  instrumental  declination  be  d' ;  that  is 
P'S  =  90°  -  d'. 

We  have  then  in  the  triangle  QP'S  the  given  parta 

P'Q  =  90°  —  1  QS  =  90°  —  c 

P'QS  =  00°  —  {d  +  ^d) 
and  in  order  to  determine  i'  and  d'  we  are  to  find 

SP'Q^QO'  —  it'~t—x) 
P'S  =  90°  —  d' 

From  this  triangle  we  obtain  the  general  equations 

sin  d'  =^  sin  i  sin  c  +  cos  t  cos  c  sin  (d  +  &o 
cos  d'  sin  (('  —  (  —  x)  =  cos  i  sin  c  —  sin  i  coa  c  sin  (d  +  io 
cos  d'  cos  (t'  —  t  —  X)  ss  ooa  c  cos  (d  -f-  i.J 
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But,  as  I  and  c  are  supposed  to  be  so  small  that  their  squares  and 
products  are  insensible,  these  equations  give 

sin  d'  =  sin  (rf  -f-  ^d) 
cos  d'  =  cos  (^d  4-  Arf) 
(t'  —  t  —  x)  cos  d'  =zc  —  I  sin  {d  -f  A(f)  , 

whence 

d'  =  d-\'  £kd 

t'  =  ^  +  X  +  c  sec  cf '  —  X  tan  d' 


}    (253) 


246.  Flexure. — The  flexure  of  the  hour  axis  may  be  supposed 
to  be  altogether  insensible,  since  the  centre  of  gravity  of  the 
whole  instrument  falls  very  near  to  the  upper  journal  of  this  axis, 
tnd  the  pressure  at  this  point  is  relieved  by  a  counterpoise. 

The  flexure  of  the  declination  axis,  being  assumed  to  result 

lolely  from  the  weight,  changes  the  zenith  distance  of  the  point 

§.    Denoting  the  zenith  distance  of  §  by  f  and  the  increased 

[  xenith  distance  by  {^  +  ^C?  we  shall  assume  the  flexure  to  be 

!   proportional  to  sin  (;  (Art.  204),  and,  therefore,  put 

<iC  =  e  Bin  C 

m  which  e  is  the  maximum  of  flexure  of  the  declination  axis 
eorresponding  to  (;  =  90°. 

The  flexure  of  the  telescope  changes  the  zenith  distance  ZS^ 
w  that,  putting  ZS  =  C'>  we  can  express  this  flexure  by 

dZ'  =  e  sin  C' 


in  which  e  is  the  maximum  of  flexure  of  the  tube  corresponding 
toC'=90^ 

The  flexure  of  the  declination  axis  changes  the  arc  P'§  =  90° 
-  i,  and  the  angle  ZP'Q  =  i  +  x  +  90°  ;  but  these  changes  (the 
ftexure  being  supposed  extremely  small)  evidently  produce  no 
Benrible  eflfect  upon  the  declination  d\  The  flexure  of  the  tele- 
Kope,  however,  changes  the  arc  P'S  =  90°  —  <Z',  and  thus  also 
i'-  Treating  the  changes  as  differentials,  we  have 

d,P'S=d  (90°  —  d')  =  d:', cos  P'SZ 

tt  we  denote  the  zenith  distance  of  P'  by  90°  —  ^j  (or  let  ip^  be 
the  observer's  latitude  referred  to  the  equator  of  the  instrument), 
the  triangle  P'/SZ  gives 

_-  ^-       sin  c>,  cos  d'  —  cos  <p.  sin  d'  cos  t' 
cos  P'SZ  = ^ ^ 

sin  C' 
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1 

1 

and  hence 

-~- 

dd' 

=  —  e  (aiD  <fj  cosrf' 

'  —  COB  f ,  sii 

id'cosC 

) 

(") 

Again,  we  have 

d.P'Q  =4(90"  — 
d.ZP'Q  =  dt  =  d: 

I)  =  d;  COB 

Bin  p-g^ 

p'ez 

Bin  P'Q 

ill  which  we 
the  Tttluee 

may  put  sm  P'§ 

-C08I  =  1 

.     Subetituting 

also 

sin 

*■,  —  »'n  '■  fo 

isC 

COB      V    — 

coa  ;  Bin  C 

1 

sin  P' 02-^ 

((  +  jr)  C0« 

a 

and  neglectin 

g  the  product  of  d^ 

and  t  as  inaensihle, 

we  And 

rfi  ^  —  E  sin 

Vi 

( 

(») 

dt  =        e  COS 

ff,  COB  ff  +  : 

r) 

J 

Finally,  the  flexure  of  the  teleeeope  changes  the  arc  QS  = 
—  c,  and  we  have 

90° 

d  .  55  =  d  (90"  —  . 

.)  =  <f.-.oo, 

!2«S 

in  which 


bZSQ 


coa  C  —  sin  ccoa  C 


cos  i;  Bin  C 

Neglecting  terms  of  the  second  order,  therefore, 

dc  =  —  e  008  C 
in  which  we  have 

cos  C  ^:  sin  i  sin  <p^  —  coa  i  coa  y j  sin  (t  +  x) 

and  in  this  we  may  put  t'  for  (  +  i.     Hence,  again  neglecting 
terms  of  the  second  order, 

dc  =  e  coa  ^j  sin  ('  (j) 

By  the  formulte  for  /'  (253),  we  have 

dt'  =  dt  -j-  dc  sec  d'  —  di  tan  d' 

■  and  hence,  by  (n)  and  (p), 

rfC  =:  c  (ain  y,  ton  rf'  -)-  cos  pj  cos  (')  +  e  coa  ?,  aec  d'  ain  ('      (y) 
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Hence,  applying  the  corrections  (m)  and  (q)  to  d'  and  t'  (253),  the 
complete  formulas,  including  the  effect  of  flexure,  are'*' 

d'  =  d  -\-  ^d  —  e  (sin  ^^  cos  d'  —  cos  ^ ^  sin  d'  cos  t')   ^ 
r  =t  +  x  +  csecd'  --itAnd'  I    (254) 

4- c (sin f ,  tan ^'  -f-  cos  ^ i cos t')  +  e  cos  ^i  sec  d'  sin  t'  j 

247.   7b  r€i/i£C€  ^A^  instrumental  declination  and  hour  angle  (d',  <') 
to  the  celestial  declination  and  hour  angle  (J,  r). — ^Let  PZ      p.    ^j 
be  the  true  meridian,  P  the  celestial  pole,  P'  the  pole 
of  the  instrument,  S  the  observed  star.    Let  y  and 
d  denote  the  polar  distance  and  hour  angle  of  P' ; 
that  is,  let 

r  =  PP'  *  =  ZPP' 

and,  producing  PP\  let 

^^  =  ZP'N  =  180*>  —  ZP'P 

The  instrument  gives,  by  the  aid  of  (254),  the  values  of 
<r=  90°  —  P'S,  V=  ZP'Sy  and  we  are  to  find  J  =  90°  -  PS 
and  T  =  ZPS.  The  triangle  PP'/S,  in  which  PP'/S=  180° 
—  (f'  —  *')  and  P'PA'  =  r  —  tf ,  gives 

sin  ^  =  cos  X  sin  <£'  —  sin  ^  cos  (i'  cos  (f  —  t?')  ^ 
cos  S  cos  (r  —  *)  =  sin  ^  sin  rf'  -f  cos  ^  cos  rf'  cos  (t'  —  »9')    >    (255) 
cos  d  sin  (r  —  *)  =  cos  d' sin  (f '  —  ?>')  J 

which  will  determine  8  and  r  from  rf'  and  /'  when  the  instrumental 
constants  y^  i9,  and  &'  are  known. 

Putting  90°  —  y  =  P^,  the  relation  between  j?i,  ^,  j?,  i?,  and  y 
is  found  from  the  triangle  PP'Zy  which  gives 

sin  fj=       COS;'  sin  <p  -\-»m  y  cos  ^  cos  ^    ") 
cos  f  J  cos  1*'  =  —  sin  /^  sin  ^  -{-  cos  ^  cos  ^  cos  *     >    (256) 
cos  f  J  sin  *'  =  cos  ^  sin  ^    j 

248.  In  the  preceding  discussion  I  have   not  distinguished 
\>etween  the  case  in  which  the   declination  circle  precedes  and 
that  in  which  it  follows  the  telescope  (Art.  243).     The  formulae, 
nevertheless,  will  apply  to  either  case,  provided  we  reckon  decli- 
nations over  90°  when  they  require  it.     By  Fig.  52,  in  which 
for  a  star  at  S  the  declination  circle  precedes^  we  see  that  when 

*T1icM  formuUB  are  eBsentiaUy  the  same  aa  Bissil's.     See  his  Aatron,  Unter* 
•«*wf«,  VoL  I.  p.  7. 
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the  teleBcope  is  revolved  from  S  towards  B  and  passos  bercnd 
tliD  pole,  we  nhall  liavt'  decliuatioiiB  exceeding  00°  it"  we  wisb  !i> 
employ  tiio  aamo  Ibnnuls!  an  have  beeu  t'outid  for  this  poBltkiu: 
but  for  tliosB  poiiitD  beyond  the  pole  the  decHnatiou  circle /»flwcfl 
the  telescope.  The  ileclinutioii  iii  that  case,  reckoned  in  the 
usual  manner,  will  be  180'  —  d',  and  the  hour  angle  will  be 
180"  +  ('.  We  may,  therefore,  employ  these  formulte  in  ihcir 
present  form  iu  all  coses,  but  when  d'  falls  betwecu  tlD"  uu) 
270°  we  must  finally  take  180°  —  '/'  and  180°  -t-  ('  as  the  proper 
instnimentat  deelination  and  hour  angle.  (See  also  Tnuiirit 
Instrument,  Art.  128.) 

If,  however,  we  wish  to  distinguish  the  eases  in  the  fonnute 
themselves,  we  shall  have,  wAiti  (he  circle  prcceUci-,  the  readiu^ 
of  the  circle  being  d,  and  („ 

d'=  d,  -|-  &d  —  e(Bin  (P,  COB  d'  —  co«  p,  sin  d'cosC) 
('  =  (,  -j-  j:  -|-  c  see  rf'  —  i  Ian  d' 
4- 1  (aio  f ,  tan  d'  -f  cos  f ,  coa  (')  -f  e  cos  js,  sec  d'  sin  (' 

and  ichen  the  circle  follows,  the  readings  being  e/,  and  (^        \  (2ST) 

180'— d'  =  (^+  4d  +  e(sinp,co8rf'  — co»y,sinrf'cos(')^ 

180°  -\-  t'  =f,  +  X  —  €  sec  d'  -f-  (■  tan  d' 

249.  Tlic  rigorous  fonmiltt  (25o)  and  (256)  will  be  required 
only  ill  the  rare  cose  in  which  the  pole  of  the  instrument  is  at 
a  CO  1 1. -id  (.Till  lie  distance  from  the  celestial  pole ;  but  I  will  briofiT 
iiulieate  the  mt'tliods  of  determining  the  instrumental  constants 
for  tlii.i  eatio.  It  will  always  be  possible  to  bring  the  hour  axis 
of  the  in?ttriimeiit  very  nearly  into  the  meriiliim  of  the  place  of 
observation,  whatever  may  be  the  elevation  of  its  pole  above  the 
horizon,  eo  that  the  meridian  of  the  iastruntent  and  the  tnie 
meridiun  will  nearly  coineide. 

If  we  observe  a  Jixed  point  in  both  positions  of  the  instrument, 
cirele  preceding  and  circle  following,  we  shall  have  by  (25T), 
tiikiug  the  sums  of  the  respective  erpiations, 

180"  =  rf,-)-  d,+  2a'f 
180°  +  'H'  =  t,  +  t,+  2j;  -f-  2e  cos  y,  sec  d'sinC 

the  first  of  wliieh  determines  the  index  correction  (a-/)  of  the 
deelination  circle,  and  the  second  determines  the  value  of  ('-  i, 
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f  we  have  independently  found  the  flexure  e,  or  if  the  fixed  point 
LB  in  the  meridian  of  tiie  instrument  and  consequently  V  ==  0. 

Taking  the  diffierenees  of -the  same  equations,  the  observation 
of  the  fixed  point  also  gives 

180® — 2rf'=s  d, —  d,-f  2e(Bin  ^^co^d* —  cos  f,8in  d*  cos  t') 

180*=  e,  —  tj  —  2c8ecrf'+2 1  tan  d'--2  c  (sin  ^,tan  rf'+cosfjCos^O 

The  first  of  these  determines  d'  when  e  is  otherwise  known,  and, 
the  value  of  d'  thus  found  being  substituted  in  the  second,  we 
iave  an  equation  of  condition  for  determining  e,  i,  and  e.  The 
observation  of  at  least  three  difterent  points  will  be  necessary  in 

Older  to  determine  these  quantities,  or  of  at  least  two  points  if 

we  neglect  e. 
Upon  the  supposition  that  the  pole  of  the  instrument  is  very 

near  the  meridian,  but  at  a  considerable  distance  from  the  celestial 

pole,  7"  is  a  large  arc,  but  d^  is  small,  and  we  have  from  the  first 

of  the  equations  (256),  by  putting  cos  i?  =  dr  1, 

and  the  value  of  y  may  be  found  from  the  observation  of  a  star 
in  the  meridian  and  as  far  from  the  pole  of  the  instrument  as 
possible,  since  in  this  case  we  shall  have  very  nearly 

±Yz=zd  —  d' 

in  which  rf'  will  be  known  from  two  observations  of  the  star  in 
4e  two  positions  of  the  instrument. 
When  Y  has  been  thus  approximately  found,  let  a  star  be 

observed  on  the  six  hour  circle  both  west  and  east  of  the  meridian. 

IVe  deduce  from  (255) 

sin  <r  =  sin  ^  cos  y  -j-  cos  d  sin  y  cos  (r  —  d) 

Denoting  the  instrumental  declination  for  the  two  observations 
by  rf,'  and  d^\  and  putting  r  =  90°  for  the  first  observation,  and 
t  =  270°  for  the  second,  we  have 

sin  d^  =  sin  d  cos  y  +  cos  d  sin  y  sin  ^ 
sin  d^=  sin  d  cos  y  —  cos  H  sin  y  sin  ^ 
whence 

.     ^       sin  d.'  —  sin  d' 

am  d  = ^ ^ 

2  cos  d  Bin  y 

*nttiwill  give  a  sufficient  approximation  to  ??,  provided  the  star 
ii  not  very  near  the  pole. 
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A  theoretically  rigorous  deterniinatioii  of  both  r  fti<l  ^  would 
be  found  by  observing  two  poiuts  whose  decliuations  (5,,  i?,)  aud 
hour  angles  (r,,  r,)  are  known,  aud  then  sohnug  the  equatioua 


sin  d,'  =  Bin  i,  c 
Bin  (j,'  =  Bin  i.o 


i  y  -\-  COS  \  sin  J  COS  (t,  —  *) 
i  ^  +  cos  a,  sin  f  cos  (r,  —  *) 


When  y  and  d"  have  been  found,  we  have,  from  the  observation 
of  one  known  point. 


cos  d'  COIt(t'  —  *')- 
COS  (I' Si.l  (('--*')  = 


.  sin  3  sin  ;•  - 

COS  S  sin  (t  - 


COS  d  COB  f  COS  (r  ■ 


which  determine  t'  —  &';  and,  since  &'  will  be  known  from  (256)," 
('  will  also  be  known.     Finally,  the  instrument  givee  the  value 
of  f  —  X,  as  we  have  shown  above,  aud  thus  x  becomes  known. 


250.  When  the  pofc  of  the  insirumrtit  is  ver;/  mar  the  celestial  poU, 
y  is  very  small,  but  <?  may  have  any  value  from  0°  to  360".  Pat- 
ting COB  7"  =  1  in  (256),  and  neglecting  terms  of  the  same  order 
as  7*,  we  find 

p,  =  p  -f  ;■  COS  * 

*  —  #'  =  —  r  siu  <^  tan  7  —  ^ 

and  (255)  gives  ^  ^^ 

J  =  rf'— ;-coa(('—  *')  ■ 

r  ^  ('+*  —  *'  —  r  Bin  (f  —  a')  sin  d'  sec  i 


>r,  within  terms  of  the  second  order, 


-  r  cos  (r  —  fl) 

-  r  sin  *  tan  jo  - 


y  sin  (r  —  *)  tan  i 


Substituting  the   values   of  d'  and  /'  from   (254),  and   putting 
^=x  ^  X  ^'"  ^  ^^  fi  ^^i*^!*  is  constant,  we  have 


=  (i  -|-  4d  —  r  cos  (r  —  *)  —  e  (sin  y  cos  3  —  cos  if  si: 
-  (  -|-  a(  —  /  sin  (r  —  *)  tan  3  -j-  c  see  i  —  t  tan  S 

-j- 1  (din  ip  tan  i  -\-  cos  f  coa  t)  -(-  e  cos  f  sec  d  si 


acoar)\ 


which  are  the  formulae  usually  rctjuireJ  in  pnh.'tice.  Here  o  ia 
to  be  reckoned  beyond  90"  when  necessary,  being  then  the  sup- 
plement of  the  stjir'e  declination  (Art  248),  and  then  r  is  tha 
star's  hour  angle  increased  by  180°. 

The  declination   and   hour  angle  are  here  apparent,  that  ia-^- 
aficcted  by  refraction,  &o.    If  we  wish  d  aud  r  to  represent  th^s 
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ic  position  of  the  observed  point,  we  may  apply  the 
>ns  for  refraction,  &c.  to  d  and  /. 

prefer  to  distinguish  the  cases  in  the  formal®  themselves, 
have — 

preceding : 

^d  —  f  cos  (r  —  ^) — e  (sin  ^  cos  d — cos  ^  sin  d  cos  r) 

Af  —  y  sin  (t  —  d)  tan  6  -}- c  sec  d  —  i  tan  d 

£  (sin  f  tan  d  -\-  cos  ^  cos  t)  -{-  e  cos  ^  sec  9  sin  r 

(259) 
following: 

=  d-{-Ad-{-  ^cos  (r — ^)+ «  (sin  ^  cos  d — cos  ^  sin  ^  cos  r)^ 
=  i  -j- A^  — ^sin  (r — t9)tand  —  csec^-f  it&nS 

—  e  (sin  ^  tan  ^  +  cos  ^  cos  r)  -f-  e  cos  ^  sec  ^  sin  r 

I  d  and  r  will  always  denote  the  declination  and  hour 
the  star  reckoned  in  the  usual  manner. 

ADJUSTMENT   OP   THE   EQUATORIAL   INSTRUMENT. 

?he  adjustment  of  the  instrument  with  respect  to  the  pole 
ravens  consists  of  two  operations :  1st,  bringing  the  hour 
i  the  plane  of  the  meridian,  and,  2d,  giving  this  axis  an 
1,  with  respect  to  the  horizon,  equal  to  the  latitude  of  the 

rough  preliminary  adjustment,  place  the  declination  axis 
izontal  position,  and  move  the  stand  until  the  telescope 
3  a  star  at  the  computed  time  of  its  meridian  passage, 
ir  axis  is  then  nearly  in  the  plane  of  the  meridian, 
ing  the  declination  axis  into  the  plane  of  the  meridian  ^by 
g  the  instrument  upon  the  hour  axis  through  90*^  by  the 
cle),  and  direct  the  telescope  upon  a  circumpolar  star  on 
lOur  circle.  The  elevation  of  the  axis  should  be  changed 
make  the  star  appear  near  the  optical  axis  at  the  com- 
me  when  the  star's  hour  angle  is  equal  to  6\ 
he  final  adjustment,  the  outstanding  deviations  of  the 
ent  must  be  found  by  properly  combined  obser\-ation8  of 
ken  in  the  two  reverse  positions  of  the  declination  axis, 
nethods  given  hereafter. 

)08ition  of  the  pole  of  the  instrument  with  respect  to  the 
the  heavens  may  be  expressed  by  the  two  quantities 

f  =  ^  cos  *  ij  =  Z'  sin  d  (260) 

are  the  distances  of  the  pole  of  the  instrument  from  the 
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six  hour  circle  and  from  the  mcriOiun,  respectively.  Acem 
to  our  definitions  of ;-  and  &,  a  posilkc  vuliic  of  f  will  inilicale 
the  instrumental  pole  i«  above  the  true  jiole,  and  a  positive  ^ 
of  T/  will  indicate  that  the  pole  of  thu  instrument  ie  weat  o 
meridian.  I  proceed  to  consider  the  methods  of  finding  t 
quantities,  as  well  as  the  other  ingtrumental  constants. 

SS2.  To  find  f. — The  most  simple  method  is  to  ohsene 
declinations  of  known  starsat  their  enlminntion  in  botliponiil 
of  the  declination  axis,  and  to  compare  the  in«tnmiunbil  vu' 
corrected  for  refraction,  with  the  true  dedinatiouH  found  I 
the  best  catalogues  or  ephemerides.  By  the  instrumental  vs 
we  shall  hereafter  understand  the  values  inferred  directly  l 
the  readings  (rf)  of  the  circle. 

Ab  the  two  observations  in  reverse  positions  of  the  declin: 
axis  cannot  both  be  absolutely  in  the  meridian  (unlcsa  ohst 
tions  on  difTcront  days  are  combined),  one  of  them  is  tak 
few  seconds  before  the  meridian  passage,  and  the  other  a 
Becoudfi  after  it.  In  conaequence  of  the  great  facility  with  w 
even  the  largest  equatorial  instrument  can  be  reversed, 
inter\-al  hetweca  the  two  observations  will  ho  so  small  thai 
mean  of  the  two  values  of  cos  (r  —  (!)  will  he  sensibly  the  s 
as  cos  d,  T  bti:ig  a  very  small  quantity  with  opposite  signs 
the  two  obeervatinnB.  Ilenee,  we  shall  have  for  each  pai 
observatlous  on  a  star,  by  putting  r  =  0  in  (259), 

t=^d^-\-  ^d  —  f  —  e  sin  (f'  —  J) 
180"  —  a  =  d,  +  Arf  +  f  +  e  sin  (p  —  a) 

where  d^  and  d^  are  the  circle  readings  ia  the  two  positions, 
half  sum  of  these  equations  gives  the  index  corroctiou  of 
declination  circle, 

ud  =  90"  —  J  (rf,  +  </,) 

Their  half  difference  ^ves 

e  +  c  sin  (f  —  J)  =  90"  —  i  (rf,  —  </,)  —  i 
If  we  put 

I>  =  90"  —  i  {d,  —  d,) 

D  will  be  the  mean  of  the  instrumental  values  of  the  declinat 
as  inferred  from  the  two  readings,  whatever  may  be  the  mod 
which  the  circle  is  graduated.  A  number  of  stars  being  i 
obaerved,  we  shall  have  the  cqiiations  of  condition 
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f  -f-  e  sin  (f  —  ^  )  =  2)  - 
e  +  C8in(^— ^')  =  i>'- 
&c.  &c. 


which,  treated  by  the  iliethod  of  least  squares,  will  give  both 
;and  e. 


Example. — The  declinations  of  ten  stars  were  observed  by 
Otto  Struve  with  the  equatorial  telescope  of  the  Pulkowa  Obser- 
vatory, 1840,  June  22,  according  to  the  preceding  method,  and 
(he  values  of  2),  corrected  for  refraction,  were  as  in  the  following 
fible.  The  values  of  8  for  the  stars  1,  4,  5  and  8  were  taken 
from  the  Nautical  Almanac^  for  2,  3,  and  7  from  Argelander's 
Cataloffuey  and  for  6  and  9  from  Airy's  Catalogue  for  the  year 
1840.  The  latitude  employed  in  computing  the  coeflScient  of  e 
is  p  =  59®  46'.3.  The  degrees  and  minutes  of  d,  omitted  to 
save  room,  are  the  same  as  those  of  D,  In  order  to  apply  the 
same  formula  to  the  stars  observed  below  the  pole,  we  have  only 
to  employ  the  supplements  of  their  declinations  instead  of  the 
declinations,  that  is,  to  reckon  them  over  the  pole.     (Art.  128.) 


SUrs. 


1.  fk  Sagittarii 

2.  ij  Serpent  is 

3.  *  Serpentis 

4.  C  AquiUe 
6.  a  Lyras 
6.  X  Cygni 
l.iDraconis 

8.  i  Ursa:  Min. 
d.  2  Lynds,  s.p. 
^^'^Aurig€e,s,p, 


Instr.  dec.  =  />. 


—  21<»  5'56".5 

—  2  56  23  .8 
+      8  59  47  .1 

13  37  34  .6 

38  37  47  .1 

53  3  55  .5 

67  21  51  .6 

86  34  22  .6 

120  55  12  .0 

124  19    4  .5 


f 

40" 

.6 

3 

.4 

59 

.5 

48 

.3 

70 

.4 

83 

.6 

99 

.7 

81 

.2 

79 

.9 

76 

.9 

Equations. 


— 14".9: 

—  20  .4 

—  12  .4 

—  13  .7 

—  23  .3 

—  28  .1 

—  48  .1 

—  58  .6 

—  67  .9 

—  72  .4 


^  +  0.99(> 
S  +  0.89  e 
^+0.83e 
$+0.72e 
e  + 0.36  c 
$  + 0.12c 
e  — 0.13c 
e-.  0.45c 
:f  — 0.88c 
e  — 0.90c 


V 

—  6" 

.4 

—  7 

.7 

+  2 

.2 

+  4 

.4 

+  6 

.2 

+  9 

.0 

—  8. 

1 

ft 

.4 

+  0 

.9 

—  8 

.0 

l^e  solution  of  these  10  equations  gives 


e  =  —  40".9  with  the  probable  error  =  1".2 
c  =  +  31".7     ''      ''  "  **      =  r'.8 

Tke  last  column  gives  the  residuals  v  after  the  substitution  of 
tkese  values  in  the  10  equations.     From  these  residuals  we  find 
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the  probable  error  of  a  single  equation  to  be  8".9,  which  is  cotd 
posed  of  the  error  of  observation  aud  the  error  in  the  star's  dedi 
nation.  This  degree  of  accuracy  in  the  detcrminatioD  of  abso- 
lute dechnaliona,  with  an  eqnatoriiil  instrument  of  eucb  dimen- 
sions, is  surprising,  and  is  a  strikingproof  of  the  perfection  of  iti 
workmaiiMhip.  At  the  same  time  we  perceive  that  very  crude 
dvtermiuationa  will  be  obtained  if  we  neglect  tlie  flexure. 

253.  To  find  jj,— This  \vill  be  found  by  comparing  the  instni- 
nieiitul  hour  nngk-s  of  diflurent  stars,  near  tlie  meridian,  witi  tbe 
observed  clock  tiraea  of  their  transits  over  a  given  thread.  Wa 
shall,  at  the  same  time,  find  the  instrumental  eonstanta  i  and  t, 
and  the  index  correction  of  the  hour  circle. 

We  shuU  suppose  the  tliread  on  w-hic}i  the  stars  are  to  be 
obaerN-ed  to  be  placed  in  the  direction  of  a  circle  of  decliiiation,' 
that  is,  as  a  transit  thread, — and  to  be  in  the  optical  axis  of  tbo 
tclesoope.  This  optical  axis  may  be  defined  to  be  the  line 
d  rawn  through  tJie  optical  centre  of  the  objective,  and  the  centre 
of  the  position  circle  of  the  micrometer:  consequently,  when  the 
thread  is  revolved  180°  by  this  circle,  it  should  still  pass  tltruugb 
the  optieol  axis.  As  the  thread  iiiey  not  be  [treuisel;  wyoetAd 
ill  this  respect,  the  error  is  to  be  eliminated  by  conibinini;  two 
observations  tiiken  in  tlicwc  two  positions  of  the  thread.  Tito 
such  pairs  of  observations  are  to  be  taken  on  each  star,  one  pair 
witii  circle  preceding,  and  one  with  circle  following.  A  socnni] 
slur,  ill  a  widely  different  declinution,  being  observed  in  the  same 
manner,  we  sliall  have  all  tlmt  is  required  for  the  determination 
of  our  coiiBtants.  If  we  observe  a  greater  number  of  stars,  we 
can  treat  the  observations  by  the  method  of  least  squares. 

Supposing  two  stars  to  be  observed,  one  near  the  pole  and  th? 
other  near  the  equator,  the  observations  should  be  symmetrittillv 
arranged  according  to  the  following  scheihile,  in  which  the  posi- 
tion I  denotes  circle  preceding,  and  11  circle  following,  and  the 
letters  a  and  h  refer  to  the  two  positions  of  the  transit  thread  for 
the  two  readings  of  the  position  circle  differing  by  180°.  ^s 
should  endeavor  to  make  the  mean  of  the  times  of  the  fonr 
ol)servation8  on  a  star  coincide  verj'  nearly  with  the  instant  of 
its  meridian  passage. 
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8Ur. 

Position. 

I.    a. 

l6t  Star 

6. 

fi.  A.  —  a 

Decl.  —  d 

m 

11.  b, 
a. 

n.  a. 

2d  Star 

6. 

R.A.  =  *' 
Decl.  — a' 

I.  6. 
a. 

Clock.        Means. 


Hour  circle.  Means. 


Mean  =     71 


r/ 


Mean  = 


n' 


(<,\ 
(',). 


}= 


Mean  =    t 


(^'). 
(','). 


}= 


C 


^' 


Mean  = 


w 


The  obBervations  being  very  near  the  meridian,  the  flexure  of 
fhe  telescope  {e)  has  no  sensible  efteet.  That  term  of  the  flexure 
(i)  of  the  declination  axis  which  is  multiplied  by  tan  3  may 
become  sensible  for  stars  near  the  pole,  but,  as  it  will  always  be 
eombined  with  i,  it  will  be  convenient  to  put 


ij  =  t  —  «  em  ^ 


(261) 


The  term  e  cos  ^  cos  /,  which  is  always  less  than  e,  will  be 
pactically  unimportant,  and  will  here  be  neglected.  A  method 
of  determining  e  will,  however,  be  given  hereafter. 

With  this  notation  we  find,  by  putting  r  =  0  in  the  second 
member  of  (259),  for  the  observation  at  the  clock  time  T^j 

Tj  5=  tj  +  At  +  ly  tan  d  -^  c  Bee  d  —  i^  tan  d 
tad  if  A  7  is  the  clock  correction,  we  have  also 


Hence,  by  putting 
"we  deduce 


X  =  £Lt  —  £lT 


II  tan  ^  +  c  sec  d  —  ij  tan  ^=  7\  —  fj  —  a  —  X 
In  the  same  manner  the  observation  at  the  clock  time  7^  gives 
1^  tan  d  —  {?  sec  ^  +  \ ***>  ^=  ^2""^  —  *  —  ^ 


3M 
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and  (Vom  these  two  eqaatioiii*,  with  the  notation  of  the  alort 
schedule, 

5  tan  il  =  7;  _  f^  —  B  _  i 
csecJ  —  I,  tan<I=  ,[('/*,—  '■)  — (^,  — 'J] 

The  second  star  givoa,  in  the  same  iuhuiilt, 

1)  lan  3'  =  r;  —  f/  _  .'  —  a 
cBoc  a'—  i,ti»n  j'=  i[(r,'  — (,')—( r,'—(,')] 

lly  pombining  the  two  equations  in  7,  we  have,  therefore,  the 
following  three  equations: 


Tj  (tun  S  —  tun  y)  = 
c  sec  S  —  I'l  tan  9  = 
c  80C  *'  -  1,  tan  S'  = 


i  [('.  - '.)  - 
Ht'.'-V)- 


('.  - '.')  -  (- 
-  cr.  -  T,)} 
.{T;-T;n 


I   (2K) 


which  determine  ^,  i,.  and  e  from  the  observed  clock  times  and 
the  readings  of  the  hour  circle. 
We  can  then  find  the  value  of  I  by  the  formula 


-  H  tan  «  =  r,'  ■ 


-  ^  tan  i'    (263) 


and  finally,  if  the  clock  correction  ia  otherwise  knOwn,^e  indei 

correction  of  the  hour  circle,  by  the  formula 

i/   .    i  T  -)-  :i  (36+) 

Example. — The  following  observations  were  taken,  according 
lo  the  above  method,  with  the  equatorial  of  the  Pulkowa  Obao^ 
vatory,  on  June  3,  1840. 


1 

Clock  Ktlin.. 

„..,„„„. 

A  UrMK  .Win.  1.  «. 

6. 

II   &. 

18»2I"SI1'.5,   _         ,u,,..,„.„^ 

,,=  0    1  n.< 

?■„  =  IN  -JG    at  .8 

I.  t. 

«  ;  »■;},.■_  0.  ...» 
,5  i5:J}v=  .  • «.' 

r,'  =  ie  87    45.tl  („■=    0     6   31.i 

The  places  of  the  stars,  according  to  the  Xautical  Almauin') 


■1  Ur^a-  Mui-  o  r^  18"  24"    5'.8 
aLi/rce  »'^  18   31    34.0 
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Hence  oat  equations  (262)  become 


whence 


15.97 17  =  +  is-.e 

16.80  c  —  16.77 1\  =  —  17 .2 
1.28  c—    0.80  2,  =  —    1.75 

17  =  +  0'.98  =  +  14".7 

t,  =  —  ©•.92        c  =  —  1*.94 


The  valaes  of  \  and  c  are  here  not  separately  so  well  determined 
IB  they  would  be  if  the  second  star  were  nearer  to  the  equator, 
rheir  difference,  however,  /,  —  e  =  +  1*.02,  is  accurately  deter- 
nined  by  the  first  star.    We  next  find,  by  (263), 

X  =  —  23*.4 

mdif  the  clock  correction  is  ^7=  +  20'.0,  the  index  correction 
)f  the  hour  circle  is,  by  (264), 

Af  =  —  3-.4 

To  give  the  reader  some  idea  of  the  stability  of  a  large  equa- 
KirmI  properly  mounted,  I  will  here  give  the  values  of  f  and  1;, 
logether  with  the  coefficient  of  flexure  of  the  tube  (e),  determified 
iythe  above  methods,  for  the  Pulkowa  instrument  during  a  year, 
rheyare  taken  from  Struve's  Description  de  V  Observatoire  Central^ 
^  204,  only  changing  the  signs  of  f  and  3^  to  agree  with  the 
Receding  notation : 


340,  May  15 

June    3 

i€    22 

July    3 

«    24 

Aug.   9 

Sept  24 

"    26 

Nov.  10 

Bee.  26 

^^l,Mar.  15 

Means 

Vol  IL— 25 


i 

< 

—  41".2 

+  32".6 

—  46  .4 

-f  21  .7 

—40  .9 

-f-81  .7 

—  54  .8 

4-19  .0 

—  48  .3 

+  34  .2 

—  43  .0 

+  86  .2 

—  48  .2 

+  21  .7 

—  53  .0 

+  37  .2 

-88^5 

+  35  .4 

—  44  .1 

+  29  .3 

—  43  .5 

+  25  .5 

? 

1840,  April  17 

+  18".9 

«  28 

+  14  .8 

June  8 

+  14  .7 

July  24 

+  10  .2 

Sept.  24 

+  10  .8 

Nov.  8 

+  4  .4 

Dec.  26 

+  11  .4 

1841,  Mar.  15 

+  15  .2 

Mean  +  12  .5 


—  45.1       +29.5 
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Tlie  temperature  during  this  period  varied  from  —  22°  t( 
Fahr.      The   constancy   of    the    coefficient   of    flexure 
extremes  of  temperature  is  as  remarkuble  as  the  stability 


254.  By  the  preceding  method  of  finding  ij  we  also  f 
constants  j,  and  c ;  but  we  can  find  7  independently  c 
constants  by  observing  tlie  declinations  of  stars  on  the  a 
circle.     Wlien  r  —  ±  6*,  we  have,  by  (259), 

i  =  D  ^  ij  —  tna  f  cos  9 

where  D  is  the  mean  ioHtramental  declination  from  the  0I 
readings  in  the  two  positions  of  the  instrument  (the  tw( 
vations  being  taken  in  quick  succession  very  near  the  s 
circle,  and  one  on  each  Bide  of  it).  If  we  putp  =  D  ^ 
shall  have  the  equation  of  condition 

i  19  -|-  e  sin  (6  cos  S  =  p 

and  from  a  number  of  equations  of  this  kind  the  valoes  o 
e  will  be  found. 

If  the  same  star  is  obBer\'ed  both  at  r  =  +  6*  and  t  = 

we  shall  have,  for  the  two  observations, 

15  -|-  e  sin  f  COS  d  ^  p^ 
—  ^  -\-  esio  fCOBd  =p^ 

in  which  p,  —  /),  will  be  the  difference  of  the  observed 
mental  declinations,  corrected  for  any  difference  of  ref 
that  may  result  from  changes  in  the  meteorological  instn 
in  the  interval  between  the  observations. 

But  it  is  not  always  possible  to  observe  stars  on  the  si 
circle  in  both  positions  of  the  instrument,  the  pier  or  stanc 
fering  with  one  of  the  positions  for  stars  within  a  certain  d 
of  the  pole.  We  must  then  find  D  from  a  single  obse 
by  applying  the  index  correction,  previously  found  from  m 
observations  by  Art.  252.  The  equations  formed  from  s 
observation  should  have  a  weight  of  only  one-half  in  eon: 
the  equations  according  to  the  method  of  least  squares. 

255.  Both  S  and  ^  can  be  found  in  a  general  manne 
observations  upon  different  stars,  without  limiting  the 


EQUATORIAL  TELESCOPE. 


887 


'vmtions  to  the  meridian  or  the  six  hour  circle.  If  each  obser- 
vation of  a  star  is  complete^ — ^that  is,  consists  of  the  mean  of  two 
observations  in  the  two  positions  of  the  declination  axis, — we 

ihall  have  for  this  mean 

I 

S  =  D  —  r  oob(t  -^  ^)  —  Be 

T  =  e  +  Af  —  r  sin  (t  —  ^)  tan  ^  +  B'e 

9 

in  which  B  and  B '  are  the  coefficients  of  t  in  (259).   Developing 
rin  (r  —  f>)  and  cos  (r  —  d\  we  find 

f  cos  T  +  ly  sin  T  +  Be  =  D  —  ^ 


At  —  $  sin  T  tan  ^  +  '^  ^^s  ^  **°  ^  +  jB 


',=,-,'  <2") 


and,  from  a  sufficient  number  of  such  equations,  a^,  $,  tj^  and  t 
will  be  determined. 


256.  Again,  $  and  37  may  be  found  from  singh  observations, — 
that  is,  observations  in  but  one  of  the  positions  of  the  declination 
axis, — ^by  observing  each  star  twice  at  very  different  hour  angles. 
We  shall  have  for  two  observations  of  the  same  star  at  the  hour 
i&gles  Tj  and  r^  circle  preceding  in  both  observations  or  follow- 
ing in  both, 

t,=fj-(-At  —  fsinTjtan^  +  iycosTjtan^dzCsec  li^  i\AXib±iA^t^  B^e 
T,=^,+  At  —  ^ sin T, tan ^  +  iy  COST, tan ^di  csecdqz  itan  d±:A^e-{-  B^e 

wliere  the  signification  of  A  and  B  is  apparent  from  (259).  The 
Sfference  of  these  equations  gives 

-*f(MnT, — sin  rjtan  ^+iy  (cos  r, — cos  r)  tan  d±z(A^ — A^  «+  (  jB, — B{)  e= 

Kow,  suppose  one  series  of  observations  in  which  each  star  is 
observed  at  equal  or  very  nearly  equal  distances  from  the  meri- 
^,  east  and  west :  this  equation  will  then  be  reduced  to  the 
fimn 

—  f  sin  T  tan  d  -^  e  cos  f  sec  ^  sin  r  =  g  (268) 

•»d  from  the  \vhole  series,  embracing  stars  of  very  different 
tieclinations,  $  and  e  will  be  determined. 
Suppose  another  series  in  which  each  star  is  observed  at  or 

^eiy  near  to  its  upper  and  lower  culminations :  the  equation  will 

tte  the  form 


—  19  tan  d  +  c  cos  f  =  q 


(269) 
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This  Hcrlea  will,  therefore,  detepmine  ^  and  e.  The  tipper  ngl 
will  here  be  need  for  b  series  in  which  the  circle  ia  weat  of  tbl 
meriilian  at  the  tipper  culminations  aatl  eaet  of  the  meridian  fl 
the  lower  culuiinationa.  Thb  appears  to  be  the  most  simple  anc 
aatisfaetorj  method  of  finding  the  flexure  e  of  the  declinatiiw 
axis.     Another  method  will  he  given  in  the  next  article, 

257.  All  the  preceding  methods  of  determining  the  instrn- 
niental  constanta  depend  upon  tlie  accuracy  of  the  gradiiatioits 
of  the  two  circlea  of  the  iiiatrument.  Let  us  inquire  how  far 
it  is  poasible  to  determine  these  constants  independently  of  ihs' 
circles,  or  without  involving  their  errors.* 

^rat. — The  incUnstiou  90°  —  e  of  the  telescope  to  the  hour  I 
axis  can  be  separately  determined,  independently  of  the  otiiff' 
constant**,  aa  follows.  Bring  the  teleacope  into  a  horizontal! 
jKiiiition  in  the  plane  of  the  meridian,  the  declination  axis  iH'iiigj 
then  alao  horizontal.  Place  two  coUimating  telcscopea  in  tlttfj 
prolonga.tion  of  the  optical  axia,  one  nortii  and  one  soulhi 
and,  directing  them  towards  each  other,  bring  the  cross  threadlj 
in  their  foci  into  optical  coincidence  (the  equatorial  teleecopl' 
being  for  this  purpose  temporarily  moved  out  of  the  line  joining 
tJie  collimators  by  TLn-olving  it  about  the  hour  as'is).  Tlji^n, 
bringing  the  telescope  upon  one  of  the  collimators,  and  clamping 
the  hour  circle,  measure  with  the  micrometer  the  distance 
between  the  fixed  thread  that  marks  tbe  optical  ajiie  and  tha 
cro^a  thread  of  the  collimator.  Revolve  the  teleacope  upon  fliB 
declination  axis,  and  measure  the  distance  between  ita  optical 
axis  and  the  cross  thread  of  the  other  collimator.  The  difference 
of  the  two  micrometer  meaaurea  is  the  value  of  3c.  To  elimi- 
nate any  eccentricity  of  the  fixed  thread  with  respect  to  the 
optical  axis,  let  each  observation  on  a  collimator  be  the  mean  of 
two  taken  in  reverae  positions  of  the  thread  correBpondiiig  *•* 
readings  of  the  position  circle  differing  180°,  This  method  ^ 
identical  in  principle  with  the  process  given  for  the  traoB' 
instrument,  and  more  fully  explained  in  Art,  145.  Instead  ^ 
one  of  the  collimators,  a  distant  terrestrial  point  may  be  used. 

We  may,  at  the  same  time,  determine  the  flexure  e  of  tt" 
telescope,  with  the  aid  of  the  declination  circle,  but  witho* 
involving  its  errors  of  division  (Art.  204). 

*  8«e  BiaaiL'i  Attronom.  Vnltrtaek.,  Tol.  I.  p.  14. 
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Sewnd, — ^An  equation  for  determining  the  inclination,  90°  —  i, 
of  the  declination  and  hour  axes,  can  be  obtained  from  tlie 
observation  of  the  transits  of  two  different  stars  in  the  same 
fixed  position  of  the  declination  axis,  that  is,  with  the  hour  circle 
clamped  at  any  assumed  reading.  If  r  and  r'  are  the  apparent 
hour  angles  of  the  stars,  and  T^  T'  the  sidereal  clock  times  of 
the  transits  (corrected  for  clock  rati)^  the  difference  2g  of  these 
hour  angles  will  be  known  by  the  formula 

2  ^  =  t'  —  r  =  T'  —  r  —  (a'  —  «)  —  (r'  —  r) 

where  r  and  r'  are  the  corrections  of  r  and  r'  for  refraction ;  and, 
as  the  difference  is  very  small,  we  may  use  r  for  r'  in  the  second 
member  of  (259) :  hence,  if  the  circle  precedes,  we  shall  find 
for  this  difference  the  expression 

2  J  =  —  [y  sin  (t  —  ^)  +  t  —  «  sin  f  ]  (tan  ^'  —  tan  S) 
-|-  (c  +  *  ^8  tp  sin  t)  (sec  ^'  —  sec  ^ 

Kow  reverse  the  declination  axis,  setting  the  hour  circle  at  a 
reading  differing  12*  from  the  former  reading,  and  repeat  the 
obsenration  on  the  same  stars  on  the  following  day.  We  shall 
tiien  have^  in  the  same  manner, 

2  j'  =  —  [y  sin  (t  —  1^)  —  I  -f  c  sin  tf\  (tan  H*  —  tan  IS) 
—  (c  —  e  cos  jp  sin  r)  (sec  ^'  —  sec  ^) 

The  half  difference  of  these  equations  is 

^  —  J  =  (i  —  «  Bin  f )  (tan  ^'  —  tan  ^)  —  a  (sec  ^*  —  sec  S)  (270) 

from  which,  c  being  previously  known,  we  find  the  value  of 
>  — *  f  siny.  The  hour  circle  is  here  used  only  to  set  the  instru- 
Hient  approximately  in  the  reverse  position,  and  so  that  the  values 
of  r  in  the  second  members  of  all  the  equations  may  be  regarded 
as  equal  to  each  other  in  the  computation  of  the  small  terms. 
We  thus  find  the  combination  i  —  t  sin  ^  independently  of  the 
eircle  reading ;  but  we  cannot  separate  %  without  such  reading. 

Thkrd, — The  quantities  f  and  yj  may  be  found  independently 

of  the  reading  of  the  circles  by  observing  the  same  star  at  its 

^pper  and  lower  culminations,  and  also  at  its  east  and  west 

twtt^sits  over  the  six  hour  circle,  without  revolving  the  telescope 

upon  the  declination  axis,  and  measuring  the  distance  of  the  star 

b  declination  from  the  sight  line  with  the  micrometer.     Thus, 
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for  r  =  0  and  t  =  180°,  the  reading  of  the  declination  circle 
being  couetant,  and  /,  and  fj  the  micrometer  distances  of  the 
star  from  the  sight  line  iu  the  two  obsorv&tious,  r,  and  r,  the 
re&actioDB,  and  d  the  true  declination,  we  have 

i  —  r,  =d-|-A(i+/,  —  f  —  e  (ein  (s  cob  a  —  cos  (»  sin  3) 

J  +  r,  =  d4-  A(i-(-/,  4-^  —  e  (.sin  ^  cos  3  -\-  cos  ^  sin  S) 

and  the  difference  of  these  equations  gives 

f  =  J  C/i  -A)  +  U'-,  +  '■.)  +  e  cos  V  ain  «  (271)  ( 

For  r  =  90°  and  r  =  270**,  we  have 


i  +  r,  =  (/  -f  ad  -f-  /,  —  1  —  e  sin  f  cos  J 
i  -j-  r,  =  d  +  it/  +  /,  4-  ij  —  e  ain  {P  cos  d 


.1 

"J 

i 


in  which  r,  and  r,  will  be  equal  if  no  change  in  the  meteoro-  1 
logical  instruments  has  occurred.  The  difference  of  these  eqii»-  < 
tions  gives 

5  =  i(/.  -A)  -  i  (.r,  -  rj  (STS)-! 

258.  A  precise  determination  of  the  constants  would  be  re- 
quired if  the  instrument  were  to  be  used  for  determining  abso- 
lute hour  angles  and  dccliniitions.  But  no  large  an  instrument 
is  liable  to  be  so  much  aftected  by  its  own  weight  and  by  changes 
of  temperature  that  we  could  not  rely  upon  the  constancy  of 
its  condition  for  the  intervals  of  time  that  must  necessarily 
elapse  between  the  determinations  of  its  errors  and  its  applica- 
tion to  the  observation  of  absolate  positions  of  stars.  Hence  its 
chief  application  is  to  the  measurement  of  small  differences  of 
right  ascension  and  declination,  or  of  distance  and  position  angle 
of  two  stars  with  its  micrometer.  The  advantages  of  the  equa- 
torial system  of  mounting  for  this  application  are  obvious. 

The  methods  of  conducting  these  micrometer  observations  are 
diicuBsed  in  the  next  chapter. 
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CHAPTER  X. 

MIGROMETRIC  OBSERVATIONS. 

I  SHALL  confine  myself  to  those  micrometers  which  have  been 
most  generally  approved  by  astronomers,  either  for  their  con- 
venience or  their  accuracy,  and  which  are  more  or  less  in  com- 
mon use  at  the  present  day. 

THE  FILAR   MICROMETER. 

259.  This  has  already  been  fully  described  in  Chapter  11., 
where  .also  the  methods  of  finding  the  angular  value  of  a  re- 
volution of  the  screw  have  been  given.  Those  applications  in 
which  this  micrometer  is  but  an  auxiliary  of  some  principal  instru- 
ment— as  in  the  transit  instrumcut,  meridian  circle,  &c. — ^have 
ahready  been  treated  of  under  their  appropriate  heads.  We  are 
here  to  consider  it  as  the  principal  instrument,  and  the  telescope 
as  the  auxiliary:  consequently,  we  are  to  suppose  the  tele- 
scope to  be  mounted  with  special  reference  to  the  convenience 
of  micrometric  observations,  or,  in  short,  to  be  an  equatorial 
telescope.  We  also  suppose  it  to  be  furnished  with  a  position 
circle,  constituting  it  a  position  micrometer  (Art.  49). 

TO  FIWD  THE   DISTANCE  AND   POSITION  ANGLE  OF  TWO   STARS*  WITH 

THE   FILAR   MICROMETER. 

260.  With  the  equatorial  mounting,  the  telescope  can  be 
readily  directed  to  the  stars  at  any  time  by  setting  the  circles  to 
the  known  hour  angle  and  declination  of  the  middle  point 
between  the  stars.  Moreover,  the  automatic  movement  of  this 
instrament  (by  the  driving  clock),  by  means  of  which  the  stars 

*  I  ny  '*  BUn,"  in  general,  for  breTity ;  but  the  methods  given  are  obviously 
appllemble  to  the  measurement  of  the  distance  and  position  angle  of  any  two  near 
points,  aa  tbe  eosps  in  a  solar  eclipse,  or  to  the  measurement  of  apparent  semi- 
duuBcUn,  fte. 
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are  kept  m  a  constant  position  in  the  field,  is  indispcnaft^e 
the  exact  meaaurement  of  their  distance  and  position  angle. 

The  micrometer  is  to  be  revolved  until  its  transverse  threat 
which  is  parallel  to  the  screw,  posses  through  the  two  star 
The  zero  of  the  position  circle  {i.e.  the  reading  when  the  tnuu 
verse  thread  is  in  the  direction  of  a  circle  of  declination)  bpin| 
known  =  P„  and  P  being  the  reading  upon  the  stars,  we  han 
at  once  the  required  position  angle  p,  hy  the  formula 

P  =  P—P,  (2TJ) 

The  distance  of  tbe  stars  is  measured  at  the  same  time,  t^ 
placing  the  fixed  micrometer  thread  (which  is  pcri>endicular  tt 
the  tranaveree  thread)  upon  one  of  tlie  stars,  and  the  movaMi 
thread  upon  tbe  other.  Tbe  reading  of  the  micrometer  mm 
being  A/ (revolutions),  and  it«  zero  for  coincidence  of  the  thrcndl 
being  >/„  the  required  distance  iu  revolutions  of  the  micioi 
meter  is 

If  R  in  tbe  value  of  a  revolation  in  seconds  of  arc  (Arts.  42, 48, 
&c.),  and  «  =:  tbe  observed  distance  in  arc,  we  then  have  i 

tan  p  =  m  tanfl,         or,  nearly,         s  =  mli  (275) 

The  distance  nt  may  also  be  found  by  placing  tbe  same  threid 
successively  upon  tbe  stars  and  taking  tbe  difference  of  tbt 
micrometer  readings,  thus  dispensing  with  tbe  fixed  thread  and 
with  the  determination  of  M^  It  will  be  still  better  to  use  tw 
movable  threads  whose  constant  distance  is  known,  as  will  b* 
illustrated  in  Art.  265. 

In  this  process,  we  should  bring  tbe  images  of  tbe  stars  on 
opposite  sides  of  tbe  middle  of  the  field,  and  at  very  nearij 
equal  distances  from  it.  Tbe  position  angle  measured  is  then  the 
angle  between  tbe  arc  joining  tbe  stars  and  tbe  circle  of  decli- 
nation drawn  to  tbe  middle  point  between  the  stars.  Both  the 
distance  and  position  angle  thus  observed  are  apparent ;  the  effect 
of  refraction  will  be  considered  hereafter. 

261.  Correction  of  the  observed  position  angle  for  the  errors  of  th 
equatorial  instrument — Tbe  preceding  process  would  be  complct 
if  tbe  zero  of  the  positioD  circle  always  corresponded  to  tUi 
position  of  the  transverse  thread  ia  which  it  coincided  with 
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rcle  of  declination*  The  adjnstment  described  in  Art  49— 
unelj,  placing  the  micrometer  thread  so  that  an  equatorial  stai 
i  the  niieridian  runs  along  the  thread — assumes,  Ist,  that  the 
licrometer  thread  is  perpendicular  to  the  transverse  thread,  and, 
d,  that  the  equatorial  instrument  is  in  perfect  adjustment  in  all 
aspects,  so  that  the  transTcrse  thread,  once  adjusted  to  the  meri- 
fian,  will  remain  in  the  direction  of  a  circle  of  declination  in  all 
other  positions  of  the  telescope. 

The  first  source  of  error  is  avoided  by  adjusting  the  transverse 
thread  independently  of  the  micrometer  threads.  This  will  be 
most  readily  done  by  directing  the  telescope  upon  a  distant  ter- 
restrial point,  and  revolving  the  micrometer  until  a  motion  of  the 
telescope  upon  the  declination  axis  alone  causes  the  point  to 
move  exactly  along  the  thread.  The  thread  then  represents  a 
ieclination  circle  of  the  instrument,  or  rather  a  circle  whose  pole 
18  that  of  the  declination  axis ;  and  we  take  the  reading  P^  in 
this  position  as  the  zero  of  the  position  circle. 

The  second  source  of  error  is  next  to  be  removed  by  compuia- 
Sm,  based  upon  the  actual  state  of  the  instrument.  The  distance 
tf  the  stars  is  correctly  obtained  independently  of  the  errors  of 
he  equatorial  adjustment,  and  we  therefore  have  only  to  inves- 
igate  the  effect  of  these  errors  upon  the  position  angle.  The 
djustment  of  the  thread  by  the  method  just  described  causes 
he  thread  to  be  at  right  angles  to  the  arc  QSy  Fig.  54, 
vhich  joins  the  pole  of  the  declination  axis  and  the  Q 
itar.  If  P  is  the  celestial  pole  and  X  is  the  required 
^rrection  of  the  observed  position  angle,  we  have 
the  angle  QSF  =  90^  —  X.  Let  P'  be  the  pole  of  the 
instrument,  and  put 

CSP'=90«  — e,  PSP'=q 

Wft  shall  then  have 

X  =  q+Q 

The  triangle  QSP'  pves,  with  the  notation  of  Art  245, 

,     ^       sin  I  —  sin  c  sin  d' 

8in  Q  = 

cos  c  cos  d' 

^)  wifli  sufficient  precision, 

Qz=  i  sec  d  —  c  tan  S 


rig.64. 
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To  take  the  flexure  of  the  declination  axis  and  telescope  inw 
account,  we  see,  hj  Art.  246,  that  we  must  increase  i  by  the  cor 
rectiou  di  =  —  eein  ^,  and  c  \>y  the  correction  dc  =  ecoajpsioe 
Honee,  putting,  as  in  Art.  253,  ! 

! 
i,  =  i  —  e  sin  j9  ] 

we  have 

Q  =  t",  Bee  a  —  c  ton  i  —  e  cos  f  tan  a  sin  r 

The  triangle  PSP'y  with  the  notation  of  Arts.  245  and  247,  gi^-ft 

i 
sin  rsin  (r  —  fl) 
8in  q  =  . — '- '.  I 

ooB  a  I 

or,  with  sufficient  precision,  I 

^  ^  ;■  ein  (r  —  *)  sec  3 

and  it  is  evident  that  the  flexure  produces  no  eensihle  effect  upon 
thia  angle.     We  have,  therefore, 

J  =  }•  un  (t  —  »)  aec  3  +  i^  aea  S  —  c  tan  i  —  e  oos  f  tan  3  sin  r  (27^ 

.  .  i 
This  formula  can  be  used  for  either  position  of  the  declinaticmt 
axis  by  obseiTiug  the  jireoepts  of  Art.  248 ;  but  if  wc  wifih  to  let 
d  always  represent  the  actual  declination,  and  regard  (276)  « 
applicable  to  t)ie  case  in  which  the  declination  circle  precedes, 
we  shall  have,  for  the  caae  in  which  itfoUows, 

X  ^j-  a\n(T  —  *)  sec  t  —  i,  see  3  -\-  c  tan  3  —  e  cos  j>  tan  3  sin  r  (276*) 

The  value  of  S  must  be  that  which  belongs  to  the  middle  of 
the  field,  or  the  mean  of  the  apparent  declinations  of  the  two 
stars. 

The  position  angle  resulting  from  the  observation  will  now  be 

p==P~P,+X  (277) 

262.  The  constant  c  expresses  the  angle  between  the  optical 
axis  and  the  axis  of  collimation;  and  it  may  be  well  to  repeat 
here  the  definitions  of  these  terms  as  we  have  used  them.  Tl"* 
optical  axis  is  the  straight  line  dra^vn  through  the  optical  centr* 
of  the  objective  and  the  centre  of  the  position  circle;  and  tb' 
axis  of  collimation,  the  straight  line  drawn  through  the  oyitic*" 
centre  of  the  objective  perpendicular  to  the  declination  ax'- 
Now,  the  transverse  thread  may  not  pass  through  the  optic^ 
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axis,  bnt  may  have  a  certain  eccentricity:  hence,  to  obtain  the 
position  angle  according  to  the  above  formula  with  the  utmost 
rigor,  we  mast  take  the  mean  of  two  observations  in  reversed 
positions  of  the  thread,  corresponding  to  readings  of  the  position 
circle  differing  180°. 

The  correction  >l,  if  the  equatorial  adjustment  is  good,  will 
leldom  amount  to  one  mmute  of  arc,  and  may  usually  be  disre- 
garded. The  importance  of  a  correct  determination  of  the  posi- 
tion angle  increases  with  the  distance  of  the  stars,  since  an  error 
in  this  angle  will  produce  errors  in  the  deduced  relative  right 
ttcension  and  declination  of  the  stars  which  are  directly  propor- 
tbaal  to  this  distance :  at  the  same  time,  the  greater  distance  is 
&vorable  to  accuracy  in  the  observation  of  the  position  angle. 
Bie  field  of  the  filar  micrometer,  however,  is  small,  diminishing 
IB  we  increase  the  magnifying  power  for  the  sake  of  increased 
accuracy ;  and,  since  for  this  observation  both  stars  must  be  seen 
k  the  field  at  once,  we  are  obliged  to  use  low  powers  for  the 
greater  distances  (from  10'  to  20'),  and  thus  lose,  in  a  degree, 
4e'  advantage  which  the  increased  distiince  would  otherwise 
rfbrd.  This  difficulty  does  not  exist  in  the  use  of  the  heliometery 
fcrwhich,  therefore,  a  greater  degree  of  refinement  in  the  deduc- 
ftmof  the  position  angle  is  requisite,  and  the  above  correction 
Wcomes  of  greater  importance. 


•n 


I  'I 


263.  Reduction  of  the  observed  position  angle  to  the  mean  of  the 
p»&m  angles  at  the  two  stars. — ^Let  S  and  *S',  Fig.  55, 
[fcthe  stars,  P  the  celestial  pole,  S^  the  middle  point  *    p 

Iwtween  the  stars,  and  let  the  arc  SS'  be  produced 
trough  the  star  S'  towards  A.    Let 


i^PSA, 


ji 


PSA, 


P  =  PSA. 


'IttiB usual  to  assume  p  to  be  the  mean  ofp'  and  p", 
I  wt  for  large  distiinces,  and  when  the  stars  are  near 
I  u*  pole,  a  correction  becomes  necessary.   If  we  put 


9y  d\  d^  =  the  declinations  of  S,  S'^  S^ 
s  =  the  distance  SS', 


-I  fte  triangle  PSJ3  gives 


008  d  cos  y 

COS  d  sin  p' : 


cos  J  s  cos  9^  cos  p  +  sm^8  sin  d^ 
cos  S^  sin  p 
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whence 


cx)s  i  sin  (p'  —  p)  =  —  ein  1  S  ein  a„  sin  p  +  ai 
COS  J  COB  {}>'  ^  ^)  =  COS  (I,  +  aio  i  5  sin  J,  cos  ji 

and,  developing  sin  J  s  and  sin  i  s  in  series, 

np  +  I'a' 


i' Is  cos  '),  Bm2p 
—  2  sin'  i  s  cos  i,  a 


{ 


cos  iJ  ain  Cp'  —  p)  ^  —  a  *  sin  ^ 
cos  J  008  tj»'  —  p)  ^  cos  J„  +  -J 

Dividing  the  first  by  the  Becond,  and  putting  for  tan  {p'  —  ji)  U 

value  in  series,  we  find 

p"  —  ;»  =  —  Ja  tan  a„  sin  p  +  j^ija'sinSpCl  -f-  2  tan' a,) - 

In  like  manner,  the  triangle  PS^S'  gives 

-  sin  l«BiD  1 


2p  +  ia 


.ij'- 


caa  )'  cos  p"  = 

cos  3' Bin  p"  = 


COB  }  g  COS  *,  cos  p  - 
cos  S^  Bin  p 


from  which  we  see  that  the  development  of  p"  —  p  will  be  ob 
tallied  from  that  of  p'  —  p  by  merely  changing  the  sign  of  | 
hence 

p" — p  =  +  ^s  tan  J,  sinp  -j-  ^'gS*8ia2p(l  +  2tan'3„)  -\-A^  +  t0^ 

nly  the  4th  and  higher  powers  of  s,  we  have,  there- 


Neglecting 
fore. 


iiP'  +  P")' 


■j'j  s'  sin  2p  (1  +  2  tan*  3^) 


(278) 


which  is  the  reqnired  correction  to  be  added  to  the  observed 
position  angl  e  p  to  reduce  it  to  the  mean  J  {p'  +  p").    "When  • 
is  expressed  in  seconds  of  arc,  the  second  member  must  be  mul- 
tiplied by  sin  1". 
We  also  find,  within  terms  of  the  3d  order. 


i  (p"  —  p')  =  ^  *  til  ^»  8'"  P 


(279> 


The  purpose  of  the  observation  is  UBually  to  determine  tha 
place  of  one  star  from  that  of  another  which  is  given.  It  will 
be  convenient  hereafter  to  consider  the  observed  position  augia 
as  expressing  the  position  of  the  unknown  star  referred  to  the 
known:  thus,  in  the  above  formnlre  the  three  position  angles 
p',  p",  P  are  all  reckoned  in  the  direction  from  the  known  to 
the  unknown  star,  p'  being  the  angle  at  the  former,  p"  the  angl* 
at  the  latter,  and  p  the  angle  at  the  middle  point  between  tho 
two  stars. 
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FIND    THE    APPARENT    DIFFERENCE    OF    RIGHT    ASCENSION    AND 
BSCI^NATION   OF  TWO   STARS  WITH   THE   FILAR   MICROMETER. 

264.  First  Method. — Observe  the  distance  s,  and  the  position 
igle  Pj  of  the  unknown  star  from  the  known  star,  by  the  pre- 
ding  method.  For  a  rigorous  method  of  computation  we 
.list  first  reduce  the  observed  angle  to  the  mean  of  tlie  angles 
;  the  stars,  by  (278).  Thus,  if  we  denote  tliis  mean  by  p^,  we 
rst  find 

jp,  =  p  +  ^\  8*  Bin  1"  sin  2p  (I  +  2  tan'  d^)  (280) 

in  which  we  may  take  8^  =  the  mean  of  the  declinations  of  the 
Aars,  which  may  be  found  with  sufficient  precision  by  a  rough 
preliminary  computation.  If  we  also  put  aj?  =  J  (2>"  —  p%  we 
iad  iu  the  next  place,  by  (279), 

Ap  =  ^  «  tan  d^  sin  p  (281) 

Now,  a,  8  denoting  the  right  ascension  and  declination  of  the 
known  star,  a',  d'  those  of  the  unknown  star,  the  triangle 
fNrmed  by  the  two  stars  and  the  pole  ^ves,  by  the  Gaussian 
iqiMtioiift  of  Spherical  Trigonometry, 

sin  J  (^'  —  d)  cos  J  (tt'  —  a)  =  sin  }  s  cos  p^ 

cos  J  (d'  —  d)  cos  i  (a'  —  *)  =  COS  }  8  COS  Ap 

sin  J  (d'  -f  d)  sin  }  (a'  —  »)  =  cos  J  s  sin  ^p 
COS  i  (S'  +  if)  sin  }  (•'  —  a)  =  sin  i  a  sin  p^ 

The  Ist  and  2d  give 

tan  J(a'-^a)=tanJ«.-^^5A  (282) 

cos  ^p 

Having  thus  found  J  (5'  —  S),  we  also  have  J  (^'  +  8)  =  d  + 
|(y  —  i);  and  then  the  4th  equation  gives 

BinKa'-a)  =  ^?5Lli^  (283) 

^  ^       cosi(^+^) 

For  an  approximate  method  of  computation,  sufficient  in  most 
eiaes,  we  can  neglect  the  difference  between  p  and  p^,  and,  con- 
leqiaently,  also  neglect  terms  in  ^  in  (282)  and  (283),  so  that 
tiiiese  equations  will  become 

r^d=scoBp  I    .284) 

•'—•  =  «  Bin ;>  sec  1  (a' +  a)  j    ^      ^ 
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Example. — In  1840,  November  29,  at  tbc  WaahingtOQ  OW^ 
vatory.  Mr.  Sears  C.  Walkeh  observed  the  positiou  anglti  uii 
distance  of  the  planet  Neptuiio  from  a  star  as  follows: 

Sid.  time  =  0*  17-  52-  P  =  82"  85'.7  m  =  20.576rCT. 

For  the  eero  of  the  position  circle  he  fonnd  P^  =272'S8', 
and  the  value  of  a  revolution  of  tlio  micromi'tcr  waa  R  =■  15".406, 
The  star's  apparent  place  was 

.  =  21*  51-  50'.C9  a  =  —  18"  25'  62".76 

nonce  we  have,  by  (284), 

P—  Pj  =  p  =  109"  57'.7     log  cos  p  n9.99330  log  bid  p  3.24131 

log  mR  ^  Ion 3     2.50105 logs         2.501lli 

i'—  J=  —  5'  12".U  \og{i'-i)  n2.49435  logsec  J  (fl'  +  i)_Oiil!IJ 
I  (J'-f  J)=_13'  28'  29".     •'— o=+56".82=+3*.79   log(a'— a)  1.7*H) 

The  computation  by  the  tigoroua  formulie  (282)  and  (283)  giHl 
the  same  result*.  Neglecting  the  differential  refraction,  whidi 
will  bo  treated  of  hereafter,  these  differences  applied  to  \\* 
given  place  of  the  star  give  for  the  place  of  Neptnne 

sideroal  time  0*  17"  52*, 

»'  =  21'51-.'J4v4S  8'=  —  ],S=31'4",30 

In  the  case  of  a  planet  the  place  thus  fonnd  has  also  to  be  cor- 
rected for  its  parallax.     (Arts.  102,  103,  of  Vol.  I.) 

20-1.  Whn>  one  of  Oir.  stars  has  a  proper  motion,  the  tnean  cf 
BOvcr;U  ol^^'e^vod  distances  and  position  angles  will  not  con*- 
apond  precisely  to  the  mean  of  the  times.  To  proceed  rigorouslj 
in  that  case,  we  must  eompnte  tlic  differences  of  right  ascensii^i 
and  declination  from  each  ob.«crv.ition  ;  and,  as  these  diftcrtncM 
may  be  regarded  as  proportional  to  the  time,  their  mean  ^i" 
correspond  to  the  mean  of  t!io  times.  But  a  briefer  mettiM 
of  reduction  consists  in  employing  the  mean  of  the  obeervcfl 
distances  and  position  angles  corrected  for  ^cotid  (Hffcrcnccs.  Let 
fii,  Sj,  Sj,  &c.  bo  the  obaen'ed  distances,  and  ■«„  their  arithmetical 
mean ;  p,,  pj,  p,,  &c.  the  observed  position  angles,  and  p^  their 
arithmetical  mean;  T*!,  T^,  7],,  &c.  the  corresponding  obserTfd 
times,  and  T  their  arithmetical  moan.  Let  s  and  p  denote  tte 
values  of  the  distance  and  position  angle  corresponding  to  the 
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dme  T.  We  have  only  to  find  8  and  /?,  with  which  a  single  com- 
patation  of  the  differences  of  right  ascension  and  declination 
will  give  the  quantities  required  for  the  time  T. 

Let  Aa,  a8  be  the  changes  of  right  ascension  and  declination 

in  one  sidereal  second.    If  a\  d'  are  the  values  which  corre- 

q^nd  to  the  time  T^  we  have 


«  sin  j>  =  (o'  —  a)  cos  }  (^'  +  a) 

8  cos  j)  =    d' —  d 


ind,  consequently, 


«j  sin  p^  =  (a!  —  tt)  cos  }  (iJ'  +  ^)  +  Aa  (7\  —  !r)  cos  }  (^'  +  d) 
«,  cospj  =  d'-^d  4-  A^  (Tj  —  T) 


Pot 


2;-r=r„ 


r.-T=r„ 


T,  —  T=T„&c. 


and,  also, 


ften 


whence 


/  sin  *  =  Ao  cos  }  (^'  +  ^ 
/  cos  ^  =  ^d 

«j  sin  j?j  =  «  sin  p  +  /  sin  * .  Tj 
«i  cos  Pi  =  8  cos  j?  +  /  cos  ^ .  T^ 

«,  Bin  (j)  —p;)=f  sin  (;>  —  ^) .  t^ 
«,  cos  (j?  —  ;?j)  =  «  +  /  cos  (j:>  —  *) .  n 


}    (286) 


}      U) 


These  equations  give,  first, 


tM»(i>— J),)  = 


i- sin  (p  —  *) .  T, 

1+^C08(J)  — *).T, 


vMch  developed  in  series  [PI.  Trig.  Art.  257]  gives 

/  sin  (j>  -  »)  /•  sin  2  (p  -  ^»)  r," 

^=^>  +  7'    Binr  '•"'-? — rilTr — 2+**'- 

Xich  observation  gives  an  equation  of  this  form ;  and  the  mean 
of  n  Buch  equations,  observing  that  It  =  0,  is 


l>=l>o-^- 


/•  sin  2  (/>  —  ^)  ^ 
sin  1"       •  2» 


where  we  neglect  terras  of  the  third  and  higher  ordenL 
ifi  expressed  in  secouds  of  time,  and  wc  have,  very  nearly, 

T*  2  sin'  i  T 

J  ~  (15  Biu  IV 
If  we  employ  the  quantity  m  given  by  Table  V.,- 

Bin  1" 
our  formula  will  become 


I 


Again,  the  sum  of  the  equarea  of  the  equations  (A)  gtrea 
V  =  »' +  2/s  «o«  (f  -  ») .  r,  +  (/r,)' 


2/  cos  (p  —  »■) 


t 


m 


=  14.^co«  (;,-*). r,  +  ^ 


1/A. 


.'(p-*)- 


where  the  terms  of  the  third  order  are  neglected.     The  m 
of  n  eqaalions  of  this  kind  ie 

?•  =1   ■  /*9in'(p  — *)  &» 

and,  if  M  is  the  modulu8>of  common  logarithms,  we  have,  v 
nearly, 

1  .  jr/    /    \'sin'(p  — *)   ^m 


U5W 


J  I" 


It  will  be  convenient  to  find  the  correction  of  p^  in  mini 
of  arc,  and  the  correction  of  log  s„  in  unite  of  the  fifth  deci 
place ;  for  which  purpose  we  have  to  divide  the  last  term 
(286)  by  60,  and  multiply  the  last  term  of  (287)  by  10*.  It  ■ 
also  be  convenient  to  let  &a.  and  0,9  be  the  changes  of  right 
cension  and  declination  in  one  minute  of  mean  time,  as  they  ' 
usually  be  given  in  this  form ;  and  then  we  must  divide  / 
60.164  (=  no.  of  sid.  seconds  in  1-  of  mean  time).  With  tl 
modifications  our  formulee  will  become 


p  =  Pt  —  [2.93084]  L  sin  2  (p  —  #)  — 
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where  the  logarithm  of  the  constant  factor  is  given.  The  quan- 
tities AXtj  ^ijff  and  s  are  supposed  to  be  expressed  in  seconds 
of  arc. 

266.  Second  Method. — Set  the  declination  circle  of  the  equa- 
torial instrument  to  the  mean  declination  of  the  two  stars ;  direct 
the  telejcope  to  a  point  a  little  in  advance  of  the  stars,  and  clamp 
the  hour  circle.     The  telescope  being  fixed,  the  diurnal  motion 
will  carry  the  stars  across  the  field.     Set  the  transit  threads  {i.e. 
the  transverse  thread  and  the   threads  parallel   to   it)  in  the 
direction  of  a  circle  of  declination,  and,  as  the  stars  pass  across 
*the  field,  observe  the  clock  times  of  their  transits  over  the  threads. 
At  the  same  time,  set  the  micrometer  thread  upon  the  two  stars 
laccessively  as  each  passes  the  middle  of  the  field,  and  read  the 
micrometer  interval  between  them ;  this  will  give  at  once  the 
difference  of  declination.    The  difference  of  right  ascension  will 
be  the  difference  between  the  observed  clock  times  of  transit  of 
the  two  stars  over  the  same  threads,  this  difference  being,  of 
ooorse,  reduced  to  a  sidereal  interval  when  necessary,  and  also 
corrected  for  clock  rate. 

For  the  reduction  of  defective  transits,  it  is  necessary  to  know 
the  intervals  of  the  threads,  which  will  be  found  as  in  the  transit 
instrument  (Art.  181). 

If  one  of  the  bodies  has  a  proper  motion,  the  differences 
obtained  are  those  which  belong  to  the  instant  when  this  body 
was  observed. 

It  is  usual,  in  observations  of  this  kind,  to  avoid  all  consider^ 
ation  of  the  errors  of  the  equatorial  instrument,  by  adjusting 
the  movable  micrometer  thread  at  the  time  of  the  observation 
so  that  the  star  runs  along  the  thread.*  If  the  transit  threads 
ire  exactly  perpendicular  to  the  micrometer  thread,  they  ivill  be 
(very  nearly)  parallel  to  a  circle  of  declination  drawn  through 

*  This  method  is,  boweyer,  not  Btrictly  correct ;  for  the  apparent  path  of  a  star  is 
Bel  preeiselj  perpendicular  to  the  circle  of  declinatieo^  on  account  ef  the  difference 
of  the  refraction  at  different  points  of  tliis  path.  The  error  is,  indeed,  extremely 
saan,  except  when  the  aenith  distance  is  very  great ;  hut,  if  we  wish  to  preeeed  with 
the  ntmost  precision,  we  can  set  the  threads  by  means  of  the  positien  circle.  If  the 
lero  P^  of  the  position  circle  has  been  determined  as  in  Art.  261,  and  the  circle  ie- 
set  to  this  reading,  the  threads  will  make  the  angle  A  with  a  true  circle  of  declina- 
tion; ooBseqaeBtly,  S  and  &  being  the  declinations  of  the  stars,  we  must  add  the 
cerreetioB  ^(^ —  i)  sin  A  seed'  to  the  obseryed  time  of  transit  of  the  star  whose 
deefinrntion  is  ^.  The  angle  A  wUl  be  found  by  (276). 
ToL.  II.— 26 
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the  centre  of  the  field  ;  but,  to  eUminate  any  error  arising  froi 
a  defect  of  peq)eu(liculanty,  the  threads  should  be  revolved  ISO 
by  the  position  circle,  and  the  observation  repeated;  and  in 
Bci-iea  of  consecutive  observations  there  should  be  a  like  numbe 
of  observations  m  these  two  positions. 

The  slide  moved  by  the  screw  is  often  provided  with  thre( 
micrometer  threads  the  constant  distance  of  which  from  vrnA 
other  is  known,  and  each  of  the  t*vo  bodies  is  observed  on  (In 
thread  which  is  nearest  to  it.  By  this  arrangement  wc  Hn 
enabled  to  measure  a  large  difference  of  declination  with  huti 
amail  motion  of  the  screw,  which  often  facilitates  the  oheerva- 
tion,  especially  when  the  stars  have  nearly  the  same  right  Bscen* 
sion,  and,  consequently,  pass  the  middle  of  the  field  nearly  at 
the  same  time. 

The  equatorial  mounting  enables  us  to  repeat  the  obaervation 
as  often  as  we  please,  with  the  greatest  facility'.  After  each  (ilt- 
aervation  we  have  only  to  revolve  the  instrument  a  small  (li<- 
tance  upon  the  hour  axis  and  chtmp  it  again  u  little  iii  advance 
of  the  objects. 

Example. — In  1846,  November  29,  at  the  "Washington  Obser- 
vatory, Mr.  Walker  observed  the  difference  of  rij^ht  ascen.sion 
and  declination  of  the  planet  Neptune  and  a  star  as  below.  The 
micrometer  was  adjusted  so  that  the  star  ran  along  s  micrometer 
thread.  There  were  three  micrometer  threads,  numbered  1, 2, 5, 
of  which  1  was  nearest  the  micrometer  head,  and  the  conataot 
distance  between  2'and  3  was  29.983  revolutions.  The  readingi 
of  the  micrometer  increased  with  the  declination.  The  valu> 
of  a  revolution  was  B  =  15".406. 


Trantlt  Thre>d. 

Me>n  or  thr«i4di. 

Micrometer. 

I 

II 

III 

ThrMd. 

M 

Star 
Neptune 

2'.7 
48.2 

15'.2 
0.5 

27'.4 
12.5 

23*  30-  15M0 
"    82     0.40 

2 
3 

64.564 
55.453 

.'—.=  +    I   45.i 
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The  8tar*8  place  was 

a  =  21»  50«  8'.  99  iJ  =  —  13^  23'  35".ll 

%nA  therefore,  neglecting  the  differential  refraction  and  the 
planet's  parallax,  we  have 

a'  =  2P  61-  54'.29  ^'  =  —  13^  81'  3".33 

which  belong  to  the  time  when  Neptune  was  observed.  The 
dock  correction  was  —  S"*  81*.7,  and  therefore  the  place  deter- 
mined corresponds  to  the  sid.  time  28*  28'"  28*.  7. 

Five  observations  of  the  same  kind  were  taken  successively, 
which  gave  at  the  sid.  time  28*  30*  56%  a'  —  a  =  +  1"*  45'.23, 
a'-J  =  — 7'29'^40. 

267.  Third  Method. — ^When  the  telescope  follows  the  motion 
of  the  stars  automatically  with  great  accuracy,  we  may  measure 
the  difference  of  right  ascension  by  placing  the  micrometer 
threads  at  right  angles  to  the  diurnal  motion  and  setting  the 
fixed  thread  upon  one  star  and  the  movable  thread  upon  the 
other.  The  middle  point  of  the  arc  joining  the  stars  should  be 
tt  nearly  as  possible  in  the  centre  of  the  field.  If,  then,  m  is 
flie  distance  of  the  threads,  and  its  equivalent  in  arc  is  5  =  rnH, 
we  shall  have,  very  nearly,  sin  (a'  —  a)  =  2  sin  J  s  sec  do,  in  which 
^  is  the  mean  declination.     This  method  will  not  be  used  for 

I  rtare  far  from  the  equator,  and  therefore  in  all  practical  cases 

[  we  may  take  a'  —  a  =  s  sec  Sq.   The  objection  to  this  method  is, 

that  the  difference  of  declination  is  not  found  at  the  same  time. 

THE   HELIOMETER. 

268.  This  instrument  belongs  to  the  class  of  double  image  mi- 
crometers. The  object  glass  of  an  equatorially  mounted  tele- 
scope is  bisected,  the  plane  of  the  section  passing  through  the 
optical  axis  of  the  lens,  and  the  two  semi-lenses,  set  in  separate 
metallic  frames,  slide  upon  each  other  in  a  direction  parallel  to 
the  line  of  section.'*'  Either  semi-lens  can  be  moved,  and  the 
amount  of  its  motion  measured,  by  a  micrometer  screw.  Each 
semi-lens  forms  a  complete  image  of  a  distant  object  at  the  prin- 

*  The  duplication  of  the  image  by  means  of  two  complete  lenses  was  invented  by 
^uouiB,  in  174S.  The  improvement  of  substituting  the  two  halves  of  a  single  lens 
vac  8t!iHly  alter  made  by  John  Dollond. 
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L'ipitl  focuB.  These  image?  (in  a  perfect  instmmcnt)  aw  tUfH 
posed,  aiid  form  but  a  Bingle  imngu  at  tlic  focun,  whcti  tli>two 
Remi-lunsca  are  in  their  primitiro  position  forming  a  singlva^ 
cularlena;  hut  when  the  ojitieal  centres  of  the  tn-o  semi-lenaw 
arc  sepiiruteil  by  the  eliding  motion,  thu  two  imngcs  nt  the  ftwM 
are  separated  from  eacli  other  by  a  distance  eqniil  to  the  distniM 
of  the  centres  of  the  flemi-lenses.  The  instnitnent  thns  anangei 
becomes  a  micrometer  adapted  for  the  measurement  of  smaB 
anguhir  distances  in  general,  but,  from  its  supposed  pcculis 
adaptation  to  the  nica&urement  of  the  sun's  diameter,  has 

ccived  the  name  of  the  hHiomeUr.  Tlius,  if 
A  (Fig.  56)  IS  the  image  oi  the  aun  formtd 
^  at  the  focus  when  the  centres  of  the 
L8C8  are  coincident,  and  one  sumi-li 
then  moved  until  the  imago  it  forms  la  In 
the  position  A',  so  tliat  \\a  limb  is  in  app*- 
rent  contact  with  that  formed  hy  the  other  semi-lens,  the  motion 
of  the  semi-lens,  as  measured  hy  the  niicromctor  screw,  giwi 
the  measure  of  the  angular  diameter  of  the  sun  as  soon  a»lJi( 
angular  value  of  a  revolution  of  the  screw  is  known, 
Again,  if  A  and  B  (Fig.  57)  ore  the  imagos  of  two  stars  ivlien 
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the 


id  i 
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,,  ;■  *  of  thf  line  nf  s^'i'tioii  uf  tlic  lens  l.ciii.i,'  iiunk'  t....'i:i- 
•  ciiie  with  that  ut'tlic  line  joining  tlie  stars)  oin'  stiiu- 
'*'  ^  lens  is  moved  until  the  image  of  A  is  seen  a(  B, 
while  that  oi  B  is  moved  to  B',  the  motion  of  the  lena  asgiu'ii 
by  the  screw  determines  the  angular  distance  of  the  stars.  The 
position  angle  of  the  two  stars  will  also  be  determined  hy  thcangla 
whieh  the  line  of  section  makes  with  a  dcclinatiou  circle;  anii 
for  this  purpose  the  whole  lens  is  mounted  so  as  to  ho  revolved  in 
a  plane  at  right  angles  to  its  optical  axis,  and  its  position  nt  anv 
time  is  shown  hy  a  graduated  [losition  circle  attached  to  tbe  tube 
of  the  telescope. 

Such  is  the  general  principle  of  the  instrument ;  but  ia  order 
to  give  precision  to  the  observation,  it  is  necessary  tliat  ihs 
observed  point  of  coincidence  of  two  inniges  should  be  in  the 
optical  axis  of  the  complete  lens,  and  that  these  images  should 
be  separated  by  moving  the  scrai-lcnses  in  opposite  direetioiu 
and  equal  distances  on  each  side  of  this  axis ;  or,  if  Uiese  cojidi- 
tions  are  not  exactly  or  approximately  satisfied,  that  we  sbouU 
have  the  means  of  computing  the  correction  which  the  observed 
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measure  requires.  For  this  purpose,  the  ocular  is  also  provided 
with  a  micrometer  screw  and  a  position  circle,  and  the  position 
of  the  point  of  contact  of  two  images,  with  respect  to  the  line 
joiDingthe  centres  of  the  two  position  circles,  can  be  determined. 
The  mode  of  using  the  data  thus  obtained  will  be  discussed  in 
the  general  theory  of  the  instrument  hereafter  given. 

269.  Plate  XV.  represents  the  heliometer  of  the  Konigsberg 
Observatory,  with  which  Bessel  determined  the  .parallax  of 
61  CygnL  The  focal  length  of  the  telescope  is  102  inches,  the 
diameter  of  the  lens  is  Q\  inches.  The  equatorial  mounting 
needs  no  special  explanation,  as  it  is  essentially  the  same  as 
that  described  in  the  preceding  chapter,  except  that  the  stand  is 
here  of  wood  and  adjustable  by  means  of  four  foot  screws.  The 
iliding  motion  of  the  semi-lenses  is  produced  by  the  micrometer 
lerews  a,  6,  which  are  moved  by  the  observer  by  means  of  the 
rods  a'  and  b'.  The  measure  of  the  motion  is  obtained  either 
from  the  graduated  heads  of  the  micrometer  screw  or  from  two 
.graduated  scales,  which  are  read  by  the  microscopes  e  and  /. 
The  latter  method  is,  however,  chiefly  used  as  a  check  upon  the 
fonner,  and  also  to  verify'  the  regularity  of  the  screw.  The 
revolution  of  the  lens  about  the  axis  of  the  tube  is  effected  by 
*  rack  (AA)  and  pinion,  which  is  out  of  view  in  the  drawing, 
kt  is  acted  upon  by  the  rod  c.  In  order  to  read  the  micrometer 
ind  position  circle  after  an  observation  is  completed,  the  tele- 
scope has  only  to  be  revolved  upon  the  declination  axis  until  its 
object  end  is  brought  to  a  convenient  position  for  reading. 

It  greatly  facilitates  the  successive  repetitions  of  the  observation 
to  employ  the  automatic  movement  hy  clock-work ;  for  after  an 
observation  the-  telescope  can  be  revolved  upon  the  declination 
axis  without  stopping  the  clocks  and  after  reading  the  micrometer 
and  position  circle  it  can  be  restored  to  its  former  position  in 
declination,  and  the  objects  will  be  still  in  the  field. 

It  is  one  of  the  chief  advantages  of  the  heliometer  that  the 
precision  of  the  observation  is  not  impaired  by  the  diurnal 
motion ;  for  even  when  we  do  not  employ  the  driving  clock,  a 
good  result  is  obtained  whenever  we  have  made  a  contact  of  the 
images  of  the  observed  points  near  the  centre  of  the  field.  The 
aatomatic  movement  is,  therefore,  not  essential  to  secure  the 
accuracy  oi  the  observation  (as  it  is  in  the  case  of  the  filar  mi- 
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H^     emmetGr),  but  ia  chiefly  important  a^  fucilituting  the  n 
H        of  the  obRcrvation. 

H  [t  has  been  objected  to  the  bi»Iiometcr  that  the  optica! 

H  forniance  of  a  semi-leiis  i»  imperfect.  In  fact,  it  appears  that; 
H  although  the  correction  for  epherical  abt'iTation  of  a  compleH 
H  lens  may  he  perfect,  it  i»  not  jwrtect  tor  each  half  of  the  Wns,- 
H  at  least,  it  has  not  been  found  iifrfi.-et  in  the  ini^truments  of  tbii 
H  kind  heretofore  conBtrncteti,  There  ia  aUo  some  inflfzion  of  tiirf 
H  niys  of  light  produced  at  the  line  of  seetion.  The  corabiaed' 
H  effect  of  thcHO  caiiBo^  \a  an  elongation  of  the  separated  imagi'i 
I  a  direction  at  right  angles  to  the  line  of  section.  Another  ob- 
H  jection  ia,  that  the  brightness  of  each  of  the  images  is  but  oBfr 
H  half  that  of  an  image  formed  by  Hie  whole  lens.  It  haa  also  been 
H  found  that  wheu  the  two  semi-lenseB  are  in  their  primitiv*?  posi- 
B  tion,  forming  a  single  complete  lews,  the  two  superposed  im«gei 
do  not  always  form  a  single  constant  image,  but  that  in  a  di* 
turhed  state  of  the  air  the  inmgea  are  frequently  seen  to  separate 

I  momentarily.  This  ufl'uot,  of  which  no  entirely  aatisQictory  vl^M 
plunutiun  bus  been  Buggostod,  bos  been  observed  in  most  if  noM 
all  the  heliomotura,  fl 

Bat  these  optical  defects  are  more  thsn  corapensatad  fcy*MW 
superior  accnrai'v  in  tlii.'  HiiM^iin.-rnont  of  diMtiuioe.s,  resulting 
friiiii  the  groat  [irt^'isinii  with  whirh  oontju't.'i  iuid  coincideiioei 
of  imugea  can  be  oljsL'rved.  The  elongation  of  the  imngos,  Wing 
in  a  direction  at  riglit  angles  to  the  observed  distaiice,  hasno 
sensible  effect  upon  its  measure,  and  its  miinite  effect  upon  ilie 
position  angle  is  eliminated  by  repeating  the  observation  with 
opposite  motions  of  the  semi-lenses,  that  is,  by  interchanging 
the  images.  The  tremulous  motion  of  stars  arising  from  ailifr 
turhed  state  of  the  air  is  in  general  common  to  the  images  nf 
both  objects,  and,  theri'fore,  does  not  aflei't  the  observation  nf » 
oontact ;  and  tljo  momentary  separation  of  tiie  images  above  re- 
furreil  to,  whicli  when  tiie  Pcmi-lenses  are  separated  produces 
a  slight  tremulous  motion  of  each  image,  does  not  cause  tli* 
images  to  appear  so  unsteady  rchjl'rrfi/  to  each  other  as  tlie 
fiinglo  Innige  tbrnicd  by  a  complete  lens  relatively  to  the  thread 
of  the  filar  micrometer.  Finally,  the  experience  of  Bessel  ami 
others  in  the  actual  use  of  the  instrument  has  proved  that  the 
probable  error  of  a  single  measure,  whether  of  distance  or  posi- 
tion angle,  is  less  than  in  the  use  of  any  other  micrometer.* 

•  Spp  Bes3El's  account  of  the   KoiiijsWrg  lielioiiiiHT,  .IWrxn.  Xjeli.  VoL  V!U. 
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The  heliometer  possesses  a  great  advantage  over  all  other 
micrometers  in  the  measurement  of  comparatively  large  dis- 
tances. With  a  filar  micrometer  the  distances  observed  must  be 
the  less  the  higher  the  magnifying  power  employed,  since  the 
whole  distance  must  be  in  the  field  of  view ;  but  no  such  restric- 
tion exists  with  the  heliometer,  where  only  the  point  of  contact 
Of  coincidence  of  two  objects  is  required  to  be  in  the  field. 
Fith  the  Konigsberg  instrument  above  described,  a  distance  of 
P  52'  can  be  measured. 

GENERAL  THEORY   OF  THE   HELIOMETER. 

270.  In  the  following  discussion  of  the  mathematical  theory 
of  the  heliometer  I  shall  chiefly  follow  Bessel.'*' 

I  shall  first  investigate  the  general  formula  which  determine 
the  position  of  any  point  of  the  celestial  sphere  observed  with 
one  semi-lens,  the  data  being — 1st,  the  declination  and  hour  angle 
of  the  point  of  the  sphere  which  is  in  the  heliometer  axiSj  which 
pomt  may  be  called  the  pole  of  the  heliometer  axis ;  2d,  the 
position  of  the  semi-lens  with  respect  to  this  axis,  as  given  by 
the  micrometer  and  position  circle  of  the  objective ;  8d,  the 
position  of  the  point  in  the  field  where  the  image  is  observed, 
M  given  by  the  micrometer  and  position  circle  of  the  ocular. 

By  the  heliometer  axis  is  here  meant  the  straight  line  which 
jcring  the  centres  of  the  position  circles  of  the  objective  and 
ocular;  and  we  shall  here  apply  to  this  axis  the  notation  which 
in  the  theory  of  the  equatorial  instrument  (Art.  246)  was  applied 
to  the  sight  line.  Thus,  90°  —  c  will  now  express  the  distance 
of  the  pole  of  the  heliometer  axis  from  the  pole  of  the  declina- 
tion axis.  If  then  we  denote  by  8^  and  r^  the  declination  and 
hour  angle  of  the  pole  of  the  heliometer  axis,  we  shall  have,  by 
(258), 

ai  =  rf+Arf--;.cos(r,  —  *)  I    ^289) 

^,  =  f  -|-  At  —  /•sin  (Tj  —  6)  tan  ^^  +  <?  sec  ^i  —  ij  tan  ^i     )      "^ 

^re  d  and  t  are  the  readings  of  the  declination  and  hour  circles, 
wd  Arf,  a(,  Yy  ^>  Cy  and  ii  are  the  constants  of  the  equatorial  in- 
strument, supposed  known.  The  terms  depending  on  the  flexure 
^  here  omitted,  as  not  sensibly  affecting  micrometric  observa- 

* ^ttumomitehe  Uniertuekunt^en,  Vol.  I.,  Theorie  eines  mit  einem  Heliometer  versehenen 
•^Pfional'TnatrumenU.  See,  however,  also  H\^9%n's  Au^fuhrlkheMethode  mit  dem 
^^^enekm  HeliameUr  Vertuche  aniuttellen,  4to.  Goiha,  1827. 
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tions,  excepting  only  thu  torm  eHin^tand,,  which,  on 
of  tho  factor  tan  i„  may  be  Hupjjuflud  to  becimiD   eunflible  E 
Btara  very  uear  tbo  polo;  aiid  this  twrin  is  iuctudvd  in  ourffl 
mulre  by  tho  iubstitution  of  i,  =  i  —  c  mu  ^. 

It  M  aHsumcd  that  the  imagcH  of  infinitely  distant  pointi 
formed  by  each  Bemi-ltiua  aru  mathfumtica]  point*,  that  they  dl 
lie  in  the  same  focal  piano  perpendicular  to  the  heltonid<v 
axis,  and  that  Uie  Htraight  lines  joining  these  points  and  lliei 
imago«  pass  through  the  optical  centre  of  the  semi-lcns.  l/A 
tins  optical  centre  be  denoted  by  0,  The  point  0  is  movi-d 
the  micrometer  scrow  in  &  plane  which  U  at  right  angles  to  thi 
heiiometer  axis  and  in  a  line  which  should  patu  through  tblt 
axis;  but  a  perfect  a(\ju8tmeut  in  tliis  respect  will  not 
assumed,  and  wo  shall  suppose  that  the  lino  in  which  the  poig 
0  moves  ia  at  the  distance  b  from  tlio  heiiometer  axis.  11 
position  of  the  point  0  in  this  lino  at  fttiy  time  will  be  del 
mined  by  the  micrometer  reading  m,  together  with  tlte  readiq 
that  corresponds  to  some  assumed  point  of  the  line  aB  an  ori^ii 
Let  this  origin  be  the  point  of  tlie  line  which  ia  at  the  ]ca«f  dis- 
tance (=  b)  from  the  hcHoraeter  axis,  and  lot  a  he  the  rcutliiig 
when  O  is  at  this  point ;  theu  the  distauoe  of  O  Srosa  thU  origiD 
nt  any  time  will  bo  c.\profi:ii.'d  by  m  —  n. 

The  dirci.'tii)ii  of  tlie  line  of  iiiDtiuii  (if  t!ie  point  Oat  any  tinif 
wiil  be  given  by  the  position  circle.  The  zero  of  the  posititm 
circle  will  ibe  the  reading  when  this  line  coincides  in  direction 
with  a  celestial  circle  whose  pole  is  the  pole  (fj)  of  the  decKna- 
tion  circle  of  the  instrument,  as  in  Art.  2G1,  If  we  here  ilenotc 
this  zero  reading  by  /i,,,  and  the  reading  at  any  time  by  n,  tlie 
position  angle  of  the  line  of  motion  will  be 

in  whicli  wf  have,  by  (27(3), 

}.  ^  0  M,,  (t,  -.■>)  +  >,]  Ficf.  J,  _  (c  +  f  COS  ^  Bin  tO  tan  5,  (2M) 

271.  Xow,  in  order  to  cxju-ess  the  poijitinn  of  the  point  Oins 
general  manner,  let  uu  take  two  ]iliniea  of  reference  at  right 
angles  to  each  other  passing  through  the  heiiometer  axis,  and 
let  one  of  these  planes  be  the  plane  of  the  circle  of  declination 
passing  through  the  pole  of  this  axis.  Let  ^4  Y,  Fig.  58,  be  the 
■  intersection  of  the  jilane  of  the  circle  of  declination  with  the 
plane  of  motion  of  the  semi-lens;  --IX  the  intersection  of  the 
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second  plane  of  reference  with  the  plane  of  motion ;  BO  the  line 
in  which  the  optical  centre  0  of  the  Bcmi-lcns  moves;  AO^  the 
perpendicalar  from  A  upon  BO.  Then,  according  to  the  nota- 
im  above  adopted,  we  have  -40i=  6,  0|0  =  m  —  a,  and  ABO 
=«  —  Wt+^  =  w--  A:,  where,  for  brevity,  we  put 


k  =  n^  —  k 


(291) 

fieooe  the  distance  of  0  from  the  two  planes  of  reference,  or 
its  co-ordinates  on  the  axes  jlXand  A  F,  are  evidently 

X  =  (m  —  a)  sin  (n  —  A:)  +  6  cos  (n  —  k) 
y  s=  (m  —  a)  cos  (n  —  k)  —  b  sin  (n  —  k) 

The  position  of  the  point  in  the  field  of  the  ocular,  at  which 
fte  image  of  the  cefestial  point  is  observed,  which  point  we  shall 
cillthe  point  o,  will  be  determined  by  referring  it  to  the  same 
tiro  planes :  so  that  if  /i,  a,  v,  x,  /9  have  the  same  signification  for 
ihe  point  o  that  m,  a,  w,  A-,  b  have  for  the  point  0,  the  co-ordinates 
tf  0,  with  reference  to  these  planes  are 

f  =  (/tt  —  o)  sin  (y  —  x)  +  ^  cos  (v  —  x) 
ij  =(^fi  —  o)  cos(v  —  x)  —  fi  sin  (y  —  x) 

Fig.  59. 


The  direction  of  the  sight  line  oO,  or  that  of  a  star  whose  image 
is  obeerved  at  o,  can  now  be  determined  by  means  of  these  co- 
wdinates  and  the  distance  /'  between  the  planes  of  motion  of  o 
^i  0,  Conceive  a  straight  line  to  be  drawn  through  o,  parallel 
tothe  heliometer  axis.  This  line  and  the  heliometer  axis  have 
^  lame  vanishing  point  in  the  celestial  sphere,  namely,  the  polo 
rf  the  heliometer  axis.  Let  Ay  Fig.  59,  be  this  point  of  the 
•phere,fif  the  star  in  the  sight  line  oOy  P  the  pole  of  the  heavens. 
^  plane  passed  through  the  line  oA  and  the  line  oO  makes 
*Wi  the  plane  of  the  circle  of  declination  PA  the  angle  PAS=  r; 
•1*^  the  angle  between  the  lines  oA  and  oO  is  measured  by  the 
•^iS=s  J.  The  distance  of  0  from  the  line  oA  is  /'  tan  J, 
»kI  its  distances  from  the  plane  of  PA  and  the  plane  drawn 
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throiijfbo^  at  right  anglta  to  the  plane  of  PA  are /' taa ^ iin  * 
and  /'tan  J  t-os  r.    These  distances  are  also  expressed  by  i 
aud  y  —  3j;  and  hence  we  have  the  equutiuDS 

/'  tan  J  sin  Jt  =  a;  —  S 
f  tan  J  COB  K  ^  y  —  :; 

If  we  take  the  linear  distance  of  the  threads  of  the  micrometw 
screw  of  the  objective  as  the  common  unit  of  measure  of  all  ih* 
({Uuiitities  m,  a,  b,  /t,  a,  j?, /',  and  if  flis  tlie  angular  value  of  on* 
revolution  of  the  screw,  wo  have,  since /'is  the  local  leugtlof 
the  lens, 


lanR  = 


,  the  above  expressions  divided  by/' give 


tan  J  sin  *  =  tan  B  [(m  —  a)  sin  (n 
-{p   -  o)  sin  (V 

tail  J  cos  IT  ^  tan  Jt  [(m  —  a)  cos  (n 
—  (/I  —  a)C08(v 


-k)  +  b  cos  (n  —  *)    1 

-x)-jScoa(.  -«)J 

-  »)  +  ^  sin  (.  -  X)]   ] 


These  determine  J  and  rt,  with  which  the  declination  3  and  hour 
angle  r  of  the  star  are  det«rmined  hy  means  of  the  formult, 
derived  from  the  ti'i;ii]jj:lf  PA.% 

cos  3  cos(rj —  r)  ^=  COM  'T,  fos  J  —  sin  Uj  sin  J  coi 

272,  We  can  now  proceed  to  the  determination  of  the  relative 
position  of  two  stare  S  and  A"  who^te  iiiuiges  have  been  bronght 
into  coincideuce  by  giving  the  two  senii-lensos  difterent  positiotn 
This  rolativo  position  is  expressed  (aa  in  the  use  of  the  filu 
position  micrometer)  by  the  distance  a  —  SS',  and  the  position 
angle  at  the  middle  poiut  of  SS'  —  p.  Thus,  in  Fig.  55,  p-  395, 
^  being  the  middle  point  of  SS\  we  have  PS^' ^  p.  The 
declinatitm  ^oand  hiiur  angle  r„of  .^nWill  be  regarded  as  kniwn. 

Let  us  distinguish  the  two  semi-lenses  by  the  numerals  I.  awl 
IL,  and  let  the  formula?  (292)  and  (2!)3)  refer  to  the  semi-lens  l 
and  to  the  image  of  tho  star  5  formed  by  it.  Let  the  image  of  tlie 
star  .S"  be  formed  by  tho  scmi-lena  TI,,  iind  let  the  several  qiiiinti- 
ties  referring  to  this  star  be  distinguished  by  accents,  excepting 
those  which  arc  common  to  both  stars.  These  common  f|uaiiti- 
tics  are — 1st,  the  readings  n  and  >  of  the  position  circles ;  2d,  tbc 
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ometer  reading  /t  —  a  and  the  constants  fi  and  x  of  the 
iFy  since  these  refer  to  a  single  point  of  the  field.  But  we 
suppose  the  lines  of  motion  of  the  two  semi-lenses  to  be  not 
ictly  parallel,  and  shall  therefore  express  the  angle  which 
line  of  motion  of  the  semi-lens  11.  makes  with  a  declina- 
eircle  by  n  —  A';  so  that,  r?/  denoting  the  zero  reading  of  the 
ion  circle  when  this  semi-lens  is  used,  we  have 

A'  =  n;  —  A  (294) 

'  sin  «' =  tan  JK  [(m' —  a')  sin  (n  —  A:')  +  6' cos  (n  —  A:') 

—  (fi  —  o)   sin  (v  —  x)  —  fi  cos  (v  —  x)] 

' cos ir' =  tan ^  [(m' —  a')  co8(n  — A:')  —  6' sin  (n—'if) 

—  (/A  —  o)   COS  (y  —  x)  -|-  ^  sin  (v  —  x)] 

Bin  d'  =  sin  (\  cos  J'  4*  <^8  ^,  sin  J'  cos  r'  ^ 
COB  d'  cos  (tj  —  '^)=  cos  ^j  cos  J'  —  sin  S^  sin  J'  cos  t:'   ^    ; .  96) 
cos  d'  sin  (r,  —  '^)=  Bin  J'  sin  jt*  j 

triangles  PSJS  and  PS^S'  (Fig.  55,  p.  895)  give 

Bin  }  8  sin  p=  —  cos  S  sin  {r^  —  t) 
Bin  }  a  cos  p=  —  sin  d  cos  d^  -j-  cos  d  sin  S^ cos  (t„  —  t) 
cos  i  «  =       sin  ^  sin  d^  -f-  cos  d  cos  S^  cos  (t^  —  r) 


(295) 


Bin}  a  sin  ;>  =      cos  ^' sin  (t^ — t') 

sin  }  8  cos  j>   =      sin  d'  cos  d^  —  cos  d'  sin  «^^C08  {r^ —  t') 

cos  } 5   =      sin  5'  sin  d^  -j-  cos  S'  cos  t^^coa  (t^ —  t') 


(297) 


►m  these  equations  we  must  eliminate  5,  r,  5',  and  r',  since  the 
lies  of  s  and  py  resulting  from  the  observation,  are  to  be 
rived  only  from  the  declination  d^  and  hour  angle  r^  of  the 
ddle  point  between  the  stars,  and  from  the  data  obtained  from 
ft  instrument.  For  brevity,  let  us  write  u  and  v  instead  of 
A  J  sin  ;r  and  tan  J  cos  iTj  and  u'  and  v'  instead  of  tan  J'  sin  n^ 
tA  tan  i^  cos  tt'.  Also,  put  r  and  r'  for  i/(l  +  uu  +  vv)  and 
/(I  +  ttV  +  t/v').    The  equations  (298)  and  (^96)  become 


md 


r  sin  ^  =  sin  ^,  +  v  cos  ^^ 
r  cos  d  cos  (Tj  —  t)  =  cos  d^  —  V  sin  \ 
r  cos  ^  sin  (r^  —  t)  =  u 

r'  sin  d'  =  sin  ^Jj  +  ^  cos  ^, 
/  cos  ^'  cos  (t,  —  t')  =  cos  ^^  —  i/  sin  ^, 
r'  cos  S'  sin  (tj  —  t')  =  u' 


< 
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These,  combined  with  (297),  give 

r&\JiiSB\np=^  —  COBJ,Biii(r,— T,) — UC06(rg — T,1-i-t!8in  3,  sin  (r, — r,) 
r  Bin  1 S  COS  J  = — sin  SjCos  J^+  coa  S^siu  il^coa  (r,—  r,) —  u  sin  ^^biu  (r, — rj 
—  y  [eoB  J,  COS  a^  +  sin  '),8iii3„eo8(r, — tJ] 
r COB is=      ein  J,sin  5,+  cos  J,coa  3,co8  ("o— t,>^ u  cob ^oSin (t,— r,) 
-(-u[co8t!j8in  J,— Bin  J,  cos  J,  cos  (r, —  t,)]  (29^) 
and 

r'BiniSBiQp:=coB3,sm(r, — r,)-t-u'co8(T„— t^)  —  r'sin  o,Hin(r, — t,) 

r'siaisco6p=Bin  dj  cob3„ — coS",  ein  J|,co8(t,— T-|)  +  u'Biii3j8in(T, — i 

+  v"  [cos .), COB  -1,  +  sin  a, Bin  J, cOBCrj—  r,)] 

r'coa  i«= Bin  i,  ain  !,+  co»  J,  coa  J,  cos  (ro — r,)  —  u'  t-oa  a,  sin  (r,— i 

+ f'  [cos  3,  sin  3, —  ain  S^  coa  i,  cos  (r, — Tj")]  (2fll 

These  cqaations  not  only  determine  s  and  p,  but  also  grive 
relation  between  5,,,  T|,Rnd  iJ,,  r,.  To  find  this  rebitjon,  multip^ 
the  first  two  equations  of  (298)  by  r',  and  the  first  two  of  (298 
by  r,  and  subtract  the  former  products  from  the  lutter:  we  find 


0=-(r+r')co«<I.ita(T„ 


which,  if  we  put 


_r,)-(r'r4-rc').ioJ,a 


)  (3w>:: 

tan  y  cos  (?  = ——  I 

may  bi.  ^tten  in  the  following  form: 

0  =  [cobJ,— ainrf,l«Di;co80]»in(r,— r,}+tMijBiD(7eoi(r^rJ 

iimJ.+conJ.tun ocosG      r       .       .     >.  ^n       ,  ,     .  .    ™  .  ,         m 
'— '  -   ■■ =  [coB<)[— Bin<J|tanjco»0]co!{r-, — r^)— Uny ■iDCiin(r,— r,^ 

If  we  multiply  each  of  these  by  cosj,  and  then  introduce  tke 
auxiliaries  A  and  II,  determined  by  the  conditions 


we  shall  have 


cos  A  Bin(a,  +  .g) 


Bin  A  ^=  sin  y  sin  G 
coa  A  sin  7/  =^  sin  g  cos  G 
cos  A  coa  H  =:  coa  g 


(SOI) 


=  cos  A  COB  (\  +  H)  sin  (r,  —  Tj)  -j-  sin  A  cob  (r,  —  r,) 
=  cos  A  cos  C^,  -|-  S)  COB  (r,  —  t,)  —  sin  h  bIu  (t, — t^ 
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om  which  we  deduce 

coe  A  sin  (d  -^  H)       ,  .  .        ,.    ,    „^ 

^-^-^ ^  cos  (to  —  t  J  =  cos  a  cos  (^,  +  S) 

tan  ^0 


cos  h  sin  (a,  +  JET)    .    ,  .  .     . 
^-i-! ^  sin  (t^ —  tJ  =  —  sin  A 


tan^^ 


id  the  stun  of  the  squares  of  these  gives,  by  a  simple  reduct'on, 

cos  A  sin  (d^  +  H)  =  sin  d^ 

y  the  combination  of  the  last  three  equations  we  have,  therefore, 

sin  d^  =  cos  A  sin  (9^  -f-  JET)  ^ 

cos  d^  cos  (t^  —  Tj)  =  cos  A  cos  (^,  +  B)  I  (302) 

cos. ^^  sin  (jT, —  Tj)  =  —  sin  A  j 

[f  we  regrard  d,  and  Tj  as  given  by  the  declination  and  hour  circles 
of  the  instrument,  with  the  aid  of  (289),  we  can  employ  these 
equations  to  obtain  d^  and  r^ ;  or,  if  8^  and  r,,  be  regarded  as  known, 
▼e  can  employ  the  same  equations  to  obtain  5,  and  r,,  and  then 
<he  reading  of  the  declination  and  hour  circles  is  altogether  dis- 
^nsed  with. 

The  values  of  5  and  p  will  be  derived  from  the  following  equa- 
tions, which  are  obtained  by  adding  (298)  and  (299): 

(T-\'f)  sin  is  sin  p  =  (u' — u)  cos  (t^ — r^) — (v' — v)  bin  ^j  sin  (t^ — Tj) 
{T'\-f)  sin  is  cos/)  =  (m' — w)  sin  d^  sin  (t^  —  rj 

+  C^'— V)  [cos  ^j  cos  ^^+sin  (J,  sin  ^^cos  (t,— r^)]       ^^^ 
(r+r')cosi«        =:2[8in(JjSin  (J^-{- cos  ^^cos^^cosCt^j — r^)]        (^ 

—  (m'4-u)  cos  ^^  sin  (r^  —  Tj) 

-(-  (i/+t>)  [cos  ^,  sin  ^j, — sin  d^  cos  ^„  cos  (t^ — t,)] 

In  these  rigorous  formulre,  every  thing  in  the  second  members 
'  is  known.  But  it  will  never  be  necessary  to  employ  them  in 
this  rigorous  form,  except  when  the  two  stars  are  so  near  to  the 
pole  that  the  quantities  m,  v,  w',  v'  can  no  longer  be  regarded  as 
small  in  relation  to  the  polar  distance.  In  almost  all  cases, 
therefore,  an  approximate  development  of  the  formulse  will 
suffice;  and  this  I  proceed  to  consider. 

273.  The  approximate  development  of  the  equations  (303), 
when  the  terms  involving  the  third  and  higher  powers  of  w,  r,  w',  r' 
are  neglected,  is  extremely  simple,  and  would  lead  us  to  the 
formalsB  usually  given  for  the  heliometer.    But  it  is  easy  to  see 
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that  such  a  development  is  not  sufficiently  exact,  even  for  f 
near  the  equator,  when  their  distance  approaches  to  the  maxin 
limit  (of  about  2°)  which  the  instrument  is  capable  of  measur 
unlefiB  a  epecial  method  of  ohaervation  is  exclusively  empk 
hy  which  the  terras  of  the  higher  ordera  are  rendered  practic 
insensible.  The  nature  of  such  methods  of  observation  wil 
seen  hereafter;  but,  in  order  to-  obtain  the  most  generally  us 
formulffi,  which  can  afterwards  be  simplified  and  adaplei 
special  eases,  I  shall  follow  out  the  very  precise  developm 
.eiven  by  Bbssel,  in  which  the  terms  of  the  third  onler 
retained. 

Li  order  to  develop  the  equations  (303)  as  far  as  terms  of 
third  order  in  u,  v,  u',  r',  it  is  necessary  to  develop  the  fai- 
by  which  u'  —  u,  v'  —  v,  u'  +  v,  f'+v  are  multiplied,  ae  fui 
terms  of  the  second  order  only.  If  in  (300)  we  substitute 
values  of  r  =  v '(1  -f-  uu  -\-  rr)  and  r'  =  i  '{1  +  "'«'  +  e'  «'), 
develop  the  expressions,  wc  shall  find  that  when  t«rma  of 
third  order  are  neglected  they  are  rodticed  to 

tan  g  6\nG  =■  ^fu'  -    «} 

and  consequently  we  shall  have,  with  the  same  degree  of  appr 
mation, 

tan  g  &\nG  ^=  }^  («'  -\-  u) 

ein  g  cos  C  ^  J  (i/  +  r) 

COS  ?  =  1  -  ^  («'  +  «)'- K"' +  ")' 

The  equations  (302),  by  the  substitution  of  the  values  of  A  an 
according  to  (301),  become 

ein  d^  =  sin  3,  cos  g  +  cos  9^  sin  g  cos  G 
cos  J,cos(Tg —  r,)  ^  cos  JjCos  g  —  sin  ^jSin  g  cosG 
cos  *,8in  (r,  —  ^i)=  —  sin  g  sin  & 

from  which  follow,  also, 

cos  g  =  sin  8^  sin  S^  +  cos  *,  cos  9^  cos  (r^,  —  t,) 
sin  g  cobG  =  cos  ^|Sin  5, —  sin  ^jCos  J,co8(r, —  r,) 
Bin  ^  sin  &  =  —  COB  3,  Bin(T, —  t^) 

With  the  aid  of  these  equations  the  required  developmen 
(303)  is  readily  obtained.    We  find 
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(r+  O  sin  J«  Bmp  =  (u'-^u)  [1  —  J(m'  +  uy  —  jJ(m'  +  M)Uan«  ^J 

+  (y-v)  [i(M'  +  w)  tan  a,-  i  (ti'  +  u)(t/+  V)] 

(r+  O  «»*«  C08|>  =  (i?'—  I?)  [1  —  K«^  +  «^)'  —  i(w'  +  w)'tan«  y 

—  i (ti'—  u) (m'  +  tt) tan  «f, 

(r+  O  COB  J«=  2  [1  +  4  (tt'  +  u)«  +  i  (I?'  +  i;)«] 
or,  dividing  the  first  two  of  these  hy  the  third, 

S  tan  }«  8in|>=(ii'— M)[l--i(u'+M)»— i(v'+r)«— j(w'+M)nan«  (Jj' 

+(t/-t;)[  1  (u'  +  u)  tan  ^,  -  i  (u'  +  ti)  (V'  +  r)]        i   ^^^ 

2  tan  }«co8;>=(t/— r)[l— J(i/+ 1;)«— Ku'-fu)'— J(w'+w)«  tan«  y  f  ^ 

—  i  (^'  —  ^)  (^'  +  w)  ^^^  ^0 

in  which  we  are  now  to  substitute  convenient  expressions  for 

ii'  —  tt,  r'  —  r,  tt'  +  w,  r'  +  V. 

It  is  expedient  in  practice  to  make  all  our  observations  depend 
upon  but  one  of  the  micrometer  screws  of  the  two  semi-lenses, 
nnce  all  the  time  that  we  may  have  to  devote  to  the  investiga- 
tion of  the  errors  of  the  screws  may  then  be  expended  upon  this 
one.  Let  us  suppose  the  micrometer  screw  of  the  semi-lens  11. 
to  be  thus  adopted,  and  let  w  denote  the  angle  between  the  lines 
of  motion  of  the  semi-lens  U.  and  of  the  ocular,  so  that 

w  =  (n  —  Is*)  —  (v  —  x) 

and  let/ and  ^be  determined  by  the  conditions 

ffXf\F=  tan  R  [(m — a)8in  (A:'— A:)-f  6  cos  (^— A:)+(it£— o)  sin  u?— ^cos  «?] 
^eoejP=  tan  E  [(m — a)co8(A:'— A:)— 6  sin  (J<!—k) — (pi— o)  cosu>— /5  sin  u?] 

(305) 

Multiplying  these  respectively  by  co8(n  —  k')  and  sin  (n  —  A/), 
«nd  also  by  —  sin  (n  —  k')  and  cos  (n  — -  A'),  the  sums  of  the  pro- 
dncts  are,  by  (292), 

ii=/sin(n-A^-f-i^)  1 

i;=/co8(n~A'+i?')  /    ^^^^ 

from  which  it  follows  that  /  and  n  —  V  +  F  are  the  same  as 
tan  J  and  ^.' 
If  we  also  assume  S  and  E  to  be  determined  by  the  conditions 

2tan}5sin ^=tan  Rl-^im  —  a) sin ik—k) -f-  &'— 6 cos (J^  —  k)'] 
2taDii8co8£==tan  R[jim!'^a!)  —  (m— a)  cos  (A'— A:) -f  6  sin  (U—ky] 

(307) 
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we  sfaall  find,  by  means  of  the  multiplication  and  addition  above 
employed,  aud  by  compurison  with  (292)  and  (295), 


=  2tauiS  sin  (n 
=  2  tuniStostn 


-k'  +  E) 


and  from  (306)  and  (308), 

K«'+>')=tan}SBin(B-A'+£)+/8in(n-ft'+F)  1  | 

i(i/ +  v)  =  ta.niScos{n~/ir+ i:)  +  fcoa(n~/^-i- F)   /    *■*"' 

To  facilitate  the  substitntion  of  these  valnea  in  (304),  let  ub  put 
g  =  n  —  li'+  E  «,  =  j  (u'  +  u)  r,  =  1(1/  +  t)) 

we  shall  then  have 
tnn  Is 


eiap  =  Bin  q  (1 — m,* — J  u,' — j  «,'  tan'  i,)  +  cob  g  (u,  ton  a, — w, 
cos^  =  cos q (1 — u,' — j «,'— a «,' Wn' ij  —  iiag.u,  tan  «, 


J 


laaiS 
tan  }a 

taniS^ 

Mnltiplying  these  respectively  by  cob  q  and  —  sin  q,  aud  agaii* 
by  sin  g  and  cos  g,  the  suma  of  the  products  are 

tan  is 
tan  IS 
tan  is 

tan  its 


mn{p — q)=iu,t&nd^-=ico&q[2v^{rt^coaq — i'|8iug)+(u,'-f-u,')8in5j 
coe{p — ?)^1  —  ("i'  +  "i') — a  "i' tau*  Jj  +  3  (w,  coe  g — Hisin  q)* 


The  square  root  of  the  sum  of  the  squares  of  these  equations, 
neglecting  terms  of  the  4th  degree  in  their  second  members,  give* 

tanis  =  tanj£r[l  _(«,'+«,•)+  J  (m,C09  5  —  w,ftin  g)"] 

and  their  quotient  gives  tan  {p  —  q),  for  which  we  may  write 
p  ~  q;  whence 

p  — g  =  w,  tan  J,  — ^cosg  [2  »,(M,co»g—«,  sing)  +  {»,»-!- r,')  sing] 

But  with  the  notation  just  adopted,  the  expressions  (309)  become 

«i— tanJSsin  g  +/8in(g  +  J*— £) 
I'l  =  tan  J  5  COB  g  -f-/co8  {q  +  F  ~  E) 
u'hencc,  also,  ' 

Vi'+  r,'=  tan'JS  +  2/tani5coB(f  —  S) -f /» 
II,  cos  g  —  V,  sin  j  ^/  sin  (/"  —  E) 
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by  the  sabstitation  of  which  we  obteiti 

tan  J«=teni5  {1— taii'15— 2/tan  iScosiF^S)—iP  [1+C08\  P— -B)]} 
p=q  +  [tan  J/Sain  q  +/Bin  (5^  -f  2?*— JE)]  tan  d^ 

—  icos  J  [tan»  iS sin  jr  +  2/  tan  JS  sin  (^q  +  F  —  S) 

+/*  sin  (J  +  2  i^  —  2  JS)]  (310) 

In  the  tennfl  of  the  order  of  tan'^iS,  we  may  put/?  for  q;  but 
m  thoee  of  the  order  of  tan  ^«,  in  the  iSrst  line  of  the  value  of  p^ 
we  shall  employ  the  more  accurate  value 

q^=^f  —  [tan  ^8«inp  +  /  sin  (p  +  jP  —  E)"]  tan  ^^ 

Diriding  the  first  equation  of  (810)  by  1  —  tan*  J  5,  the  first  mem- 
ber becomes  \  tan  5,  within  the  degree  of  approximation  hero 
adopted,  and  in  the  small  terms  we  may  put  \  s  for  tan  ^  8.  The 
equations  thus  become 

tM«  =  2  tan  i8{l  --fa  co9(JP—  E)  —  J/«  [1  +  co8«(i?'—  E)]] 
p=H— *'+-»+  [i«8in|>+/8in(|>  +  F—E)']Uaid^ 
^ll^Mnp+lfs%iu(p+F'^E)+^f*B\n(p  +  2F'^2E)'ic<mp 

—  [J«»»in2p+ J/«sin(2;?+F— J^)+^/«sin(2p+2i?'— 2^)]  tanM^ 

These  may,  however,  be  still  further  simplified.    The  angle  E  is, 

in  general,  either  very  small  or  very  nearly  180^,  according  as 

mf  —  a'  —  (m  —  a)  is  a  positive  or  negative  quantity  in  (307). 

Tbe  case  mutt  be  excepted  in  which  the  distance  s  is  itself  so 

mall  as  to  be  regarded  as  of  the  same  order  qm  k'  —  k  and  b^  —  b; 

bat  in  this  case  the  terms  involving  E  are  themselves  so  small 

that  they  can  be  wholly  neglected.     Putting,  therefore,  in  the 

small  terms,  jB  =  0  or  =  180®,  and  also  substituting  the  value 

of  i'  =  n/  —  Xf  and  of  k  by  (290),  we  have,  finally, 

tan«  =  2tanJ5[l  :;:/«  cos  1^— i/»(l  +  coB*Fy] 

p  =  n^n^'+E+[/»\n(r^  —  ^)  -^  tj  sec  9^ 
-f  [^  «  sinp  it  /sin  (p  -{-  F)  —  e  —  e  cos  f  sin  rj  tan  9^     \    (811) 
— 11^  sin  p±f^f 8  sin  (^p+F)  +  ^P  Bin(^p+2F)']coBp 

—  [|  «»sin  2p±lf8  sin  (2p  +F)  +^/*sin  (2p+2  F)-]  tan«  a, 

in  which  the  upper  or  the  lower  sign  is  to  be  taken  according  aa 
m'  —  of  —  {m-^a)  is  positive  or  negative.    In  the  value  of  k 
(290),  we  hav«  h^e  substituted  r^  and  d^  for  r,  and  d„  which  will 
prodttce  no  appreciable  error. 
The  angle  p  hea^  expresses  the  position  angle  ^rom  the  star 
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whose  image  is  formed  hy  the  semi-lens  I.  to  the 
image  is  formeJ  hy  the  semi-lens  IL  It  is  also  to  be  oWired 
that  we  have  emjiloyed  the  formultc  tor  the  equatorial  in^trumeot 
as  given  for  the  case  iu  which  the  declination  circle  prccedath 
telescope :  so  that,  according  to  Arts.  248  and  250,  when  thf 
declination  circle /oWoiM,  r„  will  he  the  hour  angle  increased 
180°,  and  d^  will  be  the  Kiipplemfiut  of  the  dei^linatioii 
qiiently,  also,  p  will  be  the  position  angle  increased  hy  180". 

274.  The  coincidence  of  the  images  of  the  two  stars  Sand 
can  be  produced  at  the  point  0  (Art.  271)  in  two  difii>rcnt  way^ 
namely,  by  opposite  motions  of  the  seini-lcns  IL  relativtJy 
the  semi-lens  L  By  the  combiuation  of  tiic  observations  maA 
in  these  two  ways,  wc  shall  be  able  to  eliminate  a,  a\  ft,  ft',  l^ 
and  it  will  no  longer  be  necessary  to  detormiue  thc«c  quanllliM, 

Let  U8  suppose  the  semi-lens  L  to  remain  iu  the  same  poeitioB 
as  in  tlio  first  observation,  and  that  the  semi-lens  II.  is  im« 
moved  in  a  directimi  opposite  to  that  of  it^  former  motion  antil 
the  second  coincidence  of  the  images  is  produced.  This  will,  in 
general,  require  u  common  revolution,  to  a  small  extent,  of  &f 
two  leases  about  the  beliotiieter  axis,  thus  slightly  chau^ng  Hah 
reading  of  till.'  pnsition  circle,  which  reading  wc  phnll  nnwdermlf 
by  H,.  Let  tlic  reading  of  the  inicroinctcr  in  tlii?  nbsen"a(Joii  he 
m^',  and  let  the  corresponding  values  of  .S,  £,  and  p  be  denoted 
by  S\,  E„  and  p,.  The  form\ilie  (307)  and  (311),  with  these 
changes,  will  then  apply  to  this  second  observation,  and  fSfl') 
will  become 

aiaTiJ.*;,  sin  £,  ^  tan/i-f;-  (m -fnwn  (A-"-  k)+ !/—bci>^  {!,■'— k)] 
2tanj.S',co,si,',  —  tan /i!  [w/  — n'— (m  —  aj  cos(A-'— /;j  -\- b  6iu(_f-it)] 

iSincc  in,'  —  »'  and  m'  —  a'  fall  upon  opposite  sides  of  m  —  i,  the 
ipiantiticH  '2.  tjin  \^^vosE,  and  2 tan  J5cos£have  opposite  signs, 
but  2tan  J.S,  wiii^'i  and  2  tan^S  eiujE  are  equal ;  from  whicli  il 
fallows  (nincG  .S',  aiid  .S'can  dilfer  only  by  terms  of  the  3d  onlcrl 
thiit  -B,  diffei-s  from  180=  —  E  only  by  terms  of  the  onler  of  llio 
product  of  /■'  —  k  into  s',  and  this  difference  may  be  reganlcd  os 
altogether  insensible.  In  the  application  of  (311)  to  the  scond 
observation,  therefore,  the  meaning  of  the  double  sign  will  !» 
reversed.  "W'e  can,  however,  avoid  all  the  difficulty  in  dietin- 
gnishing  the  casu-s  in  which  E  is  to  be  tnken  greater  or  less  thnn 
'.'0°,  by  calling  that  obser^-ation  the  first,  for  which  E  <  90°,  aiid 
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applying  to  it  the  notation  m',  n.     Under  this  condition,  the 
upper  signs  of  (811)  will  be  used  for  the  first  observation  and 
fte  lower  signs  for  the  second ;  and  the  value  of  2>|  for  the  second 
obeervation  will  be  180°  +  p. 

The  formuliB  for  the  two  observations  may,  therefore,  be 
expressed  as  follows,  where  we  introduce  the  value  of  2  tan  \  8 
given  by  the  second  equation  of  (807)  after  neglecting  the  insen- 
rible  terms  (which  terms,  however,  even  if  they  were  sensible, 
would  be  eliminated  by  the  subsequent  combination  of  the  two 


k  Observation. 

Uui«  =  tan.g^^'""^''"*^"'"^^  ri  — /5  cos  jP—  A/'(l  +  co8«F)l 

cos  -^  ^  -* 

p=  n  —  n;+  JE:  +  0  sin  (t„  —  ^)  +  ij  sec  ^^ 

+  [^  *  sin  p  +  /  sin  C|>  4-  F)  —  c  —  e  cos  ^  »m  tJ  tan  S^ 

—  [4  «'  «in P  +  if^  ^^^  (?  +  ^)  +  ^P  sin  {p  +  2i^)]  cos  p 

—  K  «» sin  2p  +  }J8  sin  (2;?  +  F)  +  ^P  sin  (2p  +  2Fy]  tan*  d^ 

UObservatin». 

Uii«  =  tail  i?  \!:^_zzJL=l3L±^  [1  ^fs  cos  F— ^/«(1  +co8*i?')J 

1>  =  n,  —  n/  — JS:+  0  8in(r,  —  .9)  +  iJ  sec  ^, 
+  [ —  ^8  Binp  +fsin(p-}-  F)  —  c  —  tcosi  ^  sin  tJ  tan  (J, 

—  [g«*8inp  — i/5sin(;>+F)  + J/*8in(/>+  2F)]  cos;? 

—  [j  «•  sin  2|?  —  ifs  sin  (2;>  +  i?')  +  i /»  sin  {2p  +  2i^)]  tan»  d^ 

Prom  the  mean  of  the  two  observations,  we  have 

P=^\^'  —  <+  0  sin  (r,  —  .5>)  +  tj  sec  i^  . 

•^  [/ sin  (p -\- F)  —  c  —  e  cos  ^  sin  tJ  tan  rT^ 

—  y^  ««  sin  2p  (1  -f  2  tan«  ^„) 

—  iP  [s^n  (i>  +  2jP)  cos  ;?  +  sin  (2p  +  2F)  tan*  (JJ 

The  value  of  jB,  obtained  from  the  diflTerence  of  the  two  values 
of  ;>,  is 

f  =  -l^ IsBinpteLnd^ 

^      +  i/«  [sin  (P  +  -^)  cos  p  +  sin  (2;)  +  F)  tan*  ^J  (313) 

fiut  it  will  not  usually  be  necessary  to  regard  the  divisor  cos  U  in 
f he  formula  for  tan  «,  for  it  can  differ  sensibly  from  unity  only  in 
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thoBfl  cMfti  in  wliich  s  is  an  extremely  stnall  quantity, 
these  cases  we  may  take  £=}(»,—  n). 

The  method  of  observation  with  tlie  heliometer,  in  which  tW 
corresponding  obsorvatioiis  in  oiiposito  positions  of  the  wm 
lenses  are  combined,  raay  be  regarded  ne  fundamuutal  ond  cmcb 
tiiil.  The  same  degree  of  ncenracy  which  it  affords  cannot  fai 
attained  by  single  observations,  the  reduction  of  which  rcquin 
an  iiccurato  determination  of  the  quantities  a,  a',  b,  b',  f  —  i\ 
for.  iu  addition  to  the  uncertainty  of  sMvh  determinations  fai 
any  given  position  of  the  instrument,  it  is  not  certain  that  tht 
values  of  these  quantities  are  really  constant  for  iill  positjonttof 
the  telescope  with  respect  to  the  lioriaon.  It  is  true  that  oai 
fominlse  still  involve/and  F",  which  depend  upon  f,  a',  Ac;  hot 
a  precise  determination  of  these  quantitiee  is  no  lunger  neceasarf^ 
since  they  enter  only  into  the  small  terms  of  tbe  fonunla. 
Moreover,  by  a  pi-oper  method  of  observation. /and  Jf''niaj  ba 
dispensed  with  altogether,  as  I  next  proceed  to  show. 

275.  Assuming  that  a  complete  obsoiration  always  consistsof 
two  corresponding  observations,  as  in  the  preceding  Brti<4«, 
there  are  yet  three  ditferent  methods  of  making  such  an  oWt*- 
viition,  each  of  which  offers  some  advantfige  over  the  othen- 
These  I  propose  to  consider  separately. 

First  Mtthod  of  Observation. — Let  the  semi-lena  which  is  t» 
remain  fixed  during  the  observation  be  set  so  that  its  sight  line 
nhall  be  parallel  to  the  heliometer  axis.  This  will  be  effected  by 
making  m  —  a  —  fi  —  a,  and  at  the  same  time  n  —  k  =  v  —  k,ot, 
ill  the  most  simple  manner,  by  making  m  ~  a  =  p  —  a^^- 
We  shall  then  have/=  0,  and  the  formulee  (312)  become 


p  =  !L±_!L.  -  n;  +  0  sin  (t,  -  *)  +  (,]  sec  »,  (   C^U) 

—  (c  +  e  COS  ^aia  r,)  tan  J„  —  y'^a'sinZyCl  +  2  tan' 3,)] 

This  method  recommends  itself  by  the  symmetry  which  it  give 
to  the  observations,  as  well  as  by  the  simplicity  of  their  reduclioD 
Serond  Method. — In  this  method,  we  make  the  lines  of  motioi 
of  the  objective  and  ocular  parallel,  or  w  =  0,  and  also  maki 
m  =  a;  but  the  ocular  is  moved  bet*'een  the  two  otservationf 
being  set  for  one  obMrvation  bo  that  p  —  a  «  j  (m*  —  a'),  am 
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foT  the  Other  so  that  ^  — a  =  J(m,'-  a').  We  then  have 
/  =  J «  and  F  =«  180°  for  one  observation,  but  i^  =  0  for  the 
other.  These  changes  must  be  made  in  the  two  sets  of  formulae 
from  which  (312)  were  obtained;  for  in  the  combination  expressed 
by  (312)  the  ocular  was  supposed  to  have  the  same  position  in 
both  observations.  Here,  however,  we  must  put  F  =  180°  in 
the  first  sod  i^=  0  in  the  second,  at  the  same  time  substituting 
\9{otff  and  then  make  the  combination :  we  thus  obtain 

tan  <  s=  tan  J? ~ 

P  =  —J <  +  0  8in  (^0  — '*)  +  «i]  sec  a.  ^ 

—  (^  +  ^  ces  f  sin  t^)  tan  3^ 

Id  this  piethod,  the  rays  from  the  two  stars  make  the  same  angle 
'  (=J«)  with  the  optical  axis  of  each  semi-lens;  whereas  in  the 
firet  method  the  rays  from  one  star  make  the  angle  s  with  this 
ttis  and  those  from  the  other  star  are  parallel  to  the  axis.  The 
second  method,  therefore,  ofters  the  advantage  of  bringing  both 
images  at  equal  distances  from  the  axis,  thereby  producing  equal 
distinctness  and  accuracy  of  definition  in  them,  and  avoiding  the 
defects  of  the  lens,  which  appear  more  prominently  as  the  rays 
fiill  more  obliquely.  The  greater  simplicity  of  the  first  method 
in  the  observation  will,  however,  give  it  the  preference  so  long 
tt  the  distance  to  be  measured  is  not  so  great  as  to  carry  one  of 
4e  objects  beyond  the  limits  of  distinct  vision. 

Third  Method. — This  combines  the  advantage  of  the  second 

method  with  the  simplicity  of  the  first.     We  place  the  ocular 

permanently  in  the  heliometer  axis,  and  make  each  observation 

with  the  semi-lenses  at  equal  distances  from  that  axis  and  on 

opposite  sides  of  it.     The  chief  objection  to  this  method  is  that, 

rince  both  lenses  are  moved,  it  becomes  necessary  to  know  the 

value  of  a  revolution  of  the  screws  of  both ;  but,  as  has  been 

already  remarked  in  Art.  273,  it  is  expedient  to  devote  all  our 

attention  to  the  investigation  of  the  errors  of  but  one  screw.    It 

may  also  be  objected  to  this  method  that,  when  the  distance  to 

be  measured  is  rapidly  changing,  time  will  be  lost  in  eflfecting 

the  requisite  symmetrical  arrangement  of  the  observations.   This 

otjection,  however,  may  be  made  with  even  greater  force  against 

die  «econd  method ;  but  the  first  method  is  free  from  it. 

With  any  of  these  methods,  if  we  wish  to  free  the  results  from 
cbe  effects  of  flexure  of  the  declination  axis  and  from  the  incli- 
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nation  of  this  axis  to  the  hour  axis,  without  supposing  i,  an 
c  to  bfe  kiiowD,  we  tjtke  two  complete  obscrvatioiie  (i.e.  ymir^  oi 
observations)  in  the  two  positiona  of  the  dooliiiution  eiivle, /«-f- 
•jafmif  ami  following ;  for  we  see  by  (314)  and  (315)  that  t\  and :: 
will  vanish  from  the  mean  of  these  two  observations. 

In  Art.  263,  we  have  seen  that  ^s^eiii  2;i(l  +  2tan'iJ„)  is  rhe 
corrt'Ction  to  be  added  to  the  position  angle  at  the  middle  point 
lictween  the  two  stars  to  reduce  it  to  the  mean  (=  /)J  of  ilio 
position  angles  at  the  two  stare;  connequoiitiy,  if  wo  noglert  this 
term  in  the  first  method  of  observation  above  givon,  the  ^eftul^ 
ing  position  angle  will  be  at  once  the  mean  jtosition  angle  ;i^ 
with  which  and  the  distance  s  we  find  the  difibrcnceH  of  deLli- 
nation  and  right  asceiiaiou  of  the  sttirs,  by  Art.  264.  The  resiilt-i 
are  yet  to  be  freed  from  the  efifect  of  refraction,  by  the  methods 
hereafter  to  be  given. 

276.  I  have  thus  far  assmuod  that  the  contact  of  the  images  ia 
always  produced  at  a  certain  hiotcn  point  (o)  of  the  plane  o( 
motion  of  the  ocular.  It  will  be  well  always  to  make  tlie  con 
tacts  at  the  middle  point  of  the  field,  but  the  position  of  thi 
point  will  naiially  be  ealiviaCcd  only,  unless  it  ia  indicated  by  - 
square  formed  of  intersecting  threads  or  some  equivalent  con 
trivanee,  which,  however,  involves  the  necessity  of  illuminating 
the  field  or  the  threads.  Let  us  inquire,  therefore,  to  wha 
extent  an  erroneous  estimate  of  the  position  of  the  middle  oi 
the  field  will  affect  the  ob3er\ed  measures. 

The  quantities /and  F,  determined  by  (305),  express  the  actua 
position  of  the  middle  of  the  field  (o);  but  if  the  point  of  con 
tact  is  a  ditferent  point  (o'),  the  values  given  by  the  formnln 
require  a  correction. 

Let  h  denote  the  angular  distance  of  o'  from  o,  and  IT  tin 
angle  which  oo'  makes  with  the  observed  arc  ,%'',  H  and  w  beini 
reckoned  in  the  same  direction.  The  quantities  tan.K.  (jt—a)s'mh 
and  tan  R.ijt  —  a.)  cos  ic,  which  express  the  angular  distances  ol 
the  point  0  from  SS',  and  from  a  perpendicular  to  SS'  drawi 
through  the  heliometer  axis,  must  be  increased  by  A  sin //am 
/icos//  respectively.  Consequently,  fainF  and /cos  J' will  re 
cpiire  the  corrections  A  sin //and  —  Acos/f:  hence,  if  we  suppos- 
h  to  be  so  small  that  its  square  may  be  neglected,  the  effect  upoi 
Una  will  be,  by  (311), 

±  hs'coBH+  ksf(2cos  i^eoB  S—  sin  Fbio  H) 
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and  the  effect  upon  the  position  angle  will  be 

+kBin {p  —  H) tan d^±i?is [sin  (p  —  H)  cos p  +  sin  (2 /)  —  H)  tan*  d^ 
4-  A/[8in  (j>+  F—H)  cosp  +  sin  (2p  +  F  —  H)  tan« d  ] 

Since  h  will  be  but  a  few  minutes  in  any  case,  it  follows  that  the 
effect  apon  the  distance  will  be  usually  inappreciable  even  for 
he  greatest  values  of  s  and/.  The  first  and  principal  term  of 
le  eftect  upon  the  position  angle  is  proportional  to  the  tangent 
r  the  declination;  but  it  vanishes  when  sin  (7)  —  J7)  =  0,  that 
,  when  H=  p^  or  H=^  p  +  180°,  or  when  the  point  at  which 
le  contact  is  made  lies  in  the  declination  circle  which  passes 
irough  the  centre  of  the  field.  When  the  telescope  follows  the 
umal  motion  accurately,  and  a  contact  has  once  been  made  in 
e  centre  of  the  field,  the  subsequent  observations  will  all  be 
jry  near  this  point.  The  greater  the  declination,  the  more 
.reful  must  we  be  to  make  the  contacts  near  the  declination 
rcle  of  the  centre  of  the  field ;  but  it  is  evident  from  the  pre- 
tling  discussion  that  we  shall  probably  always  be  able  to  effect 
is  with  sufficient  accuracy  by  estimating  the  position  of  this 
»ntre,  without  resorting  to  the  use  of  illuminated  threads. 

DETERMINATION   OF   THE   CONSTANTS    OP   THE   HELIOMETER. 

277.  To  find  a,  a',  a. — ^Direct  the  telescope  to  any  fixed  point, 
tnd,  having  brought  the  centre  of  the  semi-lens  L  nearly  into  the 
beliometer  axis  (by  estimation),  revolve  the  lens  180°  about  the 
ttis.  If  the  image  of  the  point  appears  still  in  the  same  point 
of  the  field  of  view,  the  reading  m  of  the  micrometer  is  then 
evidently  =  a.  K  the  image  has  moved,  we  have  only  to  move 
the  Bemi-lens  by  its  micrometer  screw  until  the  image  has  been 
canied  to  the  middle  point  between  its  first  and  second  positions, 
ttid,  if  this  middle  point  has  been  correctly  estimated,  the  semi- 
revolution  will  no  longer  affect  the  apparent  position  of  the 
image.  By  repeating  this  process,  we  shall  very  quickly  find 
ie  exact  position  of  the  semi-lens  when  its  centre  is  at  the 
ninimum  distance  from  the  beliometer  axis,  for  which  m  =  a. 
n  the  same  manner,  a'  will  be  found  for  the  semi-lens  IE. ;  and, 
J  a  similar  process,  revolving  the  ocular  180°,  a  will  be  found. 

278.  To  find  A'  —  A,  6'  —  b, — These  quantities  produce  the 
'eater  influence  upon  the  readings  of  the  position  circle,  the 
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emalior  the  distance  between  two  points  whose  images  i 
brought  into  coiucidence.  They  will,  tiieroforo,  bo  most  ac* 
rately  determined  by  complete  obsei-vatioua  (Ai-t.  275)  of  tho  d 
tanee  and  position  angle  of  the  eampoiients  of  a  doublo  Bta 
Since  5  is  in  this  case  extremely  Bmall,  we  shall  liave  j&^J(n,— <i 
and,  neglecting  the  iaaeusible  tcrmn  in  (307),  tlic  Hingle  obaem 
tions  will  give 

J  Bin  i{ni  —  n)  =  K  [(m  —  a)  {k  —  A')  -f-  6'  —  6] 
ji  cos  i  (n,  —  n)  ^  It  \m'  —  a'  —  m  -j-  a] 

and  (since  in  the  Moond  observstiou  we  pnt  180°  —  E  for  E) 

'    aainJC", -«)  =  -«  [("»  —  ")  (.A- *■)  + 6'- fr] 

S  coaJC.  -n)=Rim-a-  m,' +  a'] 

from  the  combination  of  which  we  derive 

{m~a)(k  —  fe)-\-V  —  b  =  l(m'~  m/)  tan  J^  (n,  -  n)  (3H 

in  which  the  second  member  and  also  the  coefficient  oi  k  —  kix 
known  from  tiie  obaervntiun.  By  setting  the  Beitii-lons  I.  at  vatioo 
readings  m,  and  nuiking  the  contact.-*  by  moving  the  aemi-len 
II.,  we  ehall  thus  for  each  complete  observation  have  an  equi 
tion  of  condition  of  the  form  (316) ;  and  since  the  coefficients  o 
k  —  k'  in  these  equations  may  ba  made  to  have  \f:r^  differei 
values,  the  combination  by  the  method  of  least  squares  will  gif 
a  very  accurate  determination  of  both  k  —  k'  and  b'  ~  b. 

We  may  here  observe  that  it  is  not  necessary,  nor  is  it  adva 
tageous,  to  bring  the  images  of  the  stars  into  coincidence, 
will  be  better  to  bring  the  image  of  one  of  the  componet 
formed  by  one  semi-lens  to  the  middle  point  between  the  i\ 
images  of  the  two  components  formed  by  the  other  semi-let 
Thus,  if  a  end  b  ere  the  images  of  the  two  components  form 
by  the  semi-lens  I.,  a'  and  6'  those  formed  by  the  semi-lens  ] 
in  the  first  observation  the  Images  will  stand  thus : 

a'    a     b'    b 


and  in  the  second  observation  thus  : 

a    a'   b    V 
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Ab  the  c(miponent8  are  eupposed  very  close  together,  the  bisec- 
tioD  of  their  distance  will  be  more  accurately  estimated  than  a 
coincidence  of  eaperposed  images.  This  method  of  observation 
is  always  advisable  when  the  distance  to  be  measured  is  but  a 
few  seconds. 

I  should  have  remarked  before  that  the  quantity  k  —  k^  is  the 
difference  of  the  index  errors  of  the  position  circle  for  the  two 
temi-lenseSy  since  from  the  values  of  k  and  //  (291)  and  (294) 
we  have 

A:  —  A:'  =  n^  —  n/ 

279.  Tojind  the  index  error  (n^')  of  the  position  circle. — This  is  the 
index  error  for  the  semi-lens  11.,  with  which  we  suppose  all  our 
observations  to  be  made.  Let  the  semi-lenses  be  separated  to 
toy  assumed  distance  (by  setting  m  —  a  and  w'  —  a'  to  different 
readings),  direct  the  telescope  upon  a  Jixed  point,  and  revolve 
tte  objective  until  a  motion  of  the  telescope  upon  the  hour  axis 
(the  declination  circle  being  clamped)  causes  the  two  images  of 
flic  fixed  point  to  come  successively  into  the  sight  line,  that  is, 
bto  the  centre  of  the  field  of  the  ocular.  The  position  angle  of 
ftejine  joining  the  two  images  is  then  nearly  di  90°  ;  but  it  will 
^  with  the  distance  by  which  the  semi-lenses  are  separated. 

If  the  hour  circle  is  clamped  and  the  objective  is  revolved 
until  a  motion  of  the  telescope,  upon  the  declination  axis  only, 
'  ttuses  the  images  to  come  successively  into  the  centre  of  the 
fcld,  the  position  angle  of  the  images  will  be  nearly  0°  or  180°, 
kntwill  also  vary  with  the  distance  of  the  centres  of  the  semi- 
lenses.  The  relation  between  the  reading  (n)  of  the  position 
drcle  and  the  distance  of  the  lenses  will  be  investigated  for 
«ich  of  these  methods. 

In  either  method,  I  shall  suppose  that  the  sight  line  of  the 
semi-lens  I.  is  made  to  coincide  with  the  heliometer  axis,  which 
will  be  effected  by  setting  the  micrometers  so  that  m  —  a  =  0 
and  /I  —  a  =  0. 

1st.  When  the  telescope  is  revolved  uptm  the  hour  axis, — It  is  ob- 
riously  unnecessary  to  consider  the  position  of  the  instrument 
with  respect  to  the  pole  of  the  heavens,  and  we  may  therefore 
*xpress  the  position  of  the  heliometer  axis  by  formula;  which 
rJre  the  instrumental  hour  angle  and  declination  of  the  axis.  In 
rder  to  show  the  effect  of  flexure,  let  us  return  to  the  general 
>rmulsQ  {2o8)y  which,  by  omitting  the  terms  7'cos(r  —  if)  and 


j-8iu(r  -  d)isai8,  will  express  tlie  declination  J,  and  hour  SBg"! 
r,  of  llio  lieliometer  axis  referred  to  the  pole  of  the  instrumt-'ut 
Putting  £>  for  d  +  &d  and  T  for  (  -f  i?,  and  ;',  =  i  —  c  sin  y,  xv« 
shall  put  I 

3^  =  0  — e(8inf  cos  I>  — COS  f  Bin  i)  cos  T)  =D+iOJ 

r,=r  +  csoci)  — »',t80i>+ic08iecos2'  +  e<:09p'60cZ>sin  r^^r+ir 

ia  which  ^  will  now  denote  the  latitude  of  the  instrument    Th* 
equations  (293),  under  the  form  given  to  them  iL  Art.  272.  ivi 
(low  beconau 

r  Bin  J  :=  sin  7)  -f  o  eoa  S  -{-r  cos  3  L-oa  ( T —  r) .  A  D 
rcos9oo»(T— 1)= coaB—v  Bill  I) -T  Bind.  iiD-\-r  con  lain  i^T~T).Al 
r  COS  J  Bin  (  T—T)  ^  u  —  r  ooa  a  coa  (,  T  -  tJ  .  a  T 

(3171 

in  which  3  and  t  are  the  declination  and  hour  angle  of  the  fixej 
point. 

In  the  revolution  about  the  hour  axis,  D  remntna  canatiiiit 
If  the  preceding  equations  are  assumed  for  the  case  itiwhieh  iM 
image  produced  by  the  semi-lens  I.  is  in  the  aight  Hne,  and  f* 
distingniah  by  accents  those  qnantitiea  which  vary  when  llia' 
second  image  is  brought  into  the  sight  line,  we  shall  have,  ajiioa 
d  is  iixed, 


T  1 

=  1  sin  i)  +  - 


0O8i?  +  CO8^CO9(r  — 
COS  D  +  COB  9  COS  (  7"  — 


T).b.D 

T).&iy 


as  the  expression  of  the  condition  that  the  two  images  of  the 
same  point  are  successively  brought  into  the  sight  line.  But** 
wc  may  neglect  the  products  of  the  small  quantities  c,  ^,  £,  e,  by 
the  squares  and  products  of  w,  v,  w',  »•',  ne  can  in  the  last  tyrms 
put  cos(jr—  t)  =  co3{7''—  r)  =  1,  and  then  give  the  equatioa 
the  form 


,p=(i. 


sin  2)  +  coa  J  fiZ»  —  a/J") 

Bin  i>  +  e  cos  f  ain  i)coa  3  (cos  T —  cos  J") 


From  the  second  and  third  equations  of  (317)  we  have,  with  th-* 
degree  of  approximation  here  required, 

cos  S  cos  T  ^  cos  D  cos  r  —  t;  sin  5  cos  r  —  k  Bin  r 
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•od,  therefore,  also 

cos  d  cos  y  =  cos  D  cos  T  —  v'  sin  D  cos  t  —  it'  sin  t 
'  ij  means  of  which  our  equation  becomes 

=1 jtanD+ecosf  tani>[(v' — ^t;)sinDcosr-|-(tt' — u)8inr] 

rhe  mode  of  observation  above  proposed,  by  which  we  have 
•  —  a  =  0  and  /£  —  a  =  0,  leads  to  a  simplification  of  this  equa- 
ion;  for  these  conditions  give  also/=  0,  and  consequently,  by 
J06),  u  =  v  =  Oj  and  r  =  \/\l  -\-  uu  +  vv)  =  J,  We  ha^ve  also, 
y  (308),  under  the  same  conditions, 

tt'=2  tanJSsin  (n  ^  k" -^  E) 
v'=  2  tan iS cos  (n  —  A'  +  j&) 

nd,  consequently, 

r'=  1  +  ^(ttV+  t/i?')  =  1  +  2  tan«i5 

Balwtituting  these  values,  and  neglecting  terms  of  the  order  of 
itui'liS,  we  deduce 

«!(»— A:'+^) =tan  1 5tan  D+ecos  sp  tan  2)  [sin  DcosTCOs  (»  — A:'+j&) 

-|-  sin  T  sin  (n  —  A'  +  -K)] 

ftom  which  it  follows  that  cos  {n  —  k^  +  E)  is  of  the  same  order 
« tan  J5,  and  n  —  kf+Ei^  nearly  =  ±  90°.  We  may,  there- 
|bre,  in  the  last  term,  put  cos  (n  —  A'  +  j&)  =  0  and  sin  (w  —  k^ 
+^=  di  1,  ^nd  write  the  equation  in  the  following  form: 

w»[90®  =p  {n  -^  k  +  Ey]  =  tanJStan-Diiecosf  tanDsinr 

W^e  shall  here  have  to  distinguish  between  the  cases  in  which 
'« -  /P  is  nearly  =  90°  or  nearly  =  —  90°.  The  angle  ^is  nearly 
=  0  or  nearly  equal  180°,  according  as  m'  —  a'  is  positive  or 
negative  in  (807).  When  n  —  A'  is  nearly  =  +  90°  and  E  is 
learly  =  0,  we  have  n  —  k^  +  E  nearly  —  +  90°,  and  the  upper 
^  in  the  second  member  must  be  used.  Under  the  same 
editions,  the  upper  sign  in  the  first  member  makes  90°  — 
:  —  A/  +  ^)  nearly  =  0,  and  the  angle  may  be  put  for  its  sine. 
Tien  n  —  A/  is  nearly  =  +  90°  and  E  is  nearly  =  180°,  the 
irer  signs  must  be  used.  Hence,  if  we  write  sin  E  for  E  or 
r  180°  —  JEj  we  shall  have,  when  n  —  A-'  is  nearly  =  +  90°, 

:  (n  —  jf  — 90*)  —  sin-S=  tan  }  5tan  D  ±c  cos  f  tan  D  sin  r    (SlSa) 
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and  eimilarly,  when  n  —  i'  is  neariy  =  —  90°, 

±(n  —  ^  +  90°)-i-BwE=t&n  i  S  lan  Dq:  e  coavt&n  D  ti,\D  r  (31* 

Tlie  value  of  A',  according  to  (294)  and  (290),  when  we  refer  A 
the  pole  of  the  mstrumeut,  is 

^  ^  n^'  —  I,  sec  i,  +  c  tan  J,  +  c  cos  f  tan  3,  ein  t, 

where  the  last  terra  ia  equivalent  to  the  last  term  of  (318).  1 
therefore,  we  neglect  this  terra  in  (318),  the  value  of  A'',  whii 
the  equations  then,  determine,  will  bo 

=;  B,'  —  (,  Bee  3,-\-  c  tan  fl, 

If  we  suppose  f  —  k  and  6'  —  6  to  be  known,  we  shall  kno' 
E  from  (307),  and  a  single  observation  will  determine  k'  by  (318 
But  it  will  be  preferable  alwaj's  to  combine  two  correspoDdic 
observations  in  which  m'  —  a'  —  m  +  a  and  m,'  —  a'  —  m  -f  a  ar 
mimerically  equal  but  have  opposite  signs;  tben,  n  and  n,  bein] 
tlic  readings  of  the  position  circle  in  the  two  observations,  iv 
shall  have  from  their  raeau 


n,'  —  i,  800  3j  -f.  c  tan  *,  =  }  (n^  +  n)  q 


90* 


(819 


If  we  set  the  micrometer  at  various  readings  in  making  tbea 
pairs  of  observations,  and  assume  that  tbe  weight  of  the  resultiQ] 
determinations  is  proportional  to  J(m/  —  m'),  and  if  we  deuot 
the  several  values  of  ^  (m,'  —  m')  by  M,  M',  M",  kc,  and  o 
i(n,  +  n)3^  90°  by  N,  N',  N",  kc,  we  shall  have  the  final  mei 
by  the  formula  (see  Appendix,  Method  of  Least  Squares) 


(if)  = 


M  +  M'  +  M"  +  &e. 


n,'  —  ?j  sec  J,  +  c  tan  i,  ^  (aV) 

To  eliminate  the  terms  involving  i,  and  r,  we  tako  observatioi 
in  the  two  opposite  positions  of  the  declination  axis, — circle  pr 
ceding  and  circle  following, — and  if  (N)  and  (JV')  are  the  gcner 
means  found  in  the  two  positions,  we  shall  have 

n;=U('V)  +  (JV")]  (32. 

We  see  that  the  index  error  will  be  found  iudepeodently  of  * 


HBLIOMSTER.  429 

Other  quantities,  by  taking  the  mean  of  the  readings  in  four 
obserrationSy  two  in  each  position  of  the  declination  axis. 

2d.  When  the  telescope  is  revolced  upon  (he  declinaiion  axis. — ^In 
this  case  T  is  constant  and  D  varies.  The  condition  that  the 
two  images  are  successively  brought  into  the  centre  of  the  field 
will  be  expressed  by  equating  the  two  values  of  cos  d  sin  (2"—  r) 
given  by  the  last  equation  of  (817).  Putting  cos  ( T  —  r)  =  1  in 
the  last  term  of  this  equation,  we  find 

2i-^cos*.Ar==ll-  — cos^-aT' 

r  r 

or,  by  the  same  method  of  observation  as  we  employed  above, 
making /=  0,  and,  consequently,  also  m  =  r  =  0,  and  r  =  1, 

=  f  COS  S  [:,  (tan  D  —  tan  I^) — (c  4-  €  cos  f  sin  T)  (sec  D —  BecJ7)] 

which,  with  the  same  degree  of  approximation  as  was  observed 
above,  may  be  reduced  to 

n'  =s  r't/  [i J  sec  ^  —  (c  +  e  cos  f  sin  T)  tan  S] 

Substituting  tan(n  -—k'  +  E)  for  -.  and  1^=  1  (which  involves 

only  errors  of  the  order  of  tan'  J  S  multiplied  by  ?j,  c,  e),  we 
kave 

tan  (n  —  V  -{-  E)  =^ii%^Q  d  —  (^  +  ^  <508  ^  sin  T)  tan  ^ 

Hence  n  —  /r'  +  JF  is  very  small  or  very  nearly  =  180®.     When 
n  —  if  is  nearly  =  0,  we  shall  have,  for  the  two  cases  of  E^ 

n  —  ^^  dt  siM  -B  =  ii  sec  ^  —  (c  +  «  cos  f  sin  r)  tarn  a     (821a) 

and,  when  n  —  A-'  is  nearly  =  180°, 

n  —  ^  q:  sin  ^  =  2j  sec  ^  —  {c  -\-  e  c(y»  ^  sin  T)  tan  d    (321ft) 

If  "we  omit  all  the  terms  in  the  second  member,  the  value  of  k' 
which  these  equations  determine  will  be  that  of  n/  itself.  If, 
then,  two  observatioos  are  taken  in  which  m'  —  a'  —  m  +  a  and 
m^^  —  a'  —  m  -^-a  are  numerically  equal  but  have  opposite  signs, 
and  if  n  and  n^  are  the  two  readings  of  the  position  circle,  we  shall 
have 

<=i(«i  +  »^) 
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Regarding  the  weights  of  the  i-everal  determinations  thoB  mat 
!is  proportiooal  to  the  valut-B  of  J  (»),'  —  wi'),  ft  general  mvan  (2 
will  be  found  as  above,  and  then  we  shall  have  71^'  =  (A'). 

280.  From  the  preceding  article  it  appears  that  by  revolrir 
the  teleaeope  upon  the  declination  axta  the  index  error  of  ti 
position  circle  ie  found  independently  of  all  other  quantilie 
and  withont  reversing  the  declination  axia.  We  should  expec 
therefore,  that  when  this  method  is  followed  in  both  positions  0 
that  axis — that  is,  both  with  circle  preceding  and  with  cird 
following — the  same  valne  of  »„'  will  be  obtained.  liEsi^B: 
found,  however,  that  this  waa  by  no  means  the  ca^e  witli  tin 
KiJaigsberg  beliometer ;  for  the  dtffercuuo  of  the  resulting  vaiaet 
was  Honietimes  as  great  as  4',  which  is  too  great  a  diflerenceto 
be  ascribed  wholly  to  errors  of  observation.  lie  explains  tlie 
discrepancy  by  supposing  the  telescope  to  have  a  tendency  W 
revolve  (so  far  as  the  elasticity  of  its  materials  will  permit] 
about  the  point  at  which  it  is  secured  to  the  declination  axis;  a 
revolution  which  has  the  same  effect  upon  the  position  anglea  aa 
a  revolution  of  the  tube  about  the  hcliomctor  axis,  and  whieli  la 
clearly  to  be  distiugnisbod  fi-om  a  flexure  of  the  declinatioB 
axis.  Supposing  the  amount  of  the  revolution  to  bo  proportionil 
to  the  force  whicli  tends  to  produce  it,  the  law  which  it  follows 
in  all  positions  of  the  instrument  is  easily  assigned;  for  this 
force  is  merely  that  part  of  the  weight  of  the  telescope  whidi 
acts  at  right  anglea  to  a  plane  passing  through  the  declination 
axis  and  the  beliometer  axis,  and  is,  consequently,  proportion^ 
to  the  cosine  of  the  zenith  distance  of  the  point  of  the  heavens 
towards  which  the  perpendicular  to  this  plane  is  directed.  The 
hour  angle  of  this  point  is  the  same  aa  that  of  the  heliomctei 
axis  =  Ti,  and  its  declination  differs  90°  from  that  of  the  helio 
meter  axis  =  90°  4-  ^,-  Denoting  the  zenith  distance  of  X\* 
point  by  f,  we  shall  have 

cos  C  ^^  sin  y  COB  *,  —  COB  ^  sin  S^  cofl  t, 

and  the  amount  of  revolution  will  be  expressed  by  ^  cos  f ,  ii 
which  -^  is  its  maximum.  The  observed  position  angles  must  b 
corrected  by  adding  tliis  quantity,  or 

4  (sin  f>  COS  Ji  —  COB  f  sin  >,  cos  rj  (322 
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rhich  term  mufit,  therefore,  be  annexed  to  the  formulcB  for  p  in 
J14)  and  (816).* 

281.  To  find  the  index  error  (x)  of  the  position  circle  of  the  ocular.— 
let  the  semi-lens  11.  at  any  assumed  distance  ^=^m*  —  a'  from 
he  heliometer  axis,  and  the  ocular  at  an  equal  distance  =  /£  ~  a 
lom  that  axis.  Revolve  the  ocular  about  its  axis  until  the  image 
>f  a  fixed  point  is  seen  in  the  centre  of  the  field.  Let  n  and  v 
be  the  readings  of  the  position  circles  of  the  objective  and  ocular. 
"Without  moving  the  telescope  or  changing  n,  repeat  the  obser- 
ntion  with  the  distance  --  (m'  —  a')  =  —  (/i  —  a),  and  let  v'  be 
the  new  reading  of  the  position  circle  of  the  ocular.  Then, 
t  — w^'  being  the  true  direction  of  the  line  of  motion  of  the 
lemi-lens  IL,  we  have  x  =  J  (v  +  v')  —  (n  —  n^\  It  will  be  well 
lo  adjust  the  index  of  this  circle  so  that  its  readings  will  agree 
with  those  of  the  position  circle  of  the  objective. 

For  the  fixed  point  in  the  preceding  methods  of  determining 
die  index  error  of  the  position  circles,  it  will  be  expedient  to 
cmploj  the  intersection  of  a  cross  thread  in  the  focus  of  an 
inuliary  telescope,  mounted  in  the  observing  room,  with  its 
objective  turned  towards  the  heliometer ;  the  two  threads  of  the 
cross  making  an  angle  of  45°  with  a  declination  circle. 

282.  To  find  the  distance  (fi)  of  the  line  of  motion  of  the  ocular  from 
hkeliomeier  axis. — Set  the  ocular  at  an  assumed  distance  fi  —  a 
fiom  the  axis,  and  bring  the  image  of  a  fixed  point  into  the  centre 
of  the  field.  Keeping  the  telescope  fixed,  set  the  ocular  at  a 
leading  fi'  such  that  //'  —  a  =  —  {/i  —  a),  and  revolve  it  until 
die  image  is  again  seen  in  the  centre  of  the  field.  Let  v  and  v' 
be  the  readings  of  its  position  circle  in  the  two  positions ;  then 
we  evidently  have 

±fi  =  ^-^  tan  i  (ISO**  --  V  +  /)  (323) 

It  will  be  easy  to  adjust  the  ocular,  by  means  of  the  proper 
tdJQsting  screws,  so  that  its  line  of  motion  passes  through  the 
teliometer  axis,  and  thus  make  fi  =  0.  A  small  error  in  this 
i^justment  will  have  no  sensible  effect  upon  the  observations,  as 
oar  formalse  show. 


*  See  Bbssvl's  Aitron,  Untertueh.,  Vol.  I.  pp.  45,  72.     In  the  latter  place  he  finds 
jir  ihm  Kteigtberg  heliometer  4  (which  he  there  denotes  by  /i)  =  r.914. 
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283.  FitiaUj-,  the  value  of  a  revulution  of  d 
screw  (=  Ji)  is  to  be  determiuod  with  tlio  utmost  precision.  Ofi 
the  methods  given  in  Chapter  11.  for  the  filar  microoieter,  w(t 
may  regard  the  foHowisg  aa  the  most  miitable  fi>r  the  hcHomiMerl 

Ist.  By  the  TneaHurement  of  th«  focal  length  of  the  It^ns 
of  the  dUtanee  between  two  nuccenflivc  threads  of  the  micrometcf 
Hcrew. 

2rl.  By  the  OausHian  procenN,  nr  the  observation  of  a  thread  ic 
tiio  focus  of  the  It-ns  with  a  theodolite. 

3d.  By  the  mcasnivmont  of  a  distance  otherwise  kntnm. 
for  example,  the-  dtntntR-e  of  two  stars  in  the  group  Plaadai 
t*rinint'd  by  iiK-ridiun  observations. 

By  the  tliird  method,  however,  we  cannot  expect  to  roach  till 
degree  of  accuraey  which  is  neoeBsary  to  give  the  hulioractcrd 
the  advantage  which  it  shonld  pttiwess  as  u  mimimeltT.  Tiw 
objection  is  obviated  in  a  degree  by  nieaaiiring  the  Buec«iwin 
distauces  between  a  number  of  stam  which  are  nearly  in  ttit 
aaine  great  circle,  and,  having  reduced  these  distaucea  to  thi 
ffreat  circle  joining  the  extreme  stars,  compskring  the  total  reduced 
dUtSDW  with  tlic  diatiUiee  of  the  cxtrcmo  sUum  u»  deteriuiueil  bf 
Bteridiaa  obaervstieiu. 

Be.'^.-'EL,  iifter  a  careful  trial  of  nil  tliPr'e  method-;  with  ti}* 
K;ini,^rsbcrir  ln'IioiiictiT.  ,i,MVt>  tlio  |ii-ctVTL'iK'i>  to  ih^.  lir.st.  1  uiu.l 
refer  the  rt'iidiT  to  his  elaborate  rcse»n.'iuM  npun  this  infttniiimil 
(already  refcnvd  to)  for  his?  very  precise  method  of  determiniog 
the  fiienl  lenirtli  of  the  lens.  These  resewches  include  also  some 
optical  invest Ljr.it ions  uf  great  elegance  and  iniportanee. 


UPON    TUB    CDSP8    OF    THE    SUN    IS    i.    SOLAR    ECLIPSE. 

284.  In  the  general  discussion  of  eclipses  in  "Vol.  I.,  I  oniitttd 

to  .'*pc:ik  of  the  use  thiit  may  be  made  of  tho.so  observations  in 

determining  the  correctious  of  the  elements  of  the  eclipse.  The 

omisainu  may  be  appropriately  supplied  licr? 

in  connection  with  the  heliometer,  with  wliii-li 

the  obftcrvatinna  are  most  accurately  made 

Let  il/iind  .?{Fig.  tiO)  be  the  apporriitp\aca 
of  the  centres  of  the  moon  and  sun,  CC  llif 
common  chord  of  the  intersecting  discs.  Tin' 
observiitiun  consists  in  measuring  the  distance  of  the  cusps  C,  C. 
and  the  position  angle  of  CC  with  reference  to  the  circle  «f 
dei'lination  drawn  to  ita  middle  poinL     This  distance,  as  well  a 
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the  positaon  angle,  will  be  affected  by  refraction,  the  correction 
fiu*  which  will  be  investigated  hereafter.  Let  s  and  j)  here  denote 
the  distance  and  position  angle  deduced  from  the  observation  by 
the  formula  above  given  for  the  heUometer,  and  also  corrected 

The  local  time  of  each  measure  must  be  accurately  known. 
Tar  this  time,  let  the  parallaxes  of  the  two  bodies  in  right  ascen- 
flon  and  declination  be  computed  (by  Vol.  I.  Art.  98),  and  let  a 
uid  a'  denote  the  resulting  apparent  right  ascensions  of  the 
moon  and  sun  respectively,  d  and  d'  their  apparent  declinations. 
Let  a  denote  the  apparent  distance  of  the  centres  =  SMy  and  n 
the  position  angle  of  SM  with  reference  to  a  circle  of  declination 
dnwn  through  its  middle  point,  reckoning  this  angle  from  the 
noon  towards  the  sun.     We  have,  with  sufficient  accuracy. 


&sm  n  =  (a!  —  o)  cos  }  (Ji'  +  ^) 
e  cos  ff  ==    d'  —  d 


» 


}    (824) 


which  determine  a  and  ;r. 

For  the  same  time,  the  apparent  semidiameters  of  the  moon 
tnd  Bun,  which  we  shall  denote  by  S  and  S'  respectively,  will 
be  computed  by  Vol.  L  Art.  131.  We  then  have  given  the 
flffee  sides  of  the  triangle  SCM^  and,  denoting  the  angles  at  M 
ViiShj  fi  and  fi\  we  may  find  these  angles  by  the  usual  formul» 
of  plane  trigonometry,  or  by  the  following  formuUe,  which  in 
fte  present  case  are  somewhat  more  convenient : 


i(/8rco8  M  +  iSr'cos  /Ei')  =  i  <r  ^ 

i  (iS  cos  PL  —  8'  cos  A*')  =  ^^ — ■ — ^ '  =  A     I 


(326) 


With  either  of  these  angles  and  the  value  of  8  or  8\  we  can 
compute  the  value  of  CC.  Let  this  computed  value  of  CC  be 
denoted  by  ^ ;  we  have 

^=28siik,i^  28'  sin  //  (826) 

The  difference  between  this  computed  value  and  the  observed 
ndne  s  will  determine  the  corrections  which  the  elements  of  the 
lelipBe  require  in  order  to  satisfy  the  observation.  Put  ^  =  ^ 
-  ds^.    DiiOTerentiating  (826),  we  find 

da^  =28  cos  /i.d/jL  -\-  2  sin  fi. d8 
Vol.  n.— 28 
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and  from  the  formula 

2S<T  COS  ^  =  a*  -^  S'  —  S" 
we  find 

—  Str  sin  f  d/i  =  i«  —  S  cos  /i)  rfff  -f  (S  —  «  cos  p.)  dS 

whence,  with  the  aid  of  the  known  relations  between  the  part* 
of  the  plane  triangle,  we  readily  find 

a  tan  li  a  tan  )l  a  ' 

But,  since  da  varies  with  ff,  we  must  replace  it  by  correction*. 
which  will  have  the  same  value  in  all  the  equations  of  couditioa 
thus  formed.     By  putting 

ff  sin  ff  =  fa'  —  »)  COS  i  (3'  +  a)  =  j; 
tf  COS  IT  ^    3'  —  a  =  y 

we  shall  find 

dff  :=  rfx  .  sin  K  -\-  d\j  .  cos  r. 
in  which 

rf,T  =  COB  i  (■>'+*)•  rf  ("'  —  •) 

and  we  may  regard  rf(a'  —  a)  and  d{S'  —  S),  and,  consequently, 

also  dx  and  rfy,  as  constant  for  the  duration  of  the  eclipse.    We 
then  have 

*  tan  /  (rtan  ^  »  tan  ^' 

This  will  be  the  final  form  of  our  equations  of  condition  if  th.^ 
distance  a  is  fully  corrected  for  the  instrnmental  errore.  If,  hoW^^ 
ever,  the  zero  of  the  micrometer  is  uncertain,  we  should  mak^ 
observations  on  opposite  sides  of  the  zero,  (with  the  heliometerr 
by  placing  the  movable  semi-lens  alternately  in  opposite  positions 
with  respect  to  the  stationaiy  one,)  and  if  c  is  the  unknown  error 
of  the  micrometer  zero,  we  must  write  s  ir  c  for  a  in  the  above 
equation,  taking  s  +  c  for  one  series  of  observations  and  s  —  c 
for  the  other.     The  resolution  of  all  the  equations  of  condition 
by  the  method  of  least  squares  will  then  determine  dS,  dS',  dx, 
djf,  and  c. 
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It  will  nsuallj,  however,  be  inexpedient  to  retain  tiS',  as  its 
coefficient  will  differ  very  little  from  that  of  dS.  The  value  ot 
the  sun's  semidiameter  is  now  so  well  determined  that  in  dis- 
cnssions  of  this  kind  it  will  be  quite  allowable  to  put  dS'  =  0. 

We  may  also  form  equations  of  condition  from  the  position 
angles.  The  angle  tt  is  formed  by  SM  and  a  circle  of  declina- 
tioii  drawn  to  the  middle  point  of  SMj  while  p  is  formed  at  the 
point  2).  Denoting  the  middle  point  of  SM  by  JS,  we  have  I>E 
=  J^  —  fif'  cos/i'  =  J  (5  cos /I  —  S'  cos^i')  =  -4;  and  we  can  now 
compute  the  position  angle  of  CC  at  the  point  £>  from  the 
known  parts  of  the  triangle  formed  by  the  points  D,  JK,  and  the 
;  pole.    Let2>'  denote  this  computed  value;  we  readily  find 

p'  =  jr  —  90*'  +  ii  sin  IT  tan  J  (a'  +  i)  (328) 

Potting  the  observed  value  p  =p'  +  dp'y  we  have,  by  neglecting 
the  msensible  variations  of  the  last  term  of  (828),  dp'  =  rf;r,  and, 
consequently, 

cos  jr  dx        sin  rr  dy  ,  ,«««v 

where  d!r,  djfy  and  a  are  expressed  in  seconds  and  dp'  in  minutes, 
from  all  the  equations  thus  formed,  we  can  find  dx  and  dy\  or 
We  can  combine  all  the  equations  of  the  forms  (327)  and  (329)  in 
•  single  discussion.    We  see  that  the  corrections  of  the  semi- 
diameters  cannot  be  determined  from  the  position  angles  alone. 
When  the  observations  are  made  with  the  heliometer,  each 
must  be  a  single  observation,  for  the  chord  8  changes  so  rapidly 
that  we  cannot  combine  two  opposite  observations,  as  has  been 
supposed  in  Art.  276.     We  must,  therefore,  reduce  each  obser- 
vation by  the  general  formula  (311),  in  which,  however,  we  may 
make/=  0,  by  making  all  the  contacts  in  the  heliometer  axis 
or  middle  of  the  field.   The  angle  E  in  these  formulae  must  then 
\^ known;  but  if  it  has  not  been  determined  with  certainty,  we 
may  introduce  it  into  our  equations  of  condition  as  an  additional 
unknown  quantity.    For  one  series  of  observations,  we  must 
9nte|»  +  J^in  the  place  oi  p  in  (329),  and  for  the  other  series, 
k  oppoflite  positions  of  the  semi-lenses,  we  must  write  p  —  Em 
the  place  of  E.    But,  as  E  varies  inversely  with  the  distance  ^, 
it  will  be  necessary  to  put 

8,%mV 
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in  which. J-  is  a  couBtnnt  which  will  be  expressed  in  secootla,! 
eince  a  is  \a  seconds  and  E  in  miDutoe.  The  equation  (329)  nuif  I 
theu  be  put  under  the  form' 


-  t-08  xdx sin  7  (/y  q 


=  «  8m  (,p  —/) 


{329«)| 


For  some  obaerv'iifions  of  the  cuf^  of  the  Bolar  eclipse  of  Jul;^ 
28,  1851,  made  with  thi'  hoUoiuetcr  of  the  Kbnigsberg  Obsem-J 
torj'  and  reduced   l\v  the    ppcci'din,E:   method   bv  the   Direcur.1 
WiciiMANS,  Bce  A!^tr'oH.  Nach.,  Vol.  XXSIII.  p,  309. 

THE    ItINO    MICBOMETRR. 

285,  TTiis  is  eimply  a  thin  metallic  ring,  exactly  circular, 
placed  in  the  focus  of  the  olgective,  with  its  plane  at  right  angles 
to  the  optical  axis.  From  the  times  of  transit  of  two  stars  acrou 
its  edge,  the  telescope  remaining  fixed  throughout  the  observa- 
tion, we  can  find  both  the  difference  of  right  asccnsiou  and  tlio 
diflerence  of  declination  of  the  atans.  Although  inferior  in 
accuracy  to  the  filar  micrometer  and  tlio  hcUometcr,  it  poseessfs 
the  advantage  over  the  former  of  not  requiring  illumination,  and 
over  both  in  not  requiring  an  equatorial  mounting  of  the  telescope.  I 
Let  vlfiBM'reprGsent  the  inner  edge  of  the  ring.  Denote  by  ' 
tj  mid  /j  the  observed  sidereal  times  of  ingress 
and  egress  of  a  star  at  the  points-d  and  B;  by 
(['  and  t^'  the  same  for  a  star  observed  at 
A'  and  B'.  Upon  the  supposition  that  the 
t  pntlis  of  the  stai-s  across  the  field  are  recti- 
linear, the  straight  line  VMM',  dra^vn  from 
the  centre  Cof  t!ie  ring  perpendicular  to  tbe 
chords  AB  and  A'B\  will  coincide  with  the 
declination  circle  of  the  point  C.  The  time 
of  the  transit  of  the  first  star  over  this  circle  is  the  arithmetical 
mean  of  the  times  (,  and  ',  =  J  (',  +  ';) ;  that  of  the  transit  of  the 
second  star  over  the  same  clrcl  e  is  i  (/,'  -\- 1^') ;  and,  hence,  if  a  and 
a'  are  the  right  ascensions  of  the  stare,  we  have 


Fig,  61. 


>  -  I  ('/  +  '.')  - 


i  ('.  +  '.) 


«  By  (807),  we  perocit 
ei pressed  i 


lhi>(  y 


here  the  Tnhie  of  the  quanMly  (m  _(,)(*- 1") 
'  '        Ihe  diseusfioi 


leconda  ;  and  by  put 
of  the  equations  (320)  in  the  second  member  of  (316).  and  also 
n  —  a  found  from  the  value  of  c  by  (3ST),  we  slikll  Lare  an  equslion  for  determiiiJDg 
i  —  i'  and  i'  —  6. 
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t  r  denote  the  radius  of  the  ring  expressed  in  seconds  of 
Tand  ^the  declinations  of  the  stars,  and  pat 

r  =  BCM  f^E'CW 


we  have 


d=MC  d'=::M'G 


/I  ==  —  T  GOB  9  M  5=  —  T  cos  y 

2  2 

PL  .J      f^'  )    (831) 

sin  r  =  -  sin  /  =  —  /    ^       / 

r  r 

d  =  r  cos  7^  d'  =z  r  cos  /^ 

hence  the  difference  of  decKnation  of  the  stars : 

^'— ^  =  d'  — <i  (332) 

signs  of  cos  Y  and  cos  y^  are  not  determined  by  the  secoikd 
.tions  of  (381);  consequently,  either  sign  may  be  used  in 
puting  d  or  d\  To  remove  the  ambiguit}%  it  is  necessary 
the  observer  note  the  positions  of  the  stars  with  respect  to 
tentre  of  the  ring :  then  d  or  d^  will  be  positive  when  the  staj* 
iB  north  and  Tiegative  when  south  of  the  centre. 

UMVLE.* — On  the  11th  of  April,  1848,  at  the  Observatorj'  of 
,  the  planet  Flora  and  a  neighboring  star  were  compared  by 
g  micrometer  of  a  six  feet  refractor.  The  observed  sidereal 
A  were  as  follows : 

Flora  (N.  of  centre).  Star  (N.  of  centre). 

f/  =  11*  16-  35*.0  t^  =  11*  17-  63'.0 

f;=:ll  17    25.5  t^=n  19   46.5 

t'  =  50 .6  T  =  1    53 .5 

approximate  declination  of  Flora  was  i'  =  +  24®  5'.4.  The 
arent  place  of  the  star  was 

a  =        6*  4-  51*  .93 
i  =  +  24°  r    9«.01 

e  radius  of  the  ring  was  r  -=  1126".25;  fmd  henc€i 

^"^ ■    ■■■    ■!■!     ■  I  -  r- — "^ 1 M^^— _a 

*  BBUirKow*t  SphHrkche  AflCronomie,  p.  54S. 


log  COS  3'  9.96043 

log  ii'  2.53878 

log  Bin  y  9.48715 

log  cos  r'  9.97850 

log  rf'  3.03013 

(i'=  +  iroi".9 


logT  2.06500 

log  cos  i  9.96067 

log^  2.89073 

log  eiii  Y  9.8S910 

log  cos  r  9.85940 

log  d  2.91103 

d=+13'S4".8 


The  planet  and  star  being  both  observed  on  the  north  side  of  ths 
centre  of  the  field,  d'  and  d  are  both  positive,  and  hence 

d'  —  a  =  d'—d^-i-i'  17".l 

ver  the  declination  circle  of  the  middlfl' 


Fop  the  times  of  transit  i 
of  the  field,  we  have 


Flora,  ^  ((,'  +  (,')  ^  1 1»  17-   0'.25 

.Star,    ^((,  +(,)^11  18    49.75 

»'  —  a  =  —     1    49  .50 


Hence  we  have  for  the  planet 


6»  §-  2'.48 
^  -f-  24"  5'  26".l 


M 


which  values  express  the  planet's  apparent  place  at  the  time  of  its 
passage  over  the  declination  circle  of  the  middle  of  the  field,  that 
is,  at  the  sidereal  time  11*  IT"  0'.25.  But  the  effect  of  refrsu;tion 
has  not  yet  been  allowed  for.     See  Art  300, 

286.  Correeiion  for  curvature. — The  correction  which  the  pre- 
ceding method  requires,  in  consequence  of  the  curvature  of  the 
paths  of  the  stars,  may  be  found  as  follows.  In  the  spherical 
triangle  of  which  the  three  angular  points  are  the  pole,  the  centre 
of  the  ring,  and  the  point  where  the  etar  enters  or  leaves  the  ring, 
we  have 

sin  J  =  sin  i>  coa  r  -j-  cos  i)  sin  r  cob  ^ 

where  D  is  the  declination  of  the  centre  of  the  ring.  For  th6 
second  atar,  we  have 

Bin  d'=^  Bin  U  cos  r  -f  cos  D  sin  r  coa  r* 

and  the  diflference  of  these  equations  ^ves 

2  %m\{a'—d)coH  \(S'  +  9)  =  (faa  r  cos /  —  sio  r cos r) cos D 
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or,  very  nearly, 

(*'—  ^  cos  }  (^'  +  ^)  =  (r  cos  /  —  r  cos  y)  cos  D 

==(rf'  — rf)cos2> 

in  wliicL  rf'  —  rf  is  the  approximate  difference  found  by  the  pre- 
ceding article.    Bat  we  have,  very  nearly, 

the  mean  of  which  is 

and  we  may,  therefore,  put 

cos  2>  =  cos  J  («'  +  a)  +  i  (d'  +  d)  sin  l"sin  }  {d'  +  d) 

so  that  we  obtain 

d'—i  =  d'-'d  +  ^{d'+d){d''-d)%\ix  rtan  *(*'  +  ^)   (333) 

Hence,  the  correction  of  the  difierence  of  declination  found  upon 
the  supposition  that  the  path  of  the  star  is  rectilinear,  is 

+  i (d'  +  if)  (d'—  d)  sin  r  tan  i  {d'  +  d) 

The  correction  disappears  when  d'  and  d  are  numerically  equal, 
that  ia,  when  the  stars  are  observed  at  equal  distances  from  the 
centre  of  the  ring. 

In  the  example  of  the  preceding  article,  this  correction 
amoantB  to  +  0'^62,  and  the  corrected  difference  of  declination  is 

a'  —  «  =  +  4'  ir.62 

287.  If  the  outer  edge  of  the  ring  is  also  an  exact  circle,  it  may 
be  used  in  the  same  manner  as  the  inner  edge.  Let  the  four 
tranmts  of  a  star  over  the  edges  of  both  rings  be  observed  at  the 
times  <|9  ^  ^  d ;  then,  if  r  is  the  radius  of  the  outer  ring,  r^  that 
of  the  inner  ring,  we  put 

M  =  V  (*4-  ^cos  9  AS  =  y*  (^-  Ocos  d 

sm  r  =  —  sin  r,  =  — 

r  Tx 

BO  that  with  the  outer  ring  we  find 

d  =  r  COS  r 
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and  with  the  inner  ring, 

i  =  r,  eoa  j-i 
and  the  mean  of  tlieae  values  will  be  taken  as  the  trne  valae  of 
d.    In  the  earae  manner  d'  for  the  second  star  will  be  found, 
after  which  8'  —  3  =  d'  —  d. 

But  when  the  four  observations  have  been  obtained,  the  pro- 
eesB  of  reduction  may  be  slightly  abridged,  ae  follows 

The  sum  and  difference  of  the  values  of  rf*  give 

r»—r.' =»'  —  *<.' 
Putting 


2 

Bi„^  =  ^i±^>  BinB  =  1=i!> 

2a  Za 

we  find 

r  —  r.  = -^  2(t  e\n  A  taa  B 

r*-\-  r*  =  2  a»  (1  +  Bin"  A  sin' S) 
ti*+  fi*  =  2a*  (An*  J  +  ain*  B) 

which,  substituted  in  the  above  value  of  tP,  give 
d'  =:  a'  cos'  A  cos'  B 


(884) 


rf  =a  c 


s  A  cobS 


80  that,vl  andS  being  found  by  (334),  d  is  found  by  (335).     The 
formulic  (334)  for  determining  A  and  B  may  also  be  written  as 

follows : 

.       ,  15(t  +  t,)c08J  .       p  _  15(t—  r,)c09  3 


in  which  r  =  /,  ^  (,  and  r 


=  f-- 


ExAMPLB.— On  the  24th  of  June,  1850,  at  the  Obaervatorr  of 
Bilk,  Petersen's  comet  and  a  star  were  obaerved  with  a  double- 
ring  micrometer,  aa  follows: 

Com«t  (N.  of  aenim).  8Ur  <S.  of  o«ntr«). 

(/     18M5-54'.  (,    18M8"55'.3 

V  16   20  (,  19    18. 

(,'  17   21  (,  21   20.5 

(,'  17   48  (^  21   87.6 

■  SmiiirBow'i  SphiriMbe  Artronomie,  p.  649. 
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The  approximate  declination  of  the  comet  waa  d'=  +  59^  20^ 
and  the  apparent  place  of  the  star  was 

•  =  14»  68«  8(h.75  a  =  +  69^' r  12".19 

The  radii  of  the  rings  were— 

Oater,    r  =  11' 21". 09 
Inner,     r^=:    9  26  .29 
whence 


a  =  10  28  .69 


Then  we  find : 


Comet. 


l0g(T'-T,') 
.        15  COB  t' 

log  sin  A' 
log  sin  B' 
log  cos  A' 
log  cos  B' 
\ogd' 


1-  64-.0 
1  1.0 
2.24804 
1.72428 

7.48667 

9.72971 
9.21095 
9.92628 
9.99419 
2.71639 


<f'  =  +  8'89".27 


log(T  +  n) 
log  (r  —  Ti) 

,      15  cos  ^ 

log  sin  A 
log  sin  B 
log  cos  A 
log  cos  B 
log  d 
d  = 


8t«r. 
2-  42-.2 
2      7.5 
2.46195 
1.54083 

7.48988 

9.95138 
9.02971 
9.65137 
9.99750 
2.44384 
—  4'37".87 


rf'— (i  =  +  18'17M4 
tad  for  the  ^Uffisrence  of  right  ascension, 

a'  —  a  =  —  3*  25*.83 

288.  To  find  the  correction  for  the  proper  motion  of  one  of  the  objects. 
—The  most  common  appUcation  of  the  ring  micrometer  is  to  the 
determination  of  the  difference  of  right  ascensions  and  declina- 
tions of  a  star,  and  a  planet,  or  comet.  But  since  a  planet  (or 
comet)  changes  hoth  its  right  ascension  and  declination  during 
the  time  of  an  observation,  its  path  will  not 
be  ftt  right  angles  to  the  declination  circle 
drawn  through  the  centre  of  the  ring:  so 
that  the  differences  found  by  the  preceding 
methods  will  require  a  correction. 

Iiet  Abj  Fig.  62,  be  the  path  of  the  planet 
aerosB  the  ring;  Cm  the  declination  circle 
through  Q  the  centre  of  the  ring.  Draw 
JiB  perpendicular  to  Oti,  Cn  perpendicular 
to  Ab,  Ip  perpendicular  to  AB.    Put 


Fig.  62. 


r 
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=  the  increase  of  the  planet's  right  ascension 
sidereal  second, 
increase  of  the  declioation  in  one  aid. 
second, 
?,',(«'  =^  the  sid.  times  of  ingress  and  egress  of  the 
planet  at  A  and  b, 

X  =  the  correction  of  the  mean  of  f,'  and  (,',  or 
of  the  right  ascension  of  the  planet  found 
by  the  preceding  methods, 
^  ((,'  -f-  (,')  +  a;  ^  tho  aid.  time  of  the  planet's  transit  at  v 

jS  =  the  angle  BAb  =  mCn. 

The  arc  bp  may  be  regarded  as  a  portion  of  the  declination  ein 
drawn  through  h.     The  angle  at  the  pole  included  by  thia  cip 
and  tho  declination  circle  of  A  is  the  hour  angle  described  by  tl 
planet  in  the  timer',  which  hour  angle  ier' —  r'.aa'=r'(l  — 
Hence  we  have,  very  nearly. 


We  have,  also, 
whence 


Ap-. 


:15t'(1- 


&•')  COS  V 


or,  since  the  squares  of  i 
neglected, 


1  litt'  or  their  product  may  bo  ' 


tan  i^  = 


15  cos  S' 
The  correction  x  \s  the  time  in  which  tho  planet  describes  tlie 
line  nm,  and  this  time  is  found  by  the  proportion 

r' '. X  =  Ab :  nm  :=  Ah'.  Cn  tan ? 
for  which  we  can  take 

r"  I  X  =  15  r*  COB  3 ' !  J '  tan  ,9 
whence,  substituting  the  value  of  tan  ,9, 
rf'.  aJ' 
(15  cos  S'Y 
Since  Ab  =  Ap  sec  ^,  and  sec  ^   diftcrs   from 
terms  involving  {aJ')', 

An^iAp  = 


1 

(15  cos  yy  ' 

P,  and  sec  ^   dift'ers   from   unity  only  by 
we  may  take  Ab  =  Ap,  and  hence  J 

—- (1  -  a.')  =  /  (1  -  ft.-)  ■ 

^        J 
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hat  to  compute  cf'  =Oi  in  this  case  we  have 

siny'=-(l  — Aa')  d'=rcoB/  (387) 

is,  the  compntation  by  the  preceding  methods  will  give  the 
le  of  d%  corrected  for  the  proper  motion,  if  we  emploj 
I  —  AaO  instead  of  /tf.  In  the  method  of  Article  287,  with  a 
ble-ring  micrometer,  the  logarithm  of  1  —  Aa'  may  be  added 

lie  logarithm  of  — -. • 

4a 

XAMPLE. — ^In  the  example  of  the  preceding  article  the  comet's 
ion  in  one  mean  day  was,  in  right  ascension  —  5"*  0*,  and  in 
inaiion  —  1®  17';  and  therefore,  since  one  mean  day  contains 
16  sidereal  seconds,  * 

Aa'  =  — -^^  l0g(l  —  Aa')=    0.00150 

86686  ^^  ^ 

^S'=  —  1^  log  Ad'  =  n8.72694 

86686  * 

ce,  in  the  computation  of  d'  we  have 

,  15  cos    d'    ,,  ,.  ^    AOOtW 

log  — (1  _  Aa  )    7.48817 

4a 

log  sin  A'  9.78121 
log  Bin  B'  9.21245 
log  cos  A'  9.92568 
log  cos  ^'  9.99415 
\ogd'  2.71475 
d'=  +  8'88".50 

rhe  logmritlmi  of  1  —  Aa'  may  be  found  at  once  from  the  change  of  right  ascen- 
in  48  honrn,  ae  foUowe.  Let  this  change  be  expressed  in  minutes  of  are,  and 
ted  bj  (Aa^)*  then  we  hare 

At,^-       Ua-)X60       _(Aa-) 
16  X  ^  X  ^^30       48^18 

\f  M  ht  the  modnlns  of  common  logarithms,  we  hare  ftrom  the  derelopment  of 
1  —  Aa')  in  series,  hj  neglecting  the  second  and  higher  powers  of  Aa', 

"log  (1  —  Ao')  =  —  0.00001  ( Aa') 

•,  to  eoireet  for  the  proper  motion  in  the  computation  of  d,  subtract  fh>m  the 
itikm  of  y  as  manj  units  of  the  5th  decimal  place  as  there  are  minutes  of  arc  in 
B  boor  Inoroase  of  right  ascension. 
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and,  therefore,  | 

d'— d=  +  13'16".37 
By  (336)  we  find 

x=       —    O-^T      . 
whence 

»'— «  =  —    3-26'.30 

The  correction  of  d'  —  d  for  the  curvature  of  the  path  ia,  in 
case,  by  (333),  +  0".78;  whence 

e'—t^  +  W  17".15 

60  that  the  corrections  for  curvature  and  proper  motion  li 
accidentally,  almost  destroy  each  other. 

The  apparent  place  of  the  comet  (atiU  affected,  howevei 
parallax  and  planetary  aberration,  aa  well  as  the  diticrfli 
refraction)  is,  therefore, 

«'=       14*50-   4'.45  ' 

3'=  +  59»20'29".84 

Bt  the  sidereal  time  18*  16"  SO-.TS. 

289,  It  is  yet  to  be  shown  under  what  conditions  erron 
observation  or  of  the  data  will  have  the  least  eti'cet  upon 
results  obtained  with  the  ring  micrometer.  For  the  fifett  o 
error  ar  in  the  observed  interval,  we  have,  by  differentiating  (8 


Ad  =  —  r  Biaj-'^r^  —  '/  cos  Staojr-  ar 

which  shows  that  the  error  in  the  observed  time  produces 
least  effect  upon  d  when  tan  y  is  least,  and,  therefore,  for  the  r 
accurate  determination  of  the  declination,  the  chorda  descri 
by  the  two  stars  should  be  as  far  from  the  centre  of  the  rin 
possible,  or  the  difference  of  declination  should  be  but  little 
than  the  diameter  of  the  ring.  If  cf  is  not  much  less  than 
will  be  advisable  to  let  the  stars  pass  across  the  field  on  opp( 
sides  of  the  centre,  at  nearly  equal  distances  from  it.  But  if 
very  small,  both  stars  should  pass  as  far  from  the  centn 
possible,  on  the  same  side  of  it. 
For  the  effect  of  an  error  in  r,  we  have 

Ad  =  —  Ar  =  &r .  seo  r 
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is  also  least  when  the  star  is  farthest  from  the  c^oitre  of 

Id. 

the  second  star,  we  have  also  a(2^  =  Ar  sec  f^  and  hence 

A  (<f  —  d)  =  Ar  (sec  /  —  sec  ;') 

if  the  stars  are  on  the  same  parallel  of  declination  (when 

the  error  in  r  has  no  effect  upon  the  computed  difference 
ination,  as,  indeed,  is  otherwise  evident. 

the  accurate  determination  of  the  difference  of  right 
ion,  it  is  plain  that  the  stars  should  pass  as  near  to  the 

of  the  field  as  possible,  since  the  immersions  and  emer- 
tan  then  be  most  accurately  observed. 

To  find  the  radms  of  the  ring. — jB^st  Method. — Observe  the 
8  of  the  sun's  limb  over  the 
)f  the  ring.    Four  contacts  .         •    • 

^  observed,  the  sun's  centre 
at  the  points  a,  6,  e,  d  (Fig. 
the  times  /p  t^  /„  t^.  If  the 
of  the  ring  is  denoted  by  r 
e  sun's  semidiameter  by  i2, 
s  that  the  external  contacts 
md  d)  are  observed  at  the 
at  which  the  transit  of  the 
centre  would  be  observed 
ring  whose  radius  was  r  +  R;  while  the  internal  contacts 
nd  c)  are  observed  at  the  times  at  which  the  transit  of  the 
centre  would  be  observed  over  a  ring  whose  radius  was 
!.    Hence,  putting  d  =  sun's  declination,  and 


r  =  t,^t. 


r'  =  f.~f. 


re,  by  Art  285,  from  the  external  contactSi 


2(r  +  ir)  sin  /^ 
2  (r  +  i?)  cos  ;- 

•yva  the  inner  contacts, 


15  r  cos  d 
d 


2  (r  —  i?)  sin  ^ 
2(r  — i2)co8/ 


15/coB  ^ 
d 
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EUminating  ;•  and  ;-',  we  have 

4  (r  +  Bf  =  (15  r  cos  *)•  +  rf* 

4  (r  — -fl}' =  (15  r"  COB  J)' +  d* 

and  eliminating  <?,  we  obtain 

._(15coa3)-(r  +  O(T-T0 


16  fi 

Tn  order  to  take  into  acconnt  the  snn'a  motion  in  right  ascensi 
the  intervals  r  and  r'  shoiild  be  expressed  in  apparent  time. 

It  is  eaay  to  see  that  the  formula  (338)  will  still  be  applies 
when  the  (tun's  diameter  is  greater  than  that  of  the  ring. 

ExAMPLB,* — The  son  was  observed  with  a  ring  micrometci 
the  Observatory  of  Bilk  as  followa : 

EiUrDtl  CoDtaots,  Inl«rnal  Contactg. 

(,  =  10*  31-    8v2  Sid.  time  (,  r=  10*  32-  30*.3 

(,=  10  34    47.5  (.  =  10   33    25.3 

The  sun's  declination  was  3  ^=  -\-  23°  14'  50"  ;  the  semidiame 
i(  =  15'  45".07;  and  the  Bun'a  motion  in  right  ascension  » 
4"  8'.7  in  one  day. 

The  sidereal  intervals  3"  SS'.S  and  54'.5  must  be  reduced 
intervals  of  apparent  time  by  multiplying  them  by  the  factor 

l-„^=  0.99713 


and  hence,  by  (388), 

r  =  9'  23".57 

Second  Method. — Observe  the  transits  of  two  stars  the  diff 
ence  of  whose  declinations  is  accurately  known.  Then,  r  and 
being,  aa  before,  the  intervals  between  the  ingress  and  egreaa 
the  two  stars  respectively,  we  have 

;»  =:  y  r  cos  J^rflinr  <i^±'"  cos  j- 

fi'^  y  t'cob  a'=  r  sin  /  d'=z  ^  r  cos  / 

Since  for  determining  r  it  will  always  be  advisable  to  selec 

*  Bkomiiow,  Spliilruab*   AitroDomie,  p.  Ml. 
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air  of  stars  whose  difference  of  declination  is  not  much  less 
lan  the  diameter  of  the  ring,  the  stars  will  be  observed  on 
pposite  sides  of  the  centre :  we  shall,  therefore,  have 

d'  —  <i  =  r  (cos  r  +  cos  /) 

Ijet  A  and  B  be  assumed,  so  that 

len 

d*  —  d  =  T\fm{A  +-8)  +  cos(ii--i?)]  =  2rcos^cos  J? 
pi  ^  lLz=zT  [sin  (J[  4-  -8)  +  sin  (^  —  B)'\  =  2r  sin  A  cos  i? 
li  —  /»  =  r  [sin  (il  4"  -5)  —  sin  (-^  —  -S)]  =  2r  cos  A  sin  B 

[ence  we  derive 

r  = 


2C08ilC08^ 

WTe  may  also  use  any  one  of  the  following  forms  for  r; 


2  8inilcosi?       2cos^8ini?       8in(il  +  j^       8in(il— i?) 

In  order  to  render  this  method  exact,  the  atmospheric  refrac- 
tion should  be  taken  into  account    Its  effect  upon  micrometric 

in  genend  will  be  considered  hereafter,  but,  since 
(far  determining  the  radius  of  the  ring  micrometer  it  will  be 
[ilvisable  to  take  the  observations  near  the  meridian,  the  refrac- 
may  be  allowed  for  in  a  very  simple  manner ;  for  we  may 
neglect  its  effect  upon  the  right  ascensions  of  the  stars.   The 
[Act  upon  the  declinations  is  found  by  the  formulae  (234)  and 
of  VoL  I. ;  according  to  which,  if  b  and  i'  are  the  true  decli- 
the  ^>parent  values  are 

^  +A:'cot(^  +iV) 
^'+A:'cot(a'+ J^) 

jrtere  tan  iV=  cot  f  cos  x^  f  being  the  latitude  of  the  place  of 
(•biemition,  and  r^  the  hour  angle  of  the  centre  of  the  ring. 
iBaice  the  apparent  difference  of  declination,  which  we  will 
ftaiota  by  (y  —  *), 


sin  (a  +  J\^)  sin  (^' +  iV^ 


i 


for  which  we  may  take 


y  ain  ( J'  —  X) 


c 


which  is  to  be  used  for  d'  —  d'm  (339).  It  will  here  gener 
suffice  to  take  A' =57";  but  it  may  be  accurately  found 
Column  B  of  Table  11. 

When  the  stars  are  not  very  near  the  equator,  the  corred 
for  curvature  must  be  applied.  If  r  were  given,  the  ob8er\-ati( 
computed  upon  the  supposition  that  the  pathe  of  the  stars 
rectilinear,  would  give  the  approximate  differeuce  d' — </,  i 
hence  in  the  inverse  process  we  have  only  to  use  d'  —  d  inst 
of  [3'  —  3)  in  order  to  obtain  the  true  value  of  r.  Now,  by  (3i 

d'— d  =  (&'—»)— \  Bin  1"  ("i"  —  (P)  tao  )  (^'  +  ") 
or,  Binoe  d"  —  d*  =  —  {//'*  —  //), 

rf'  -  ^  =  (a'  -  a)  -f  J  sin  1"  (/  +  ;.)  (;.'  -  /i)  tan  \{S'-\-S)    (3 

in  which  {3'  —  3)  is  the  difference  of  declination  corrected 
refi'action. 

Example. — ^The  radiua  of  the  ring  of  the  micrometer  \ 
ployed  in  the  example  of  Art.  285  was  determined  by  the  si 
Asterope  and  Merope  of  the  Pleiades^  the  deciinatlona  of  wl 
were 

a'  =  +  24"  4'  24"^6  a  =  +  23"  28'  e'.SS 

and  the  observed  intervals  were 


^  =  18'.5 


r  =  56'.2 


In  order  to  illustrate  the  use  of  (340),  let  us  suppose  the  h 
angle  of  the  centre  of  the  ring  to  have  been  r,  =  1'  —  15" ;  th 
the  latitude  of  Bilk  being  yj  =  +  51"  12'  25",  we  find 


N 


37"  49'.6 
61    35.9 
36'  17".41 
eorr.      —   0  .78 
(3'— i)  =  S6'16".63 

We  find,  in  the  next  place, 

/=126".68 
log  (/.'+/<)  =  2.71038 


log -f^  log  57"  1.7 

logeosec'[l(3  +  a')  +  Jf]0.1 
log  sin  {i'  ~S)  _8XI 

log  coiT.  w9.8 


logfr' 


,=    38G".63 
-  rt  =  "2.41489 
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whence  the  correction  for  curvature  is,  by  (841),  =  —  0'M4,  and 
therefore 

d'  —  rf  ==:  86'  16"48 

with  which  we  now  find,  by  (339), 

log  tan  il  ss:  9.37263  log  tan  JB  =  9.07714 

log  see  A  0.01175 

log  see  B  0.00308 

log(d^— <f)  3.88775 

log  2r  8.85258 

r  =  ly  46".08 

Third  Method. — ^Direct  the  telescope  of  a  theodolite  towards 
tke  objective  of  the  telescope  which  carries  the  micrometer,  and 
measure  directly  the  angular  diameter  of  the  ring  by  either  the 
Tertical  or  the  horizontal  circle  of  the  theodolite,  as  in  the  case 
of  the  filar  micrometer.  Art.  46.* 

291.  The  filar  micrometer,  the  heliometer,  and  the  ring  micro- 
meter are  now  almost  the  only  micrometers  in  use.  I  will, 
therefore,  here  only  briefly  mention  two  or  three  others,  as  it  is 
wt  within  the  plan  of  this  work  to  enter  upon  the  history  of  the 
BomerouB  instruments  of  this  class  which  have  been  proposed. 

The  duplication  of  the  images  of  objects,  which  is  efiected  in 
tlie  heliometer  by  dividing  the  objective,  has  also  been  effected 
by  dividing  the  ocular,  constituting  what  has  been  known  as  the 
ifiMt4mage  eye-piece  micrometer.  The  principle  of  this  instrument 
ii  identical  with  that  of  Ramsden's  Dynamcter,  which  is  still 
Died  for  measuring  the  magnifying  power  of  telescopes  (Art.  13). 
ft  is  evident  that  by  separating  the  two  halves  of  a  simple  eye- 
fens  until  the  image  of  one  star  coincides  with  that  of  another, 
the  angular  distance  of  the  stars  becomes  known  from  the  known 
ngalar  value  of  a  revolution  of  the  screw  by  which  the  separa- 
tion is  produced.  Amici,  of  Modcna,  is  said  to  have  produced 
Ae  best  micrometers  of  this  kind. 

The  duplication  of  images  is  also  eflected  by  the  use  of  a 
doably  refracting  prism  of  rock  crystal,  originally  proposed  by 
BocHOX.  The  difficulty  of  determining  the  relation  between  the 
given  position  of  the  crystal  and  the  angular  distance  of  two 

*  ITpoB  Um  rlnif  mioremeter,  fee  also  papera  bj  Bbssbl  in  the  MonmUithe  Carr«- 
Tola.  XXIV.  an4  XXVI. 
Vou  U.— 19 
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objectB  which  have  b«en  brought  into  contact,  is  a  coneidprabfAl 
obstacle  to  ita  general  use,  to  nay  uothiug  of  the  optical  diffinil- 
ties  ill  obtaiuiiig  well  dvtiiivd  trnugoa  free  from  color.* 

Stbuve  bus  propoaeil  the  uao  of  a  graduated  plato  of  trans- 
pareut  mica,  placed  in  the  focus  of  the  equatorial,  aud  this  method 
has  been  emploj-ed  by  the  Messrs.  Bosd  m  eatalogmng  Bmall 
atara.  Upon  u  plate  of  mica  ,j'jb  of  an  inch  iu  tblckucse  are 
drawn  two  seta  of  parallel  lines,  one  sj-stem  representing  dect 
nation  circles,  the  other,  at  right  angles  to  the  first,  representing 
parallels  of  declination.  The  relative  declination  of  two  slan 
which  puss  over  the  field  is  detennined  bj  merely  observing  the 
divisions  of  the  graduated  declination  scale  over  which  or  near 
which  they  pass;  and  their  relative  right  ascension  is  found 
from  the  observed  times  of  their  transits  o%'er  the  lines  wliici 
represent  declination  circles,  these  times  being  noted  by  the  aid 
of  tlie  electro-chronograph. t 

An  ingenions  mode  of  employing  a  double  eye  piece  micro- 
meter (consisting  of  two  complete  eye  pieces),  apparently  giving 
very  precise  results,  is  suggested  by  Mr.  Alvan  Clark,  of  Boston, 
in  the  Proceedings  of  the  Am.  Asaociation  for  the  Adr.  of 
Science,  10th  meeting,  p.  108. 
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20:2.  Since  the  po.iitioii  of  each  of  the  two  observed  stan  i' 
affected  by  tlie.  atnioaphoric  refraction,  their  relalice  position,  ll^ 
tcrmincd  by  the  miornnietcr,  is  also  affected  by  it.  The  olijecl 
of  tlie  following  invefitigationa  is  to  determine  the  correction  of 
the  niicrometric  jiieasurea  themselves,  without  requiring  a  sepa- 
rate consideration  of  the  absolute  places  of  the  two  stara-J 

20.^,  To  find  the  rjffi:l  of  Tcfraclion  upon  the  observed  angular  rfi'jto'' 
of  lifo  s/ars  and  upon  the  angle  wliirk  (he  great  circle  joining  the  jW 
viahs  milk  n  r/rliml  cirri,-. — This  mode  of  obseiration  ia  indfi.'i 
not  practised,  but  the  investigation  of  the  effect  of  refraction  m 

•  For  a  deacriplion  uf  n  number  of  double  image  mioroiniMcrs.  tec  Teiisu'* 
rrsctical  A^tronnmy. 

t  See  .lTinn/»  f/ thr  Amrfynomiral  ni,»:rrtiloni  of  mtrard  CoUtjf.  Vol.  I- 
X  I  liBre  fi^lli-iicci  Hessel's  mplhoda  (Atlrim.  Unitriuch..  Tol.  I.)  in  Ihe  inrMlip- 
tinn  of  Ihe  greater  pari  of  th«  rormuls.     Thkt  portion  of  his  kriide  wbich  reUtdit 
[he  ring  micrometer  ii,  however,  coDBiderably  abridged  knd  simplified. 


CORRECTION  FOR  REFRACTIOX.  451 

tliifl  case  is  very  simple,  and  will  sen'^e  as  the  ground-work  of 
the  Bubsequent  applications.    Denote  by 

C,  C'l  and  z^  sf^  the  trae  and  apparent  zenith  distances  of  the 

two  stars  8  and  8'; 
Af  their  difference  of  azimath ; 
r,  r',  their  refractions ; 
If  k%  and  If  tf  the  true  and  apparent  angles  which  the  great 

circle  joining  the  stars  makes  with  their  re- 
'     spective  vertical  circles,  all  reckoned  in  the 
same  direction; 
Cf  8,  the  true  and  apparent  distances  of  the  stars. 

We  have,  in  the  triangle  formed  by  the  zenith  and  the  appa- 
rent  places  of  the  stars,  by  the  Gaussian  equations  of  spherical 
trigonometry, 

sin  }« sin  }  (^  -f  I')  =  sin  }^  sin  i(z  +  z') 
Bini8cosi(l  +  V)  =  cosM  sinl(-2r  —  y) 

ttd  m  the  triangle  formed  by  the  zenith  and  the  true  places  of 

fl^  Btars, 

sin  Jir  sin  i(X  +  X')  =  sin  M  sin  J(C  +  C) 
sin } tf  cos  10  +  ^)  =  cos } il  sin  1  (C  —  C') 

If  we  put 

Mid  also  substitute  f  —  r  and  J^'  — -  r'  for  z  and  2',  the  elimination 
rf  A  from  the  above  equations  gives 

•    «      •«          •!      •«                Sin  ^^ 
sm  f  tf  sin  >l,  =  sm  }  «  sin  Z, .  -; ^ 


.    ,           ,          .    ,          ,             sinJ(C  — C) 
8m  }  tf  cos  >L  =  sin  }  «  cosZ. ^^ ^— 

^  sin}[C  — C— (r  — 


ni 


We  may  evidently,  in  the  first  equation,  put  r^  for  J  (r  +  r') 
which  is  equivalent  to  assuming  that  the  meah  of  the  refractions 
(or  the  zenith  distances  ^  and  ^'  is  the  same  as  the  refraction  for 
the  mean  of  these  zenith  distances,  an  assumption  producing  here 
no  sensible  error  in  the  factor  sin  [j;^  —  J  (^  +  >'0]  ^^  ^^^  (C« ""  ^o)- 
We  may  also  take 
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i/r 
iu  wMch  the  differential  coefficient  — -  expresses  the  rate  of  change 

of  thB  refraction  corresponding  to  ^g.    Then,  in  the  iractioD 

Bin  i  (C  —  C) 

einl[:-C'-Cr-03 

which  differs  but  little  from  unity,  we  may  pat  the  arcs  for  their 

sines :  bo  that,  denotiug  thia  fraction  by  b,  we  have 

c-:'       _      1 i_- 

If  we  al90  put 


i 


eiD[:„  — r,) 
and  substitute  Jw  and  Js  for  their  sines,  our  formulee  become 

a  COS  i^T=s.b  COB  I, 
From  these  we  have 

tan  "L  =;  -  tan  I 

0 

which  developed*  gives 

From  the  same  formulse  we  derive 

a  cos  (-1,  —  /,)  =^  3  [a  -|-  (6  —  a)  cos'  /J 
and,  dividing  this  by  cos  (^  —  H,)  ~  1  —  J  (^  —  ^o)*  +  &c.,  we  obtain 
a  — 8  =  3  [a  — 1  +  (6_a).co8'/,+  |/^-^yein'2i,-)-tc.]    (343) 

204.  To  facilitate  the  computation  of  (342)  and  (343)  a  con- 
venient method  of  finding  a  and  b  is  necessary.  We  have,  for 
any  indeterminate  ^, 

BinC  Bin(i  +  r)  ,    Binr 


^-'  d'.—dr  dz  ^  "^  dz 

Adopting  for  the  refraction  the  form  {Vol.  I.  Arts.  107  and 

r  ::=  «  tan  z 

*  llj  PI.  Trig.  An.  2il. 
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in  which 

we  have,  patting  cob  r  =:  1, 

a  =  l  +  A 

b  —  a  =  k  tan'  2^  +  -r-  t»n  ar 

These  quantities  may  therefore  be  found  by  the  aid  of  Column 
A  of  Table  EL  But,  as  the  argument  is  there  the  apparent 
zenith  distance,  while  in  micrometer  observations  it  is  generally 
the  true  zenith  distance  that  is  given,  it  is  expedient  to  form  a 
tew  table,  by  which  a  quantity  x,  depending  upon  the  refraction, 
may  be  found  with  the  argument  (^,  such  that 

b  —  a  =  X  tan'C 

In  order  to  obtain  the  value  of  x  for  any  state  of  the  air, 
B1S8BL  gives  it  the  same  form  as  that  already  adopted  for  it, 
and  assumes 

b  which  the  factors  ^  and  ^,  depending  on  the  barometer  and 
thermometer,  have  the  same  values  as  before. 

The  quantities  log  a",  A",  A",  which  are  given  in  Column  C  of 
Tahle  IL,  must  be  determined  so  as  to  satisfy  the  above  defini- 
tion of  X  for  all  values  of  ^  and  y.    We  have 


,  tan« 


tan* 
Taking  the  Kapierian  logarithms, 


z    ,   dk  tan  z       I ,    ,   dk     ^    \  tan*  z 

-  ^ =  I  «  H cot  z  I 

C       dz  tan>  ^      \         dz  /  tan'  C 


hi  =  U'+  A"lfi  +  X"lr  =  l{k  +  ^  cotz\+  2l{^^^^\    (344) 

\         dz  I  \  tan  C  / 


From  the  definition  of  A,  we  have 


—  —  k  f—  4-18—4-1   -^1 
dz  la  dz  dz  dzj 

^  dz  L        Tdz^\      dz        ^  dz)         J 


='(>+^) 


*  i  t: 


1+s 


4U 
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Since  ,?  and  y  differ  bat  little  from  unity,  l^  and  ly  are  so  emiB 
that  we  may  nuglcct  tlicir  squares,  eo  that  the  logarithm  of  iha 
last  factor  of  tlic  above  oxpresdioii,  uuder  the  form  /(I  -f  x),  miy 
be  put  =  X,  and  hence 


'('  +  s~-)^ 


la  +  Alii  +  Ur  +  l(l  +  ^\ 


'^i^K 


'  +  ' 


(34i) 


Now,  let  (z)  denote  that  valno  of  z  which  corresponds  to  tbt 
given  J  when  ^  =  1,  j'  ^:  1,  a  value  which  can  be  found  fiflB 
Column  A  of  the  table,  ae  in  Art.  119,  Vol.  I.  Lot  the  com- 
Kponding  values  ofa,A,i,a»  found  from  that  column,  be  denoted 
by  (a),  (A),  (i),  and  the  corresponding  rtifraotion  by  (r);  then, 
a'.  A',  X'  being  taken  from  Column  B  for  the  given  ^,  we  luu. 
as  in  the  article  jaat  referred  to, 


(r)  =  »ti 


1  (2)  =  «'  tan  Z 
m't»ai:(J.'lf  +  i'lr) 


The  second  niember  of  (345)  is  a  function  nf  2,  ivhioh  mflyt* 
transformed  into  u  function  of  (:).  The  sm:il]  tornis  imiltiplUiI 
by  ',J  imd  /j-  will  not  be  sensibly  attVctt-d  l>y  substituting  ;;i  to 
.-.  (,1)  fur  A,  &L-.  Thu  otlier  ti-mis  may  iJe  devflojii'il  by  lb* 
foniuila 


/-- 


-  (.)  tan  (.-)  (J' (,I  +  i7rt 


.)  +  (Jj/,J  +  ii)(r  +  (  1  + 
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We  have,  also, 


tan 


tone  tanC  tanC        C08'(z)^ 

(•)  L  COB*  (z)  A 

\tanC/ 


cos*  (z) 


iA'ifi+i'ir) 


Hence,  Bubstituting  in  (344), 


+y 


U"  +  A" Ifi  +  k" Ir  =  2la'-  1(a)  +  j(  1  +  r^  ) 

^^     C06'(«)         diz)       ^^     ^  1  I     '*(') 


+^ 


W  lif^  sec*  (z't  i'4.  ^  cot  CzV 
^'^      co8'(r)        d(r)       ^^     ^ 


1  + 


d(a) 


(O^W 


Since  this  muBt  be  Batisfied  for  all  valaes  of  ji  and  j;  the  coefficients 
of  ip  and  ?;•  in  the  two  memhepB  must  be  equal,  rcBpectively. 
KTow,  we  have  found,  in  Vol.  L  Art.  119, 

(^)  =  ^'(  1  +  ^-g )  =  -.■  [l  +  C)  «o.  (,)  +  ^  l.„  w]   ,  ' 

»=''('+^!H''['+w'«-«+^'«»«] 

Substituting  these  values  in  the  above  equations,  and  comparing 
anular  terms,  we  find 

la"=2la'—l(a)  +  lil  +  -i^  \ 

/H--^M-\(^"-^')=-^^^  +  ^^ot(z)    W846, 
\    ^  (r)d(z)r  '  COB'  (z)  ^  d(z)        '■  ^    /  C^*^) 

\     ^  (r)  d  (z)  /  ^  co8'(z)       d(«)        ^ 

by  -^hich  fat",  A"y  X"  are  computed.  The  quantities  a  and  a' 
in  Columns  A  and  B  of  the  table,  are  expressed  in  seconds,  but 
€t''  in  Colonm  C  is  in  parts  of  the  radius,  so  that  we  must  add  to 
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the  value  found  by  the  first  of  the  equatione  (346'),  tLe  eonKUiil 
log  Bill  1"—  4.685575.  Iii  tlit?  at-coml  membor  of  the  other  tiro 
eqnationa  we  must  also  put  (a)  ein  1"  for  (a),  and  d{z)  ein  1" 
for  d(2). 

295.  With  the  table  thus  prepared,  the  computation  of  x  a 
precisely  like  thut  of  k  m  finding  the  refraction.  For  example, 
to  find  log  X  for  f  =  80°,  Barom.  30.35  inches,  Attached  Therm, 
40°  F.,  Ext.  Therm.  35°  F  ;  we  have 

^"=     0.994  i"  =     1.099  log  «"=    cm: 

log  fl  =  +  0.01092         log  ;•  =  +  0.01185         A"  log  ,S  ^  +  O.OIOS 

log  r  =  —  0.00031  ;"  log  )•  =  -f  om 

log  jJ  =  +  0.01061  log  X  =       0.41S2 

296.  Our  fundamental  equations  (342)  and  (343)  may  now  be 
redueeil  to  a  much  more  simple  form.  It  is  evident  that  on 
account  of  the  small  value  of  x  we  may  omit  the  terms  in(fi-(!)', 
&c.  For  the  same  reason,  we  may  put  — - —  for  — — -»  from 
which  it  differs  only  by  terms  involving  x'.  In  (843)  we  may 
put  a  ^  1  =  X  instead  of  ita  true  value  A,  without  sensible  error; 
£ot  even  at  the  zeoith  distance  85°  the  difference  of  x  aaiiih- 
only  0.00006,  ;in:l  fiJUKo<]\iciitl_v  the  orror  of  substituting  one  for 
Ibe  otluT  in  this  tiTiii  will  be  le.-.^  tliiin  .>-  >  O.UOuOG,  so  that  even 
if  s  were  im  ^rcat  an  1000"  tlie  error  would  not  amount  to  0".W. 
\Vc  therefore  adopt  as  fuiidaraeutal  the  following  siuiplifii-ii 
forms : 

^-s  =  ,*/(tan':eoB'(„4-l)  \    ,y. 

,*„  —  i„  =  —  X  lan' :  COB /,  KhW,  J    ^     ' 

In  llieric  eijuations  ^  iri  tlif  mean  of  the  true  zenith  distances  of 
the  two  stars,  and  x  the  corresponding  quantity  in  the  refraetioo 
table.  The  quantity  /„  is  that  which  would  be  given  directly  bv 
the  observation. 

The  mean  zenith  distnneo  ^  will  be  found,  by  a  single  com- 
putation, from  the  mean  of  the  hour  angles  of  the  two  stars  m'' 
the  mean  of  their  deelinations.  Denoting  these  by  r„  and  d^.  ii'»i 
tlie  latitude  of  the  piaee  of  observation  by  f,  wu-  have,  by  eqiiu- 
lions  (20),  Vol.  I., 

tan  _Y  =  cot  p  cos  r^  i 

tun  r.  sin  .V  / 

tan  :  HiTi  '/  =  -    —  ^ (SIS 

^       Mn(A+  iV)  ^' 

tan  :  COB  y  =  cot  {\  +  N)  I 


^:\ 
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The  parallactic  angle  q  which  these  formnW  give  at  the  same 
time  with  (^  will  be  required  in  the  subsequent  problems.  In 
lie  observatory  the  computation  is  facilitated  by  a  table,  com- 
puted for  the  given  latitude,  which  gives  the  value  of  iV,  and  of 
ogn  =  log  (tan  r^sin  N),  for  every  minute  of  the  hour  angle  r. 
¥e  then  have  only  to  compute  the  equations 

tan  C  sin  ^r  ==  n  cosec  (^,  +  JV)  )  /o^q^n 

tan  C  cos  5^  =  cot  (^0+-^)  > 

297.  Correction  for  refraction  of  micrometric  observations  of  the 
iitance  and  position  angle  between  two  ^ter^.— The  observed  position 
ugle  p  is  the  position  angle  at  the  middle  point  of  the  arc  joining 
he  two  stars  (Art.  260).  Let  n  denote  the  true  value  of  this 
mgle,  q  the  true  parallactic  angle  found  by  (348) ;  then  we  have 

ind  if  j'  is  the  apparent  parallactic  angle,  we  have 

Prom  the  differential  formula  (47)  of  Vol.  L  we  find  that  if  f 
nries  by  df  =  r,  the  angle  q  varies  by  the  quantity 

J*  —  q=:r  Bin  q  tan  9^ 
ttdif  we  take  for  r  the  form  (VoL  I.  Art.  119) 

r  =  A:'  tan  C 

we  have 

^  =q  -{.  Id  tan  C  sin  q  tan  9^ 

wd,  consequently, 

l^=^p  —  q  —  A:'  tan  C  sin  q  tan  d^ 

This  value  of  JJ,  is  to  be  substituted  in  (347) ;  but  in  the  terms 
tiready  multiplied  by  5X  we  may  take  ^)  =  j?  —  j.  Hence  we 
have 

# -*  «  =s  «)c  [tan*C  C08'(p  —  5^)  +  1] 

9  — j>  =  —  %  tan'  C  cos  (jp  —  q)  sin  {p  —  q)  —  k  tan  C  sin  q  tan  d^ 

Since  the  position  angle  cannot  be  determined  within  a  num- 
5r  of  seconds,  the  error  of  putting  x  for  k'  in  the  last  term  of 
e  formula  for  ;r  —  p  will  be  of  no  practical  importance ;  and, 
>reover,  since  the  terms  of  the  series  (342)  have  to  be  reduced 
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to  soconda  by  imjltiplying  by  the  radius  in  Beconds  (=  coeecl" 
we  have,  finally, 

a  —  s=  sx[tan' :  cos'  (p  _  5)  +  1]  (SIB 

« — p=^  —  xcOBecl"[lan';coa(p  —  2)sin(i>  —  {}4- tanCsinjUni, 

Ilaviug  obtained  a  and  ;r  by  adding  these  correcHona  to  s  and; 
the  true  difterence  of  right  ascension  and  declination  of  the  stai 
niiiy  then  be  computed  by  Art,  264,  employing  a  and  n  for  3  m 
p;  that  is,  by  the  fonnulte 


fiin  )  (a  —  a)  =:  ein  ^a  stn  ir  soc  S^ 

sio  \  {3'  -^  5)  =  sin  J  ff  coa  it  sec  i  (a'  —  a) 


or  by  tlie  approximate  forirmlffi 


-  n  =  «  sin  7t  sec  3, 


(35( 


I  (350 


298.  If  the  apparent  differences  of  right  ascension  and  dec 
nation  iiave  already  been  computed  froTii  s  and  p  by  Art.  2t 
and  we  wish  to  correct  tliem  for  refraction,  wo  have,  by  compari 
the  formula!  (284)  and  (350*),  and  denoting  the  corrections  whi 
the  apparent  values  of  a'  —  a  and  S'  —  3  require  by  the  symbol 


I  l"ml- 

s.iart 
swap 

ace  J„ 

>).inp  +  ., 
!)  CO.p  +  .( 

(.fn  «  - 

[003  JI  — 

sinp)]  800  \ 
m,p) 

lin,  with  sufficient  accuracy, 

-f),in 
—  p)  Bin 

roosp],oc 
I  l"Bin  p 

ij. 

and,  substituting  the  values  of  it  ^  s  and  x  —  p  from  (S49), 

a(o' — a)=sii[liin''  cos(p—q)ainq — tan's\nqtan3^co»P'\'B\np'\&i 
A(i' — a)=a  K  [tan'  C  C08(/'— j)  co8y-)-tan  C  sin  q  tan  J,  sin  p+cos/i] 


These  formulre  arc   somewhat   abridged   by  introducing 
auxiliary  u  such  that 


tan  u  =  tan  ;  sin  q  tan  4, 
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hj  which  thej  become 

a(«'— tt)  =  «x[tan«Cco8(|? — g)  sin  g+sec ti  sin  (|)— v)]  sec  ^^  1  .qc-i^n 
A(^'  —  ^)  =  «  X  [tan*  C  cos  (p — j)  cos  ^-|-  sec  u  cos  (j> — ti)]  J  ^        ^ 

Example. — ^In  the  example,  Art.  264,  we  had  the  observed 
qQftntities  s  =  816".998,  p  =  169°  67'.7.  The  latitude  of  the 
I»lace  of  observation  was  ^  =  38°  58^7,  and  the  sidereal  time 
VM  0*  17*  52*.  The  right  ascension  and  declination  of  the 
middle  point  between  the  stars  were,  approximately, 

•,  =  21*  61-  52-  ^0  =  —  13°  28'.5 

The  corrections  for  refraction  being  exceedingly  small  in  the 
ease  of  so  small  a  value  of  «,  the  observer  did  not  think  it 
necessary  to  record  the  state  of  the  atmosphere ;  but,  for  the 
ake  of  illustration,  I  shall  assume  Barometer  80.29  inches,  Att. 
Therm.  49°,  Ext.  Therm.  41°  Fahr. 

We  have,  first,  the  hour  angle  of  the  middle  point  between  the 
observed  bodies,  r^  =  2*  26"'  =  36°  80',  with  which  and  the  above 
nluee  of  f  and  d^  we  find,  by  (848), 

jy=44^53'.9  C  =  62^28'.5  g  =  31°  28'.2 

and  by  Column  C  of  Table  11., 

log  X  =  6.4555 
Then,  by  (849),  we  find 

ir  —  «  =  +  0".277  ifp  =  +  2f  V'.l 

and  hence 

tf  =  317".270  ir  =  169°  59'.73 

From  these,  by  (850*),  the  true  difference  of  right  ascension  and 
declination  are  found  to  be 

(a'  —  a)  =  +  56".68  id'  —  «)  =  —  5'  12".45 

Bat)  supposing  the  apparent  differences  to  have  been  abeady 
sompnted  as  in  Art  264,  namely, 

.'  —  a  =  +  56".82  ^'  _  ^  =  _  5'  12'M4 

we  should  compute  the  corrections  of  these  quantities  by  (851*), 
^hich  give 

A(a'  —  a)  =  —  0'M36  A(«'  —  ^)  =  —  0^.306 
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which  added  to  a'  —  a  and  d'  —  d  give  the  Bame  values 
(a'  —  a)  and  (d'  —  S)  a&  above  found. 

299.  Correction  for  refraction  of  micrometer  observations  in  iti 
the  difference  of  right  astmsion  /ua  been  oblabied  froM  tlie  lUfftraKi 
the  limes  of  transit  of  the  stors  over  threath  lying  in  the  direction 
circles  of  declination,  and  tfie  tUffcrence  of  dectiaaUon  has  been  din 
measured.     (2d  Method,  Art,  266.) 

Let  t  and  /'  denote  the  observed  eideroal  times  of  transit  of  i 
two  etara  over  the  same  dcclinatiou  chcie.  A  star  uiioo  1 
same  parallel  of  declination  as  the  second  star,  hut  having  I 
right  ascension  a'  —  ((' —  (),  would  have  been  observed  sim 
taneously  with  the  first  star,  and  would,  therefore,  have  had  I 
same  apparent  right  ascension.  The  effect  of  refraction  up 
the  time  of  transit  of  thia  supposed  star  is  evidently  the  same 
in  the  case  of  the  real  star;  and  the  effect  npon  the  differei 
of  declination  is  also  the  same :  so  that  this  case  is  reduced 
the  preceding  by  supposing  the  stars  to  have  been  obsen-ed  w 
an  apparent  position  angle  p  =  0,  and  apparent  diatauce  i 
(3'—  d.    These  substitutiona  in  (351)  give  the  required  correctji 

a(o' —  a)  ^x(^i'  —  3)  [tan^CeoB^sin^  —  tan  C  sin  g  tan  3J  sec 

A( J'  _  a)  =  K  (3'  —  d)  [tan'  :  cos'  3  +  1] 

These  formulee  are  simplified  by  introducing  the  auxiliar}- 
already  used  in  the  computation  of  ^.  Substituting  the  values 
tan  ^  sin  q  and  tan  f  cos  q  from  (348)  and  (348*),  thej  are  reai 
reduced  to  the  following : 

"-'       «n»(a,  +  A^)'         co8'3, 

'       Bin'(^.+  iV) 

GZAHPLB. — In  the  example,  Art.  266,  we  have  the  obsen 
difference  of  right  ascension  and  declination  of  Neptutu  ao< 
known  star, 

a'  —  »  =  +  1- 45'.30  d'—d  =  —  T  28".22 

and  the  place  of  the  star, 

a  =  2i»  50-  s-.gg         a  =  — 130  23'  ssmi 
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The  sidereal  time  of  the  star's  transit  being  23^  2&"  43'.4,  the 
lommon  hour  angle  at  which  the  objects  were  observed  was 

T.=  1»  36-  34'.4  =  24**  8'.6 
wifli  which  and  f»  ==  88°  68'.7,  *o=  — 13°  27'.3,  we  find,  by  (848), 

JSr  =  48°  Sr.S  log  n  =  log  (tan  r,  sin  IT)  =  9.5261 

C  =  57     0.1 

and  aflBQming  Barom.  80.29  inches,  Att  Therm.  49°,  Ext.  Therm. 
41°  Fahr.,  we  find,  by  Column  C  of  Table  IT., 

log  X  =  6.4577 
i  Hence,  by  (852), 

A(a'—  •)  =  —  0'M28  =  —  0*.009  A(^'  —  ^)  =  —  0".389 

The  differences  corrected  for  refiraction  are,  therefore, 

a'—  a  ==  +  1- 45'.29  ^'—  ^  =  —  7'  28".61 

aid  hence  the  apparent  place  of  Neptune^  affected  now  only  by 
fuallax,  was 

a'  =  21*  51-  54'.28  J'  =  —  13°  31'  3".72 

on  November  ^9,  1846,  at  23*  28*  28*.7  sidereal  time  at  Wash- 
iiigton. 

800.  Correction  for  refraction  of  observations  made  with  the  ring 
micrometer. — ^At  each  transit  of  a  star  over  the  edge  of  the  ring, 
its  apparent  distance  from  the  centre,  (7,  of  the  ring  is  equal  to  the 
ndius  r.  If  at  the  time  t^  of  its  first  transit  its  true  distance  is 
#„  we  shall  have,  by  (349),  putting  r  for  5, 

ifj  =  r  [1  +  X  +  X  tan'  C  cos"  (p  —  q)'\  (353) 

in  which  p  is  the  position  angle  of  the  star  referred  to  CL 
The  zenith  distance  ^  ^^^  the  parallactic  angle  q  belong  to  the 
middle  point  between  the  star  and  C;  but  it  is  easily  seen  that 
it  will  produce  no  important  error  to  assume  them  either  for  the 
point  Cor  for  a  mean  point  between  the  stars  compared.  We 
shally  therefore,  here  suppose  ^  &i>d  q  to  have  the  same  values  for 
all  observations  made  in  the  same  position  of  the  ring.  At  the 
time  f^  of  the  star's  second  transit,  the  position  angle,  reckoned 
ia  the  aome  direetion  as  for  the  first  tranait  from  the  declination 
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cirele  through  C,  will  be  S&0°  —  p:  so  that,  if  u^  is  then  the  trOH 
distance  of  the  star  from  C,  we  have 


'i  =  *■  [1  +  «  +  "  tai'  C  cos'  {p  +  g)] 


(354)  1 


(,  =^  the  time  of  the  etar'a  transit  over  the  true  declina- 
tion circle  of  C, 

Tj,  r,  =  the  (rue  hour  angles  of  the  star,  reckoned  from  tho 
declination  circle  of  C,  at  the  two  obflerved  transita, 

S,J)=i  the  decliDation  of  tlio  star  and  of  C; 

then  we  have 


and  in  the  two  triangles  formed  by  the  pole,  the  point  C,  and  i 
two  true  places  of  the  stars  at  the  two  observatigns,  we  have 


COB  *,  ^  Bin  D  sin  3  4-  cos  i)e09  i  cos  r, 
cos  IT,  ;=  sin  D  sin  3  -|-  cos  Daoa  3  cos  r. 


From  the  difference  of  these  equations,  namely, 

2  sin  1  (*,  -f-  ff,)  sin  }  (.»,  —  *,)  ^  2  cos  D  coa  d  sin  4  (r,  +  r,)  sin  i  (t 

we  derive,  approximately, 

{"i  -\-  ''%\-  BucD  Bee  S 


-4 


iir. 


^.)  = 


1    +»■: 


To  reduce  this  expression  to  a  practical  form,  we  have  first,  from 
(353)  and  (354), 


^  (ir,  ~  (T,)  ^  r  j(  tan'  C  sin  p  cos  p  sin 


in  which  we  may  use  the  approximate  values  of  siop  and  coap 
given  by  (331),  where  ;-  is  the  same  as  p;  namely, 


^  (f.  — f,)coB3 


where  (/  is  the  approximate  value  of  3  —  D  found  by  neglecting 
the  refraction. 

For  J  (a,  +  ffj)  we  may  here  use  r;  for,  being  only  a  mnltiplier 
of  i(<7,  —  ffj),  the  remaining  terms  would  give  only  terms  in  Jt* 
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in  the  product  For  r^  +  r,  we  put  t^  —  t^.  These  substitutions 
bein^  made  in  the  value  of  J  {t^  —  t^^  we  have 

i(Tj  —  T,)  =  (f  X  tan'C  sin  2^800 2>  (656) 

which  is  the  correction  to  be  added  to  the  mean  of  the  observed 
times,  in  order  to  obtain  the  true  time  (^  of  the  star's  transit  over 
the  declination  circle  of  the  centre  of  the  ring ;  for  we  have 

To  find  the  correction  of  d  for  refraction,  we  observe  that  if 
Tj  and  r,  were  known,  the  true  value  of  the  difference  d  —  D 
wo  aid  be  found  by  the  formulae 

(^  —  D)*  =  tfj«  —  (Tj  cos  ^» 
(d  —  D)*  =  <r,>  —  (t,  cos  dy 

In  these  formulae,  indeed,  the  path  of  the  star  is  supposed  to  be 
rectilinear;  but  the  correction  for  curvature  has  already  been 
investigated,  and  is  g^ven  by  (383).  The  mean  of  these  values 
f  may  be  expressed  as  follows : 

,<'-°)-=(H^I+(^J-(^'H'-(^H' 

iiiid,  consequently,  by  neglecting  terms  in  x\ 

[The  difference  d  is  found  from  the  formula 

^=r'~(?^=l^][co8M 

md  therefore,  observing  that  ti  +  t,  =  ^,  —  tj, 

=  2r'  X  [1  +  tan*C  (sin" q  -f  cos' j)  cos  2 q)] 

Substituting  d  for  r  cos  py  and  then  dividing  both  members  by 
{i  —  D)  +  d,  (or  by  2rf,  since  this  will  involve  only  errors  of  the 
ioider  x^  we  find 

(a— 2>)  — <f  =  — (tan'Csin'^r-f-  1)  +  rfx  tan'Ccos  2g    (866) 

d 

rhich  is  the  required  correction  to  be  added  to  d. 
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For  a  Moond  etor,  we  have,  in  like  maoner, 

(«'  — D)— <l'=^5(tan':Birt'fl  +  1)  +  rf'>ilan':a»2f   m 
(I 


The  difference  of  right  a 
iag  the  refractiou  is 


1  of  the  stars  found  by  w^\i 


iC'.'  +  '.')-i(', +'.) 


wliilo  the  true  value  ia  /,' —  ^:  so  that  the  correctlou  for  tit 
refraction  ia 

A(»'  -   »)   =   i  (t/  -  T,')   -   K--,   —  ^) 

or,  hy  (855)  and  (S57), 

4(*'  —  a)  =  (d'  —  d)  X  tan" :  sin  2  g  wo  -I,  (!»> 

in  which  we  have  put  it^^  ^{3  -f-  S')  instead  of  D.  The  eorrw 
tion  of  the  difference  of  the  declinationa  of  the  stars  forrefrao 
tion  is,  by  (356)  and  (358). 


i(.I'  —  S}  ^  (d'  ~d}Ktn} 


''(rf'-rf) 


^--Z--  -   ,,,     ^' -X  (tan':  sin's - 

The  values  of  C  ^"<'  '/  ''"*  ''£"  "scil  in  tlieso  formutte  will  ^ 
found  by  (34t<),  cinplnyiiiii  d„=  A(d  +  5')  and  the  hour  angle:, 
of  tlie  cciitiv  of  the  ring,  wliit'li  will  be  fuutid  from  thu  trauiii 
of  one  of  thi:  stars  by  tlie  formulu. 

r„  =  I  {t^  +  (,)  - 

Examplf;. — Til  r-nrrcct  the  results  in  the  example  of  Ait  iSJ 
fur  rufnictiiin. — Wc  have  there  fi)und 


r/'=-f-  17'5I",0 

il  ^  +  i:j  34  ,8 

-d  ^  +    4   IT  .1 

-  a  =  —    1-  4'JV5I) 


"We  find,  by  (348), 


x^  9°  ry,7 

g  =  42    53.7 


■  =  +  51=  12'-4 
,  =  -t-  24      3 .3 


log  n  -^  9.80083 
C  =  64"  23'.0 
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Fhe  indications  of  the  barometer  and  thermometer  are  not  given ; 
>iitf  assuming  a  mean  state  of  the  air,  the  refraction  table  gives 
'or  this  zenith  distance  log  x  =  6.4382,  with  which  we  proceed 
o  compute  (859)  and  (860)  as  follows : 

log  (d'  —  d)  2.4101 
log  X  6.4382 
log  tan'  C  0.6398  log  see  \   0.0395 

9.4881 9.4881 

log  cos  2  ^r  8.8658  log  ein  2  q  9.9988 


Ist  term  of  (360)  =  +  0".02         log  A(tt'  —  a)  9.5264 

A(tt'  —  tt)  =  +  0".34  =  +  0'.02 
log  sin'  q  9.6658 

og  ftan«C  sin*  J  4.  1)  0.4802 

log{d'—d)K  8.8483 

log  r*  6.1032 

5.4317 
,  log  dd'  5.9412  The  corrected  values  are  then 

2d  term  of  (360)  =  +  0".31  a'  —  a  =  —  1-  49*.48 

A(a'  —  ^)  =  —  0".29  ^'  __  a  =  +  4'  16".81 

The  corrections  for  refraction  are  in  this  instance  less  than  the 
probable  errors  of  observation.     Indeed,  with  the  ring  micro- 
meter, it  will  seldom  be  worth  while  to  consider  the  refraction 
tnless  the  zenith  distance  is  over  60°  and  the  difference  of 
iedination  over  10^ 

CORRECTION   OF   MICROMETRIC   OBSERVATIONS   FOR   PRECESSION, 

NUTATION,   AND   ABERRATION. 

301.  In  most  cases,  micrometer  obsen-ations  of  the  difference 
of  position  of  two  celestial  bodies  have  for  their  object  the 
determination  of  the  apparent  place  of  one  of  these  bodies  from 
liiat  of  the  other  supposed  to  be  given.  The  apparent  place  thus 
fonnd  is  then  usually  to  be  reduced  to  the  mean  place  for  the 
beginning  of  the  year,  or  any  adopted  epoch,  by  applying  the 
eorrections  for  precession,  nutation,  and  aberration  with  reversed 
t^.  Sometimes,  also,  it  is  desirable  to  reduce  the  data  fur- 
nished by  the  micrometer  on  different  dates  to  a  common  date. 
The  only  case  of  interest,  however,  is  that  in  which  the  distance 
and  position  angle  have  been  observed.  I  shall  consider  first 
the  efiiect  of  aberrationu 
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302.  7b  Jind  Ou  tffect  of  aberralion  upo/i  the  anyu&zr  digbtBa  e^ 
lico  slrirs. — Let  us  denote  by  E  the  poiut  of  the  ecliptic  from 
wlitcli  the  earth  ia  moving  (aa  in  Art.  387  of  Vol.  I.) ;  by  d„  0^ 
tlio  true  angular  distances  of  the  stars  from  E;  by  &,',  i!,',  tiic 
apparent  distances  from  IE  affected  by  aberration ;  by  a  and  », 
the  true  and  apparent  diBtaiices  of  the  stars  from  each  othor;  by 
)-,,  ^-j,  the  ttuglea  formed  by  a  with  *?,  and  iJ", ;  by ;-,',  ;■,',  the  angtw 
formed  by  s  with  the  same  arcs.  Then,  since  the  abemition  a«( 
only  in  the  great  circle  joining  the  star  and  the  point  £,  the 
angle  at  J?  between  the  area  d,  and  5,  remains  unchanged,  Mid 
we  have,  precisely  as  in  the  investigation  of  the  differeotiil 
refraction  in  Art.  293, 


n  i  ff  COB  i  (;-,  -I-  )-,)  ^ 


sin  jssin  J  (r.' +  W) 
sin  is  COB  1(7,'+  J-,') 


sin  !(■','  — ^O 


If  we  write  r^  a»<l  Tc  '«''  i  (Ti  +  Ti)  aid  k  (r/  +  /»').  we  may  pm 
these  eqoationa  under  the  form 


in  which  wc  have  put 

Biji'V  siaiid^'  —  Ji,') 

Now,  we  have  (Art.  385,  Vdl.  I.) 

■\'  —  ^  ^  A'  sin  ^0 
ill  whi.rh  /,■  =  20".44r,l:  and  hence 
a  =  1  —1;  cos  .v„ 


1 
"  1  -  /,■  c 


—  1  —  k  cos  '>„  +  /!'  cos' .),  —  Ac. 


so  that  if  we  neglect  /.^,  as  we  may,  we  have  a  =  6,  and  lienc* 
our  equations  give,  niniply. 


Hence  it  follows,  1st.  that  thi'  angle  which  a  makes  with  tlie  nrc 
;5i,  irt  not  sensibly  changed  by  the  aberration  ;  2d,  that  the  eftVd 
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of  aberration  upon  the  distance  a  is  tlie  same  in  whatever  dircc- 
im  the  arc  a  may  lie,  and  depends  only  on  the  distance  (<>q)  of 
its  middle  point  from  the  point  -E,  or,  in  general,  npon  the  right 
ttcension  and  declination  of  this  middle  point.     This  latter 
principle  suggests  the  most  simple  means  of  investigating  a  for- 
mula for  computing  the  aberration  in  distance ;  we  have  only  to 
Msnme  the  distance  a  to  coincide  in  direction  with  a  declination 
drcle,  so  that  a  may  be  treated  as  the  difference  of  declination 
of  the  stars.   Then  the  effect  of  aberration  upon  a  will  be  found 
\rf  differentiating  the  expression  Go'  +  Dd\  which  expresses  the 
coirection  for  aberration  (Art.  402,  Vol.  I.) ;  thus. 


A<r 


L      dd  d!i\ 


Taking  the  values  of  a'  and  V  for  the  middle  point  of  <y,  or 
for  the  right  ascension  a^  and  declination  8^^  we  put 

dc* 

f  =z  if =  —  if  (tan  e  sm  \  -f  sin  a^  cos  ^^ 

dd 

dd' 
d=  ff'  —  =  <r .  cos  oo  cos  ^0 
d3 

snd  then  for  computing  ^a  we  have  the  simple  formula 

A<T  =  +  Cr  +  Dd  (3611) 

for  which  C  and  JD  can  be  taken  from  the  Ephemeris  for  the 
given  date.  The  correction  thus  found  is  to  be  added  to  tlue 
true  distance  to  obtain  the  apparent  distance. 

The  position  angle  p^  at  the  middle  point  of  a  is  composed  of 
the  angle  Yq  ^nd  of  the  angle  which  the  declination  circle  makes 
with  the  arc  9^:  so  that  the  change  in  p^  is  the  same  as  that  in 
the  latter  angle,  that  is,  it  is  the  difference  of  directions  of  the 
declination  circles  drawn  through  the  true  and  apparent  places 
of  the  stars.  This  difference  will  be  obtained  at  the  same  time 
with  that  produced  by  precession  and  nutation  in  the  next  article. 

808.  Ih  find  the  effect  of  precession^  nutation^  and  aberration  upon 
the  position  angle  of  two  stars. — ^Let  a^,  d^  be  the  right  ascension 
aid  declination  of  the  middle  point  between  the  two  stars.  The 
dumge  sp^  in  the  position  angle  is  simply  the  change  of  direction 
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of  the  (ieclinatiou  circle  drawn  through  this  point:  so  that  ' 
have 

(ion  COS  in 


tan  d^,  :^  ipj  = 


rf'). 


cr,  taking  Oo  =  (Ou)  +  Aa  +  Bb  +  Cf  -\-  Dd  aa  the  expression  », 
the  apparent  riglit  aacousion  at  any  time,  where  (a,)  ia  its  niiiil 
vahie  at  the  beginning  of  the  given  year  (Vol.  L  Art  402),  wi 
have 


,l.  =  CO.J,[^^ 

da 

dt. 

+  0 

•?J 

=  ' 

l.-.in.. 

m 

J.+  B.co 

so^se 

cJ.+  e.c 

oa  Oo  tan  ^,  -(-  i3. 

,  putting 

a'^ 

=   >! 

•in  •.  ""• 

•'. 

^■=' 

.■OS  .„  l„n  .5, 

*'  = 

=  i-gH  ^  Hw  3, 

-r^i 

aiu  a,  tan  '\ 

II  which,  for  a  given  year  1800  +  ( (Vol.  L  p.  017^ 


n  ^  20".0607  —  0".0000863  ( 


Tlie  annual  increase  of  p„  is  n  sin  Od  sec  ^j.  If  we  wish  to  reduci 
the  mean  value  of  p^  from  one  given  year  1800  +  /  to  anothe 
1800  +  (',  we  must,  therefore,  add  the  quantity  {t'  —  {)n  sin  a,  sec  ^ 
in  whicli  Oo  and  ^o  should  be  taken  for  the  date  1800  +  J  ('  +  '') 
The  mean  value  of  ;)„  being  thus  reduced  to  the  beginning  of  ihi 
year  1800  +  V,  its  apparent  value  for  the  day  of  the  year  wil 
tlien  be  found  by  adding  the  correction  ip^  given  by  (363),  ^ 
B,  C,  and  D  being  titken  for  the  day  from  the  annual  Ephemeri 
or  the  TabulcE  RegiomonlarKB. 

The  precession  and  nutation,  evidently,  do  not  affect  the  app; 
rent  angular  distance  of  two  stars. 
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METHOD   OF   LEAST   SQUARES  * 

1.  A  NUMBER  of  observations  being  taken  for  the  purpose  of 
determining  one  or  more  unknown  quantities,  and  these  obser- 
vations giving  discordant  results,  it  is  an  important  problem  to 
determine  the  most  probable  values  of  the  unknown  quantities. 
The  method  of  least  squares  may  be  defined  to  be  that  method 
of  treating  this  general  problem  which  takes  as  its  fundamental 
principle,  that  (he  most  probable  values  are  those  which  make  the  sum 
of  the  squares  of  the  residual  errors  a  minimum.  But,  to  understand 
this  definition,  some  degree  of  acquaintance  with  the  method 
itself  is  necessary. 

*  The  first  pablisbed  Application  of  the  method  is  to  be  found  in  Lkgbndre,  KouvtUu 
wHkoitipoMr  la  dSltrmmation  det  orbitea  des  eomitest  Paris,  1806.  The  development, 
Wwercr,  from  fundamental  principles  is  due  to  Gauss,  who  declared  that  he  bad 
iMdtbe  method  as  early  as  1795.  See  his  Theoria  Motus  Corporum  Coelettium,  1809, 
lA.  n.  See.  IIL;  Diaquititio  de  eUmtntit  elUptieis  PaUadii,  1811;  Bettimmung  der 
OafWfiM  der  Seobaehtungen  (▼.  Lindenau  und  Bohmenbbrger*s  ZnttchrifU  1810, 1. 
L 18S)  C  Theoria  comlnnationis  observationum  erroribut  minimis  obnoxm,  1828 ;  Suppte- 
anfiM  tkearim eombinatUmis,  &c.,  1826 :  all  of  which  have  been  rendered  quite  neceHS- 
ible  through  a  French  translation  by  J.  Bertrand,  Me'thode  dea  moindrea  carreta.  Me- 
emna  aur  la  comhinaiaon  dea  obaervationa,  par  Ch.  Fr.  Gauss,  Paris,  1855. 

For  a  digest  of  tbe  preceding,  together  with  the  results  of  the  labors  of  Bessbl 
and  Havsm,  see  Ehoki,  Ueber  dia  Methode  der  kleinaten  Quadrate^  Berliner  Astron. 
Jakrboch  for  1881,  1885,  1886 ;  in  connection  with  which  must  be  mentioned  espe- 
eitlly  the  practical  work  of  Gerlino,  Die  AuagUiehungareehnungen  der  praetiaehen 
Gtometrie^  Hamburg,  1848. 

8ee  also  Laplacb,  Thiorie  annlytiqua  dea  probabilitia.  Lit.  II.  Chap.  IV. ;  Poisson, 

SerlaprohabilUi dea  riatdtatamoyena  dea  obnervtitiona^  in  the  Connaissance  des  Temps  for 

1837;  Ejcckb,  in  the  Berlin  Jahrbnch  for  1853;  Bessbl,  in  Aatron.  Naeh.,  Nos.  858, 

S59.  399;  Hansbn,  in  Aatrtm,  Nach,,  Nos.  192,  212  et  seq. ;  Pbircb,  in  the  Aatron, 

Journal  (Cambridge,  Mass.),  Vol.  II.  No.  21 ;  Liaqbe,  Calcul  dea  probabili'is  ct  tlioria 

iea  errewre^  Bruxelles,  1852. 
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ERBORS  TO  WHICH  OBSERVATIONS  ARE  LIABLE. 
2.  ICvety  observation  wliich  ia  a  measure,  however  carefullj  it 
may  lie  made,  is  to  be  regarded  aa  eubjoct  to  error ;  for  expo- 
vienee  teaches  that  repeated  measures  of  the  same  quantity,  icAm 
the  greatest  precision  is  sovgbl,*  do  not  give  uniformly  the  same 
result.     Two  kinds  of  errors  arc  to  be  diistinguiahcd. 

Constant  or  rcyudar  irrors  arc  those  which  in  all  measures  of  the 
name  quantity,  made  under  the  same  cireumstatices,  obtain  tba 
same  magnitude;   or  whose  magnitude  is  dependent  iipou  the 
cireuuistaneea  according  to  any  determinate  law.     The  cauaesof^ 
such  errors  must  be  the  subject  of  careful  preliminary  search  in  . 
all  pbysieul  inquiries,  so  that  their  action  may  bo  altogether  pro- , 
vented  or  their  effect  removed   by  calculation.     For  cxamplo,  \ 
among  the  constant  erroi-a  may  be  enumerated  refraction,  alH■^ ' 
ration,  kc. ;  the  effect  of  the  temperature  of  rods  used  iu  rae&- 
auring  a  base  line  in  a  survey ;  the  error  of  division  of  a  graduuti'd 
instrument  when  the  same  division  is  used  in  all  the  measures; 
any  peculiarity  of  an  inetrunient  which  affects  a  particular  mvir 
surement  always  by  the  same  amount,  such  as  inequality  of  tbe 
pivots  of  a  transit  instrument,  defective  mljiistincut  of  the  culli- 
mation,  imperfections  of  lenses,  defects  of  nii<'ronieler  screws,  &«., 
to  which  must  be  added  constant  peculiarities  of  the  obscner, 
who,  for  example,  may  always  note  the  passage  of  a  star  over  & 
thread  of  a  transit  insti-unient  too  soon,  or  too  late,  by  a  constant 
quantity,  or  who,  in  attempting  to  bisect  a  star  with  a  micromi'Kr 
thread,  constantly  makes  the    upper  or  the  lower  portion  iho 
greater;   or  who,  in  observing  the  contact  of  two  images  (in 
sextant  measures,  for  instance),  assumes  for  a  contact  a  position 
ill  which  the  images  are  really  at  some  constant  small  distance, 
or  a  position  in  which  the  images  are  really  overlapped,  ic.  &c. 
Thus,  we  have  three  kinds  of  constant  errors: 
1st.  Theoretv-al,  such  as  refraction,  aberration,  fcc,  whose  effects, 
when  their  causes  are  once  thoroughly  niidcrstood,  may  be  cal- 
culated a  priori,  and  which  thenceforth  cease  to  exist  as  errors. 

*  Tlio  niinliflcnlion,  "  when  the  grcnlcsl  prcci«ion  ia  Bouglil,"  ia  imporlnnt ;  for  it, 
/..<j.,  we  wero  1o  determine  fhe  Inlitude  of  h  place  by  repealed  messiired  of  the  meri- 
[limi  altitude  of  the  8sme  tiieil  atar  wilh  n  seHsiit  divided  only  to  whole  degrees,  all 
niir  measures  might  give  lh«  gnme  degree.  The  accordaace  of  ob^emlions  is,  there- 
fore, nut  lo  be  laken  aa  an  infallible  evidence  of  iheir  docuracj.  It  is  especiallj 
wlien  we  approach  ih'  liniilt  of  our  mtatuHvij  foatrt  that  we  become  KDiible  of  th( 
discrepancies  of  ob^errulious. 
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The  detection  of  a  coustant  error  in  a  certain  class  of  observa- 
tions ver}'  commonly  leads  to  investigations  by  which  its  cause 
is  revealed,  and  thus  our  physical  theories  are  improved. 

2d.  Instrumental^  which  are  discovered  by  an  examination  of 
oar  instruments,  or  from  a  discussion  of  the  obser\'ations  made 
with  them.  These  may  also  be  removed  when  their  causes  are 
fully  miderstood,  either  by  a  proper  mode  of  using  the  instru- 
ment, or  by  subsequent  computation. 

Sd.  Personal,  which  depend  upon  peculiarities  of  the  observer, 
indin  delicate  inquiries  become  the  subject  of  special  investiga- 
tion under  the  name  of  '^peraonal  equations." 

Ve  are  to  assume  that,  in  any  inquiry,  all  the  sources  of  con- 
lUnt  error  have  been  carefully  investigated,  and  their  effects 
eliminated  as  far  as  practicable.  When  this  has  been  done, 
however,  we  find  by  experience  that  there  still  remain  discrepan- 
cieg,  which  must  be  referred  to  the  next  following  class. 

hrtgular  or  accidental  errors  are  those  which  have  irregular 
cauges,  or  whose  eftects  upon  individual  observations  are  gov- 
erned by  no  fixed  law  connecting  them  with  the  circumstances 
of  the  observations,  and,  therefore,  can  never  be  subjected 
^frimi  to  computation.  Such,  for  example,  are  errors  arising 
feom  tremors  of  a  telescope  produced  by  the  wind ;  errors  in  the 
lefraction  produced  by  anomalous  changes  of  density  of  the 
Btnta  of  the  atmosphere;  from  unavoidable  changes  in  the 
tereral  parts  ofan  instrument  produced  by  anomalous  variations 
of  temperature,  or  anomalous  contraction  and  expansion  of  the 
pats  of  an  instrument  even  at  known  temperatures ;  but,  more 
€q)ecially,  errors  arising  from  the  imperfection  of  the  senses,  as 
fte  imperfection  of  the  eye  in  measuring  very  small  spaces,  of 
die  ear  in  estimating  small  intervals  of  time,  of  the  touch  in  the 
delicate  handling  of  an  instrument,  &c. 

This  distinction  between  constant  and  irregular  errors  is, 

indeed,  to  a  certain  extent,  rather  relative  than  absolute,  and 

depends  upon  the  sense,  more  or  less  restricted,  in  which  we 

consider  observations  to  be  of  the  same  nature  or  made  under  the 

mme  circumstances.    For  example,  the  errors  of  division  of  an 

instrument  may  be  regarded  as  constant  errors  when  the  same 

division  comes  into  all  measures  of  the  same  quantity,  but  as 

irregalar  when  in  every  measure  a  different  division  is  used,  or 

vhen  the  same  quantity  is  measured  repeatedly  with  different 

iostroments. 
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After  a  full  investigation  of  the  conetant  or  regular  ermrititl 
is  the  ueirt  bueitiess  of  the  obseivur  to  diniiiiisli  as  much  as  pos-  I 
Bible  the  irregular  errors  by  the  greatest  care  in  the  obsorratioDs;  ' 
and  finally,  when  the  obaervatious  are  completed,  there  remsiiie 
the  important  operation  of  combining  them,  so  that  the  outstand- 
ing, unavoidable,  irregular  errors  may  have  the  least  pnilmble 
effect  upon  the  rcaulta.  For  this  combination  we  invoke  tlie 
&id  of  tlie  method  of  least  nqnares,  wliich  may  be  eaid  to  have 
for  its  objeet  the  restriction  of  the  effect  of  in-egiilar  errors  wilbin 
the  nan-owest  limits  according  to  the  theory  of  probabil jiics,  and, 
at  the  same  time,  to  determine  from  the  observations  thom*elva 
the  errors  to  wliicli  our  results  are  probabJy  liable.  It  is  proper 
to  obaerve  here,  however,  to  guard  againat  fallaoioua  applications, 
that  the  theory  of  the  method  ia  grouuded  upon  tlie  hypothwi* 
that  wo  have  taken  a  lai-ge  number  of  observatione,  or,  at  least,  a 
number  Hiifficiently  large  to  determine  the  errors  to  whitli  tlw 
observations  are  liable. 

COEBECTION   OF  THE  OBSKRVATIOSS. 

8.  VTlicn  no  more  observations  are  taken  than  are  sufficiml 
to  determine  one  value  of  each  of  the  unknown  quantiili'j 
sought,  we  have  no  means  of  judging  of  the  correctness  of  the 
resulta,  and,  in  the  absence  of  other  information,  are  compelled 
to  accept  these  results  aa  true,  or,  at  least,  aa  the  most  probable. 
But  when  additional  observations  are  taken,  leading  to  differeut 
results,  we  can  no  longer  unconditionally  accept  any  one  rofult 
as  true,  since  each  must  be  regarded  as  contradicting  the  othcra. 
The  results  cannot  all  be  true,  and  are  all  probably,  in  a  strict 
sense,  false.  The  absolutely  true  value  of  the  quantity  sought  by 
observation  must,  in  general,  be  regarded  as  beyond  our  reach; 
and  instead  of  it  we  must  accept  a  value  which  may  or  may  not 
agree  with  any  one  of  the  observations,  hut  which  is  rendered 
mofi  probable  by  the  existence  of  these  observations. 

The  condition  under  which  such  a  probable  value  is  to  be 
determined,  is  that  all  eonfradicUon  among  the  observations  is  to  bf 
reinoced.  This  is  a  logical  necessity,  since  we  cannot  accept  for 
Iruth  that  which  is  coiitradictory  or  leada  to  contradictory  result?. 

The  contradiction  is  obviously  to  he  removed  by  applying  to 
the  several  obsen'ations  (or  conceiving  to  be  applied)  probable 
■corrections,  which  shall  make  them  agree  with  each  other,  and 
which  we  have  reason  to  suppose  to  bo  equivalent  in  amoant  to 
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the  accidental  errors  severally.    But  let  us  here  remark  that  we 

do  not  in  this  statement  by  any  means  imply  tliat  an  observer  is 

to  arbitrarily  assume  a  system  of  corrections  which  will  produce 

accordance :  on  the  contrary,  the  method  we  are  about  to  eon- 

lider  is  designed  to  remove,  as  far  as  possible,  every  arbitrary 

ooDsideration,  and  to  furnish  a  set  of  principles  which  shall 

always  guide  us  to  the  most  probable  results.   The  conscientious 

observer,  having  taken  every  care  in  his  observation,  will  set  it 

down,  however  discrepant  it  may  appear  to  him,  as  a  portion  of 

tke  testimony  collected,  out  of  which  the  truth,  or  the  nearest 

approximation  to  it,  is  to  be  sifted. 

Admitting,  therefore,  that  the  observations  give  us  the  best, 
18  indeed  the  only,  information  we  can  obtain  respecting  the 
deaired  quantities,  we  must  find  a  system  of  corrections  which 
ihall  not  only  produce  the  desired  accordance,  but  which  shall 
alao  be  the  most  probable  corrections,  and  further  be  rendered  most 
frobabU  by  these  observations  themselves. 

THE   ARITHMETICAL   MEAN. 

4.  In  order  to  discover  a  principle  which  may  serve  as  a  basis 
for  the  investigation,  let  us  examine  first  the  case  of  direct  ob- 
lenrations  made  for  the  purpose  of  determining  a  single  unknown 
quantity. 

Let  the  quantity  to  be  determined  by  direct  observation  be 
denoted  by  x.  (Suppose,  for  example,  to  fix  our  ideas,  that  this 
quantity  is  the  linear  distance  between  two  fixed  terrestrial 
points.)  If  but  one  measure  of  2:  is  taken  and  the  result  is  ei, 
we  must  accept  as  the  only  and,  therefore,  the  most  probable 
value,  X  =  a.  Let  a  second  observation,  taken  under  the  same 
w  precisely  equivalent  circumstances,  and  with  the  same  degree 
rf  care,  so  that  there  is  no  reason  for  supposing  it  to  be  more  in 
error  than  the  first,  give  the  value  6.  Then,  since  there  is  no 
reason  for  preferring  one  observation  to  the  other,  the  value  of 
z  must  be  so  taken  that  the  differences  x  —  a^  x  —  b  shall  be 
nomerically  equal ;  and  this  gives 

This  result  must  be  regarded  as  the  only  one  that  can  be  inferred 
from  the  two  observations  consistently  with  our  definition  of 
jccidental  errors ;  for  positive  and  negative  accidental  errors  of 


equal  absolute  magnitude  are  to  bo  regarded  as  equal  errors  an^ 
as  equally  probable,  since,  from  the  cure  bestowed  on  the  obei-r- 
VBtioii3  and  the  euppoeed  similarity  of  the  circumBtatices  under 
which  they  are  made,  there  is  no  reason  a  priori  for  aasmniu!; 
either  a  positive  or  a  negative  error  to  be  the  more  probable. 

Now  let  a  third  observation  be  added,  giving  the  value  c. 
Since  the  three  observations  are  of  equal  reliability,  or,  as«c 
shall  hereafter  say,  of  equal  weight,  wo  must  so  combine  a,  b.  atid 
e  that  each  ehall  have  a  like  influence  upon  the  result;  in  other 
words,  z  must  be  a  symmetrical  function  of  a,  b,  aud  c.  If  we 
first  consider  a  and  t  alone,  theu  a  and  c,  then  6  and  c,  we  ehitll 
find  the  values 

i  {o  +  i).  1  (rt  +  c),  i  (i  +  c), 

with  each  of  which  the  additional  observation  r,  fi.  or  «  is  to b* 
eombined.  Each  combination  must  result  m  the  sarue  r'Stn- 
metrical  function,  which,  whatever  it  may  be,  can  he  deniitctl  hy 
the  functional  symbol  4-     "^^^  must,  therefore,  have 

a;  =  4  [}  (rt  -f  6),  c] 
-+[!(«  +  cO,  i] 
=  4  [i  (6  +  <:).  "] 

Introducing  the  sum  of  a,  b,  and  c,  or  putting 

s^a  +  b-i-c 
theae  become 

X  =  4  [Ks  —  c),  c]  =  4  [s,  c] 

=  4[Ks-«),a]  =  4[s,«j 

But  s  is  already  a  symmetrical  function  of  a,  b,  and  c,  and  there- 
fore these  equations  cannot  all  result  In  the  same  symrrietrical 
function  unless  c,  b,  a,  in  the  respective  developments  of  the 
functions,  disappear  and  leave  only  s.     Hence  we  must  have 

2^  =  4(5) 

Now,  to  determine  i^,  we  observe  that,  as  it  must  be  general, 
its  nature  may  be  learned  from  any  epecial  but  known  case. 
Such  a  case  is  that  in  which  the  three  observations  give  tlirce 
equal  values,  ora— 6  =  c;  and  in  that  ease  we  have,  tis  the 
only  value,  x  =  a,  or 

ti  =  4  (3  a) 
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ind,  conseqaently,  the  symbol  i^  signifies  here  the  division  by  8. 

Hence,  generally, 

a  +  b  +  c 
X  = 


In  the  same  manner,  if  it  had  been  previously  shown  that  for 
»  equally  good  observations  the  most  probable  value  is 

m 

it  would  follow  that  for  an  additional  observation  p  we   must 
have 

m  +  1 
for,  putting  5  =  a4-6  +  <?+-»-+w+p,  we  shall  have 

ar  =  4  I  —  («  —;>),;?=  4  [s,p]  =  4  («),  &c. 

Bat  we  have  shown  that  the  form  is  true  for  three  observed 
values:  hence,  it  is  true  for  four;  and  since  it  is  true  for  four' 
values  it  is  true  for  five ;  and  thus  generally  for  any  number.* 

The  principle  here  demonstrated,  that  the  arithmetical  mean 
of  a  number  of  equally  good  observations  is  the  most  probable 
value  of  the  obsei'ved  quantity,  is  that  which  has  been  universally 
adopted  as  the  most  simple  and  obvious,  and  might  well  be 
received  as  axiomatic.  The  above  demonstration  is  chiefly 
valuable  as  exhibiting  somewhat  more  clearly  the  nature  of  the 
issumption  that  underlies  the  principle,  which  is  that,  under 
trictly  similar  circumstances,  positive  and  negative  errors  of  the 
ime  absolute  amount  are  equally  probable. 

5.  If  now  n',  w",  n'" 71^*"^  are  the  m  observed  values  of  a 

quired  quantity  x,  and  if  x^  denotes  their  arithmetical  mean, 
e  assumption  of  x^  as  the  most  probable  value  of  x  gives 
—  Xq^  n"  —  Xq^  7i'"  —  ar^j,  &c.,  as  the  most  probable  system  of  cor- 
ctions  (subtractive  from  the  observed  values)  which  produce 
e  required  accordance.     But  the  equation 

^p  =  —^ — ^ — ;? 0) 

*  Emcki,  Berliner  Astron.  Jahrbuoh  for  1884,  p.  262. 
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may  also  be  pat  under  the  form 

(»'  -  -r.)  +  t""  -  ^.)  +  C«"'  -*■.)  +  ■■ 

that  is,  ihc  aJgehraic  sum  of  the  corrections  is  zero. 

This  ia,  liowevcr,  not  tlje  only  charaoterietic  of  the  system  of 
corrections  resultiug  from  the  use  of  the  arithmetical  meao.  Let 
us  examine  the  sum  of  the  squares  of  tJie  corrections.  For 
brevity,  let  ua  denote  the  corrections,  or,  an  tlioy  will  be  here- 
after called,  tlie  residuals,  by  the  symbol  v:  so  that 


-  ^«> 


t^'  =  n"' 


-  Xo,  &C. 


and  also  denote  the  sums  of  quantities  of  the  same  kind  by 
enclosing  the  common  symbol  in  rectangular  bracketa  :  so  that 

Ivl  =  v' +  v"  +  v'"  +  ix. 

[ri-']  =  i/r'  -I-  v/'o"  -f  r"V"  +  &c. 

a  notation  usually  employed  throughout  the  method  of  luut 

squares.     We  have 

M  =  «  ta) 

and 

[m.]  =  (n'  -  x.y  +  (/."  -  »■,)■  -I-  («"■  -x,y+ 

=  [«»]- 2  ["]*  +  «.-     . 
But  since  we  have  also 

,.  =  M 

this  equation  becomes 

M  =  [»»]- 


2Wt 


(S) 


Let  x^  be  any  assumed  value  of  x,  giving  the  residuals 

r,  =  «'  —  x,  i:,  =  n"  —  a;  v,  =  n'"  —  x„  Jtc. 

then,  as  above, 

[",",]  =  ["«]  -  2  [«]  X,  +  mx,' 
Substituting  in  this  the  value  of  [iin]  given  by  (3),  we  find 


[u,i>,]  =  M  +  i 


-  2  [n]  X,  +  mi,' 


C<) 


=  [i;t>]  +  m(r, —  Xi)' 


METHOD   OF   LEAST   SQUARES.  477 

This  equation  determines  the  sum  of  the  squares  of  the  residuab 
for  any  assumed  value  of  x.  Since  the  last  term  is  always  posi- 
tive, we  see  that  this  sum  for  any  value  of  x  dittering  from  the 
arithmetical  mean  ar©  is  always  greater  than  [«re?].  Hence  it  is  a 
second  characteristic  of  the  arithmetical  mean,  that  it  makes  ih& 
nan  of  the  aquares  of  the.  residuals  a  minimum. 

6.  Observations  may  be  not  only  direcij  that  is,  made  directly 
upon  the  quantity  to  be  determined,  but  also  indirect^  that  is,  made 
upon  some  quantity  which  is  a  function  of  one  or  more  quanti- 
ties to  be  determined.  Indeed,  the  greater  part  of  the  observa- 
tions in  astronomy,  and  in  physical  science  generally,  belong  to 

the  latter  class.     Thus,  let  x,  y^  z be  the  quantities  to  be 

determined,  and  M  a  function  of  them  denoted  by/,  or 

M=f{x,y,z,...)  (5) 

and  let  us  suppose  an  observation  to  be  made  upon  the  value  of 
N.  ^We  then  have  but  a  single  equation  between  x,  y,  e . . . .  and 
the  observed  quantity  Jlf,  and  the  problem  is  as  yet  indetermi- 
nate. Various  systems  of  values  may  be  found  to  satisfy  the 
equation,  either  exactly  or  approximately.  Let  us,  however,  sup- 
pose that  the  most  probable  system  (as  yet  unknown)  is  expressed 
hy  X  =  p,  y  =  5',  2^  =  r . . . . ,  and  let  the  value  of  the  function, 
when  these  values  are  substituted  in  it,  be  denoted  by  F,  or  put 

T^=/(;>,  (7, /....)  (6) 

then  M —  Vis  the  residual  error  of  the  observation.  In  like 
manner,  if  a  number  of  observations  of  the  same  kind  be  taken, 
in  which  the  observed  quantities  M'^  M'\  M'" . . .  are  functions 
determined  by  the  same  elements  p,  y,  r, . . . . ,  and  if  F',  F", 

F'" ....  are  the  values  of  these  functions  when  Py  q^  r are 

substituted  in  them,  then  31'  —  F',  M''  ~  F",  JJf '"  —  F'" .... 
are  the  residual  errors  of  the  observations.  If  there  are  /i 
unknown  quantities  and  also  /i  observations,  and  no  more,  there 
will  be  fi  equations  between  the  known  and  unknown  quantities, 
which  will  fully  detennine  the  values  of  these  unknown  quanti- 
ties: so  that  the  probable  values  p,  7,  r....are,  in  that  case, 
those  determinate  values  which  exactly  satiflfv  all  the  equations, 
ud,  consequently,  reduce  every  one  of  the  residuals  3P  —  F', 
M'^  —  F",  &c.  to  zero.  But,  if  there  are  more  than  /i  observations, 
the  determinate  values  found  from  /i  equations  alone  will  not 


necessarily  satisfy  the  remaining  equationa,  in  conseqaeQce 
accidoitui  errors  iu  tlie  observations.  The  problem,  then,  utl 
determine  from  all  the  obscrsaihns,  or  fnm  all  the  equations,  Ik 
niost  probable  system  of  values  of  the  imhwwii  qumilittes,  or,  wbicit 
the  same  th\ng,  the  most  probable  systan  of  renulual  errors.  Iniiw 
case  of  direct  ubacrvalioiia,  we  have  seen  that  the  most  probablf 
value  of  the  mikiiown  quantity  was  that  which  made  tho  algfr 
braic  aura  of  the  residuals  zero ;  but  this  principle  followed  frorn 
taking  the  arithmetical  mean  of  the  same  quantity,  and  is  ol^ 
viously  inapplicable  in  the  present  case.  The  second  priuciple, 
that  the  most  probable  value  is  thatwhich  makes  the  sum  of  tba 
squares  of  the  residuals  a  minimum,  is  of  a  more  general 
character,  and  might  be  assamed  at  once,  as  at  least  a  plausMl 
principle,  to  serve  as  the  baaia  of  the  solution  of  our  problem 
hut  it  will  be  more  satisfactory  to  justify  its  adoption  by  till 
calculus  of  probabilities. 

THE   PROBAniLITY   CUBrE. 

7.  Although  accidental  errors  would  seem  at  first  sight  to  ba 
of  a  capricious  and  irregular  niiture  which  would  exclude  them 
from  the  domain  of  mathematics,  yet,  upon  examination  fTOioi 
theoretical  considerations,  confirmed,  as  will  be  shown,  by  expe- ' 
rience,  we  shall  find  that  they  are  subject  to  remarkably  precise 
laws.  In  the  first  place,  we  remark  that  they  are  subject  to  the 
following  fundamental  laws :  Ist.  Errors  in  excess  and  in  defect 
— i.e.  positive  and  negative,  but  of  equal  absolute  value — are 
equally  probable,  and  in  a  large  number  of  obsenations  are 
equally  frequent.  2d.  In  every  species  of  observations,  there  ie 
a  limit  of  error  which  the  greatest  accidental  errors  do  not 
exceed :  thus,  if  /  denotes  the  absolute  magnitude  of  this  limit. 
all  the  positive  errors  are  comprised  between  0  and  4-  /,  and  all 
the  negative  errors  between  Oand  —  (,  and,  consequently,  all  th( 
errors  are  distributed  over  the  interval  2/.  3d.  The  errors  an 
not  distributed  uniformly  over  tins  interval  21,  but  the  smallei 
errors  are  more  frequent  than  the  larger  ones. 

Thus  the  frequency  of  an  error  of  a  given  magnitude  may  bt 
regarded  as  a  function  of  the  error  itself:  so  that,  if  we  denoti 
an  error  of  a  certain  magnitude  by  J,  and  its  relative  frequenc 
in  a  given  large  number  of  obeer\'ations  by  yJ,  this  fuiictioi 
should  obtain  its  maximum  value  for  J  =  0,  and  become  zcr> 
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.  A  =i  ±L  If,  then,  we  denote  the  probability'^  of  an  error 
ify  or  put 

y  =  f  J  (7) 

lay  regard  this  as  the  equation  of  a  curve,  taking  J  as  the 
ssa  and  y  as  the  ordinate.  The  nature  of  this  curve  will  be 
ately  defined  when  we  have  discovered  the  form  of  the 
ion  ^J,  but  we  can  see  in  advance  that  a  curve  such  as 
k  is  required  to  satisfy  the  conditions  abeady  imposed  upon 


unction.  For  its  maximum  ordinate  must  correspond  to 
) ;  it  must  be  symmetrical  with  reference  to  the  axis  of  y^ 
equal  errors  with  opposite  signs  have  equal  probabilities; 
t  must  approach  very  near  to  the  axis  of  abscissfe  for  values 
near  tjie  extreme  limits,  although  the  impossibility  of  as- 
ig  such  extreme  limits  of  error  with  precision  must  prevent 
)m  fixmg  the  point  at  which  the  curve  will  finally  meet  the 


The  number  of  possible  errors  in  any  class  of  observations 
ictly  speaking,  finite ;  for  there  is  always  a  limit  of  accuracy 
e  observations,  even  when  we  employ  the  most  refined 
iments,  in  consequence  of  which  there  is  a  numerical  suc- 
\n  in  our  results.     Thus,  if  1"  is  the  smallest  measure  in  a 


That  18,  if  the  error  J  ooonrs  n  times  in  m  obeerrfttions,  y  =  f  J  =  — . 

fit 


I 


given  caae,  the  posnible  errors,  arrnnged  in  tli«ir  order  of  m^D- 
tudc,  can  only  d'lifer  by  1"  or  an  inti-gral  tminber  of  seamJL 
Hence,  our  geometrical  representation  stiutild  atriL-tly  cossistof 
a  number  of  iaolated  pointa ;  but,  iis  those  points  will  be  monf 
and  more  nearly  rcpresenteil  by  a  continuous  curve  as  we  inerwM 
the  accuracy  of  the  observations,  and  lliiis  diminish  the  ioteiriii 
between  the  Huccesaive  ordinates,  we  may,  without  heBitatino, 
adopt  such  a  continuous  curve  as  expressing  the  law  of  emr, 
We  shall,  therefore,  regard  J  as  a  continuous  variable,  ani)  J 
as  a  continuoue  function  of  it.  ' 

Now,  by  the  theory  of  probabiliticB,  if  ^J,  if  J',  fJ" 

are  the  respective  probabilities  of  all  the  possible  errors  J,!, 
J" we  have* 

(»J  +  yJ'+ffJ"+ =  1 

when  the  number  of  possible  errors  ia  6nite.  But  the  aBsiiniei 
continuity  of  our  curve  requires  that  we  consider  the  diflVreEM 
between  successive  values  of  J  as  infinitesimal,  and  tlitis  th* 
number  of  values  of  f  J  is  infinite,  and  the  probability  of  an.' 
one  of  these  errors  is  an  infinitesimal.    To  meet  this  <til£eultt< 

let  us  observe  that  if  a  finite  series  of  errors  J,  J',  J" lio  n- 

pressed  in  flic  i^iiialk'st  unit  ciiiiilnvnl  in  tin.-  <.lis,Tvatioii,.  rl.-^ 
errors,  armnijcil  iti  the  onU'r  nf  tlivir  iiKigiiiliidi.',  will  Ik-  a  imv- 
of  consecutive  integrul  numbers  ;  the  pmlulnlity  of  the  ormJ 
iniiy  be  regarded  as  the  same  as  the  probability  that  the  crmi 
falls  between  J  and  J  -!-  1;  and  the  probability  nf  an  error  be- 
tween J  and  J  +  t  will  he  the  sum  of  the  probabilities  of  thi 
crroi's  J,  J  -f  1,  J  ^-  2 J  +  (i  —  i).  If  i'  is  small,  the  pro- 
bability of  ea\;li  of  the  errors  from  J  to  J  +  i  will  be  nearly  tlis 
same  ne  that  of  J:  so  that  their  sum  will  differ  but  little froffl 
(VJ.  As  the  interval  between  the  suecoseive  errors  diminisha, 
this  expression  becomes  more  accurate  ;  and  hence  when  we  take 
(/J,  the  intinitcsiniid,  instead  of  (,  wc  have  if  J .  tfJ  as  the  rigonw 
expression  of  the  probability  that  an  error  falU  between  J  ami 
J  -|-  liJ.  Hence,  it  follows,  in  general,  that  the  probability  that 
an  error  falls  between  any  given  limits  a  and  b  is  the  sum  of  ail 

*  For  if  there  are  n  errors  ^lual  to  J,  n'  cijusl  lo  J',  &8.,  ftnd  the  whnle  Bu*b« 
of  errors  is  m.  iIjp  probabililips  of  ihe  errors  nre  re^pccliTelj  pj  =  —,  «S=  —.tt- 
and  tlio  sum  of  iLese  Is  "  +  "'  +  ••-'  =  ^  =  J. 
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&e  elements  of  the  fonn  f  J .  dJ  between  these  limits,  or  the 

6 

dJ 


Sj'- 


vA  flus  integral,  taken  between  the  extreme  limits  of  error,  and 
thas  embracing  all  the  possible  errors,  will  be 


X 


wA  ,dJ=l 
—I 


We  have  heretofore  assumed  that  the  ftmction  fJ  is  to  be  zeru 
for  J  =  di  t  It  must  also  be  added  that,  since  the  probability 
of  any  error  greater  than  di  i  is  also  zero,  we  should  have  to 
determine  this  function  in  such  a  manner  that  it  would  be  zero 
for  all  values  of  J  from  +  ^  to  +  qo  and  from  —  Z  to  —  oo.  Th« 
obvious  impossibility  of  determining  such  a  function  leads  us 
to  extend  the  limits  ±  /  to  ih  bo,  and  to  take 

C^%A.dA=l  (8) 

This  will  evidently  be  allowable  if  the  integral  taken  from 
±/to  ±  00  is  so  small  as  to  be  practically  insignificant.  Besides, 
tte  extreme  limits  of  error  can  never  be  fixed  with  precision,  and 
it  will  suffice  if  the  function  (pJ  is  such  that  it  becomes  very  small 
for  those  errors  which  are  regarded  as  very  large. 

9.  Returning  now  to  the  general  case  of  indirect  observations. 
Art  6,  in  which  we  suppose  a  quantity  J!f =/(r,  y,  ^, . . . .)  to  be 
observed,  let  4,  d\,  J" ....  be  the  errors  of  the  several  observed 
^lues  of  J!f,  and  f  J,  f  ^,  yJ" ....  their  respective  probabilities; 
fcen,  the  probability  that  these  errors  occur  at  the  same  time  in 
the  given  series  being  denoted  )}y  P,  we  have,  by  a  theorem  of 
die  calculus  of  probabilities,* 

P  =  ^A .  f  J',  f  J" (9) 

The  most  probable  system  of  values  of  the  unknown  quantities 

*  If  a  single  actiaa  of  a  cause  can  produce  the  effects  a,  a\  a'\  ....  with  the  re- 

spectJTe  probabilities  />,  p\f^\ the  probability  that  two  sucoessiye  independent 

aetJoBB  of  the  cause  wiU  produce  the  effects  a  and  a*  is  pf^;  and  similarly  for  any 
■oiber  vf  cfffsets.  Thm,  if  «■  urn  oontains  2  white  baUs,  8  red  ones,  and  6  black 
nea,  the  probabilHy  ibait  In  twe  •sueeeasire  drawings  (the  original  number  of  baUs 
^eiag  the  same  at  each  drawing)  one  baU  wiU  be  white  and  the  sUhme  red  ia  ^  X  A- 
VoL.  IL— 81 


X,  ^,  ^ will  be  that  which  makes  the  probability  P  &  t 

mum.     Consequently,  since  x,  y,  z are  here  supposed  to  b 

independent,*  the   derivative   of  P  relntiveiy  to  each  of  \ht 
variables  must  be  equal  to  zero;  or,  since  log  P  varies  with^ 
the  derivatives  of  log  P  must  satisfy  this  condition,  and  we  i. 
have 

1    rf-P      .  I   dP 


\ 


P  dx 
which,  since 

logP  = 

give  the  equations 

,  dd 


„      -  =  0,  &c. 
P  dy 

log  <fJ  -I-  log  y  J'  +  log  y  J"  + . . , 


,  rfJ' 


;    'f'i"     . 


f^J    ~+   /  J'.  1-  +   p'J".  ■- f.  .  , 

dx  rfj:  dx 

dy  dy  dy 

,  ,    .iJ    ,      ,  „  dd'    ,      ,  ,„  dJ" 

f'A.—  -fp'J'.— -  +  /J"         -(. =  0 

d2  dz  d^ 

&c.  Ac. 


(«»>| 


whiuh  wc  have  put 


f'J'  = 


fd'dJ" 


(II    > 


The  number  of  equations  in  (10)  being  the  same  as  that  of  th^ 
unknown  quantities,  these  equations  will  serve  to  determine  th^ 
unkno%vn  quantities  when  we  have  discovered  the  value  of  the- 
function  ip'J,  as  will  be  shown  hereafter. 

Since  the  functions  ipJ  and  f'J  are  supposed  to  be  general,  and 
therefore  applicable  whatever  the  number  of  unknown  qaanti- 
ties,  we  may  determine  them  "by  an  examination  of  the  special 
case  in  which  there  is  but  one  unknown  quantity,  or  that  in 
which  the  observed  values  M,  M',  M". . . .  belong  to  the  same 
quantity.  In  that  case,  the  hypothesis  that  x  is  the  value  of  this 
quantity  gives  the  errors 


d'=M'~  X, 


J"  =  M" 


*  That  is,  subject  to  do  reBtriolioni  except  that  they  ahftU  amtiafy  the  obserratiou, 

or  Iha  equBtioDB  Jf  =/(e,  y.  i, ).     For  the  ckse  of  "  oonditioned"  BbMrrMioBa, 

Bee  Art.  5S  of  Ihii  Appendix. 


METHOD   OF   LEAST   SQUARES.  488 

irhence 

<f  J       d^'      dr  , 

dx      dx        dx 
and  the  first  equation  of  (10)  becomes 

f^(Jf— a:)+f'(iir-ar)+f>'(Jlf"— ar)  + =  0      (12) 

This  being  general  for  any  number  m  of  observations,  and  for 

any  observed  values  My  M\  M". . . .,  let  us  suppose  the  special 

cage 

M*  =  M" =M-^mN 

Since  the  arithmetical  mean  of  the  observed  quantities  is  here 
Ike  most  probable  value  of  x,  we  have 

x  =  ]-{M  +  M^+M"  + ) 

=  1  [if  +  (m  -  1)  {M^mNy\ 


whence 


=  2f  —  (m  —  1)  JV^ 

M—x  =  (m  —  V)N 

M'—  x  =  M"^x =  —  N 


and,  consequently,  (12)  becomes 

^[(m  -  1)  JTI  +  (m  -  1)  f.'(-ir)  =  0 

y^[(m~l)iV-]^f/(~JO 
(m  — l)JVr  — iVT 

That  is,  for  all  values  of  m,  and  therefore  for  all  values  of  (m  —  1)  JV^ 

.         y^[(m~l)ir|  ,   ^       -  ^.^  f'(-^ 

we  have  ^— ~ ^'^^     equal  to   the   same  quantity  —^ — rir-' 

Hence  we  have  generally  —  equal  to  a  constant  quantity,  and, 
denoting  this  constant  by  A,  we  have 

or,  by  (11), 

^  =  kA,dA 

Integrating, 

log  f  J  =  }  A:  J*  +  log  % 

whence 

in  which  e  is  the  base  of  the  Napierian  system  of  logarithms. 


Sinc^e  ipd  must  decrease  ns  J  increases,  \h  roust  be  esaentianj 
negative:  representiDgit,  therefore,  by —  A',  our  function  becomes 


To  determine  the  constant 

■which  ^vea 


;,  let  this  value  be  substituted  in  (8), 


Pniting 

tliia  integral  becomea 


SI? 


x: 


(U) 


The  known  value  of  the  definite  integral  in  the  first  member  is 
\/7z  (aee  Vol.  I,  p.  153) ;  whence 

A 


ind  the  complete  expression  of  ipJ  becomea 


(»> 


Tlie  constant  k  must  depend  upon  the  nature  of  the  obscrva- 
tiong,  and  will  be  particularly  examined  hereafter.  If  we  here 
take  it  a^  the  unit  of  abaciasee  in  the  curve  of  probability,  the 

equation  (7)  becomes 

1 

y  =  -—«-** 

by  which  the  eur\'e  may  be  constructed.     The  valncs  of  y  for  a 
few  values  of  J  are  as  follows: 


J 

3 

0.0 

0.6642 

0.3 

0.5421 

0.4 

0.4808 

0.6 

0..5936 

0.8 

0.2975 

I.O 

0.2076 

1.2 

0.1337 

1.4 

0.0795 

1.6 

0.04S6 

-  .0221 

-  .0613 

-  .0872 

-  .0961 

-  .0899 

-  .0739 

-  .0542 

-  .0359 


J 

y 

1.6 

0.0436 

1.8 

0.0221 

2.0 

0.0103 

2.2 

0,0045 

2.4 

0.0018 

2,6 

0,0007 

2.8 

0.0002 

3.0 

0.0001 

» 

0.0(»00 

—  .0215  I 

—  .0118 

—  .6058  I 

—  .0027  i 

—  .0011  1 

—  .0005  . 

—  .0001 
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The  curve,  Fig.  A,  in  Art  7,  is  constructed  from  this  table ;  but, 
to  exhibit  its  character  more  distinctly,  the  scale  of  the  ordinates 
is  four  times  that  of  the  abscissae  (which,  indeed,  corresponds  to 
the  case  of  A  =  2).  We  see  that  the  curve  approaches  very  near 
to  the  axis  for  moderate  values  of  J,  and  that  the  assumption  of 
dtz  ao  instead  of  finite  limits  of  J  can  involve  no  practical  error. 
It  is  evident  that  the  axis  Jl^  is  an  asymptote  to  the  curve. 

The  differences  in  the  above  table  indicate  that  the  curve 
approaches  the  axis  most  rapidly  at  a  point  whose  abscissa  is 
betiveen  0.6  and  0.8.  The  exact  position  of  this  point,  which 
is  a  point  of  inflexion,  is  found  by  putting  the  second  differen- 
tial coefficient  of  j/  equal  to  zero,  which  gives 


iivhence 


— i^  = ^— AA  J «— AA:s  Q 


J=  ^5  =  0.7071 


The  ordinate  Mm  is  drawn  at  this  point.    We  shall  have  occa- 
sion to  refer  to  it  again  hereafter. 


THB   MBASUBB   OF   PRBCISION. 

10.  The  constant  h  requires  special  consideration.     Since  the 

1 
exponent  of  e  in  (14)  must  be  an  abstract  number,  j-  must  be  a 

concrete  quantity  of  the  same  kind  as  J.     In  a  class  of  observa- 

tioBA  in  which  J  is  small  for  a  given  probability  f  J,  j  will  be 

noiall,  and  k  will  be  large.  Thus,  h  will  be  the  greater  the  more 
precise  the  nature  of  the  observations,  and  is,  therefore,  called  by 
Gauss  the  measure  of  precisian.  If  in  one  system  of  observa- 
tions the  probaUUty  of  an  error  A  is  expressed  by 

and  in  another,  more  or  less  precise,  by 


€ 


^hfh'^A 


tihe  probability  that  in  one  observation  of  the  first  system  the 


error  committed  will  be  comprised  between  the  limits  —  i  uA 
+  5  will  be  expressed  by  the  integral 


£■ 


and,  in  like  manner,  the  probability  that  the  error  of  an  observa- 
tion ia  the  second  system  witi  be  coiiipriaed  betwucn  —  ^aud 
+  d'  will  be  expresBfld  by 

These  integrals  are  evidently  equal  when  we  have  hS  ^  h'S'.  If, 
for  example,  we  have  A'=  2/i,  the  integrals  will  be  equal  when 
S  —  25';  that  ia,  the  double  error  will  be  committed  in  the  first 
syateni  with  the  same  probability  as  the  simple  error  iu  iho 
second,  or,  in  the  usual  mode  of  expression,  the  second  system 
will  be  twice  as  precise  as  the  first.  We  shall  presently  see  how 
the  value  of  h  can  be  found  for  any  given  observations. 

THE  METHon  OP  LEAST  SQUARES. 
11.  The  preceding  discusHion  leuils  directly  to  important  prac- 
tical results.  "We  have  seen  (Art.  9)  that  to  find  the  most  probable 
valuesof  a;,7, 2. . . .  from  the  observed  values  of  ^V^=/(ar,y,z, . , , ,) 
we  are  to  render  the  probability  J*  =;  ^ J,  ^ J'.  ^ J". a  maxi- 
mum, that  is,  by  (14), 

P  =  A"7t-*-e-**('>*  +  4'A'+*-4"+..--)  (15) 

must  be  a  maximum;  and  this  requires  that  the  qnantity 
JJ  +  J' J'  +  J" J"  -|- should  be  a  minimum.  Thus,  the  prin- 
ciple that  the  most  probable  tallies  of  the  unlmoicn  quantUks  are  those 
which  make  Ike  sum  of  ike  squares  of  the  resklual  errors  a  minimum,  h 
not  limited  to  the  ease  of  direct  observations,  but  is  entirely 
general. 

The  principle  is  readily  extended  to  observations  of  unequal 
precision.     For  if  the  degree  of  precision  of  the  observations 

M,  M',  M" be  respectively  A,  h',  h"....,  and'we   compare 

those  observed  quantities  with  the  values  V,  V,  V". . . .,  cooipnted 
with  the  most  probable  values  of  3:,y,z. ..., whereby  we  ubtain 

the  residual  errors  M  —  V=  J,  M'  —  V"'—  J' ,  it  is  the  same 

thing  as  if  we  had  taken  obsen-ations  of  equal  precision  (repre- 
sented by  1)  upon  the  quantities  HM,  h'M',  h"M". . . .,  and  had 
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compared  them  with  the  computed  quantities  h  F,  A'  V\  A"  F" , 

whereby  we  should  have  found  the  errors  hM  —  hV  =  A  J, 
hfJH'  —  h'V  =  h'J\  . . .,  in  which  case  we  should  have  to  reduce 
to  a  minimum  the  quantity 

A«  J«  +  A'«  J'«  +  A"*  J'"  +  . . . . 

that  is,  each  error  bdng  multiplied  by  its  measure  of  precisioUy  and 
thereby  reduced  to  the  same  degree  of  precision^  the  sum  of  the  squares 
of  the  reduced  errors  must  be  a  minimum. 

In  -what  precedes  is  involved  the  whole  theory  of  the  method 
of  least  squares.     I  proceed  to  develop  its  practical  features. 

THE   PROBABLE   ERROR. 

!£•  From  the  preceding  articles  it  follows  that  the  probability 
that  the  error  of  an  observation  falls  between  J  and  J  +  ^^  is 
expressed  by 

I  and  the  probability  that  it  &lls  betweeu  the  limits  0  and  a  is 
expressed  by 


A       /•A-a 


e-hhAAdJ 
AsO 


and  this  integral  expresses  the  number  of  errors  that  we  should 
expect  to  find  between  the  limits  0  and  a  when  the  whole  num- 
ber of  errors  is  put  =  1  [equation  (8)].  If  we  put  t  =  hAy  the 
integral  takes  the  form 


1         /•t^ah 

^  I  e-^^dt 


The  whole  number  of  errors,  both  positive  and  negative,  whose 
numerical  magnitude  falls  between  the  given  limits  is  twice  this 
integral,  or 

—  /  e-'^dt  (16) 

The  value  of  this  integral  (which  may  be  computed  by  the 
methods  of  Vol.  L  Art.  113)  is  given  in  Table  IX.  The  number 
of  errors  between  any  two  given  limits  will  be  found  by  taking 
the  difference  between  the  tabular  numbers  corresponding  to 
these  limits.  Since  the  total  number  of  errors  is  taken  as  unity 
in  the  table,  the  required  number  of  errors  in  any  particular  case 
IS  to  be  found  by  multiplying  the  tabular  numbers  by  the  actual 


number  of  observatioDs.     Thus,  if  thcr«  arc  1000  obaervitian^  | 
we  lind  that 

between  t  =^  0     and  t  =  0.5  ttiore  are  fi20  errors. 


13.  The  degrees  of  precision  of  diilerent  series  of  olixerratioin 
may  bo  compared  together  cither  by  compaiing  the  vulnes  of  i, 
or  by  eomparing  the  errors  whieh  arc  committed  with  eqo^ 
facility  in  the  two  systems.  The  errors  to  be  compared  mud 
occupy  in  the  two  systems  a  nke  position  in  relation  to  theei- 
treme  errors,  and  wo  may  select  for  this  parpose  in  each  Byrtaa 
the  error  lekich  oeevpies  the  middle  pface  in  the  scries  of  errors  amofii 
in  the  order  of  Iheir  mafftiilude,  so  that  the  number  of  errors  whiekm 
less  than  this  assumed  error  is  th*  tame  as  the  number  of  erron  mitwl 
exceed  it.  The  error  which  satisfies  this  condition  is  that  fnr 
which  the  value  of  the  inte^rnl  (16)  is  0.^.  Dcrttotiiig  the  cm- 
responding  value  of  /  by  fi,  we  iiud,  by  interpolation  fixim  Tibl* 

IX.,  ; 

p  =  0.47C94 
iind  we  have  1 

If  tlion  we  denote  by  r  thf  error  ivhicli,  in  any  syiitem  of  oha-!- 
vatirins  wIkiso  degree  of  precision  i.s  /(,  corresponds  to  the  value 
'  =  /I,  or  |iut 

P  =  hr  h  =  ^  [\h 

there  will  bo  a.  probability  of  J  that  the  error  of  any  single  ob?i'r- 
vatiori  in  that  system  will  be  less  than  r,  and  the  same  proba- 
bility that  it  will  be  greater  than  r;  wliich  is  sometimes  expresti^^J 
by  saying  tliat  it  ix  iin  even  wiig<r  that  ijie' error  will  be  hss  tlian'- 
Hence  ?■  is  called  the  jirofxdile  error. 

We  may,  therefore,  coniimre  different  series  of  obsenatioiis 
by  comparing  their  probable  eiTors,  tlieir  degrees  of  prccisioo 
lieing,  by  (18),  inversely  jiroiwrtioual  to  these  errors. 

14.  In  order  to  apply  Table  IX.  in  determining  the  number 
of  errors  in  a  given  class  of  observations,  we  must  know  the 
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measure  of  precision  A,  or  the  probable  error  r:  thus,  if  we 
wish  the  number  of  errors  less  Aan  a,  we  enter  the  table  with 

the  ar^ment  i  =  ahy  or  i^=  — 

For  greater  convenience,  we  can  employ  Table  IX.A,  which 

gives  the  same  function  with  the  argument  - .    For  example,  if 

there    are  1000  observations  whose  probable  error  is  r  =  2", 
and  "we  wish  to  know  the  number  of  errors  less  than  a  =  1",  we 

take  from  Table  IX.A,  with  the  argument  -  =  0.5,  the  number 

0.26407,  which  multiplied  by  1000  gives  264  as  the  required 
number. 

The  following  example  from  the  Fundawenia  Astronomice  of 
Sbsski*  will  serve  to  show  how  far  the  preceding  theory  is  sus- 
tained by  experience.  In  470  observationfl  made  by  Bradley 
upon  the  right  ascension  of  Sirius  and  Altair^  Bessel  found  the 
probable  error  of  a  single  observation  to  be 

r  =  0".2637 

Hence,  for  the  number  of  errors  less  than  O'M  the  argument  of 
Table  IX.A  will  be  j^^  =  0.3792;  and  for  0."2,  0".8,  &c.,  the 

multiples  of  0.8792.     Thus,  we  find  from  the  table 

for  O'M  with  arg.  0.3792  the  number  0.20187 


"   0  .2 

it 

0.7584 

(< 

0.39102 

«  0  .8 

(( 

1.1376 

a 

0.55710 

«  0  .4 

ti 

1.5168 

t( 

0.69372 

«  0  .5 

(t 

1.8960 

(t 

0.79904 

'<  0  .6 

t( 

2.2752 

f( 

0.87511 

"  0  .7 

(t 

2.6544 

u 

0.92661 

'«  0  .8 

(t 

8.0336 

14 

0.95926 

«  a.» 

it 

3.4128 

U 

0.97866 

«  1  .0 

a 

8.7920 

u 

0.98946 

00 

ii 

1.00000 

Snbtracting  each  number  from  the  following  one,  and  multiply- 
ing tb^  remainder  by  470,  the  number  of  observations,  there  were 
toxtnfd 


I 

I 


Between 

No.  of  eiTon 
by  Lhe  theory. 

No.  ofeiTora  by 
eiperience. 

0".0  and  0".l 

95 

94 

0  .1    "     0  .2 

89 

88 

0  .2    "    0  .3 

78 

78 

0  .3    ■'     0  ,4 

64 

58 

0  .4    "     0  .0 

50 

51 

0  .6    "    0  .6 

ae 

36 

0  .6    "    0  .7 

24 

20 

0  .7    «    0  .8 

15 

14 

0  .8    "    0  .9 

9 

10 

0  .9    "    1  .0 

5 

7 

over  1  .0 

5 

8 

The  agreement  between  the  theory  and  experience,  though 
not  absolute,  is  remarkably  close.  The  number  of  large  errors 
by  experience  exceeds  that  given  by  the  theory,  and  tliis  has 
been  J'ouiui  in  other  cases  of  a  similar  kind ;  which  shows  at  least 
that  the  extension  of  the  limits  of  error  to  ±  oo  has  not  intro- 
duced any  error.  The  discrepancy  rather  indicates  a  source  of 
error  of  an  abnormal  character,  and  calls  for  some  criterion  by 
which  such  abnormal  observations  may  be  excluded  from  our 
discussions  and  not  permitted  to  vitiate  our  results.  Such  a 
criterion  has  been  proposed  by  Prof,  Peirce,  and  will  be  con- 
sidered hereafter. 

THB  MEAN  OF  THE  ERRORS,  AND  THE  MEAN  ERROR. 

15.  The  selection  of  the  probable  error  as  the  term  of  com- 
parison between  different  series  of  observations  is  arbitrary, 
although  it  seems  to  be  naturally  designated  by  its  middle  posi- 
tion in  the  series  of  errors.  There  are  two  other  errors  which 
have  been  used  for  the  same  purpose. 

The  first  is  the  mean  of  the  errors,  these  being  all  taken  with 
the  positive  sign.  In  order  to  find  its  relation  to  the  probable 
error,  let  us  first  consider  a  finite  series  of  errors 

J,  A',  4", 

witii  the  respective  probabilities 


METHOD   OF   LEAST   SQUARES.  491 

•o  that  in  m  obBervations  there  will  be  2  a  errors  (numerically) 
equal  to  J,  2a'  equal  to  J%  &e.,  the  [irobability  of  a  positive  error 

J  being  —.    The  mean  of  all  these  errors,  each  being  repeated 

E  number  of  times  proportional  to  its  probability,  is 


wff 


m  971  m  m    ' 

When  the  number  of  errors  is  infinite,  the  probability  of  an 
ttror  J  is  to  be  understood  as  the  probability  that  it  falls 
between  J  and  J  +  dJy  which  \AipA.dJ  (Art  8),  and  the  above 
llbrmnla  for  the  mean  of  the  errors  becomes  the  sum  of  an  infi- 
nite number  of  terms  of  the  form  2  J^^  J .  dA.    Hence,  putting 


19  =  the  mean  of  the  errors, 


we  have 


=/. 


i  by  (18), 


if  je-**^tfJ  =  — 1—  (19) 


'  =  7T^  =  11»29'-  V     (20) 

r  =  0.8463:7 

;  Another  error,  very  commonly  employed  in  expressing  the 
[  precision  of  observations,  is  that  which  has  received  the  appella* 
:  tion  of  the  mum  error  {der  miitlere  Fehler  of  the  Germans),  which 
:  18  not  to  be  confounded  with  the  above  mean  of  the  errors.    Its 

definition  is,  the  error  the  square  of  which  is  the  mean  of  the  squares  of 

mil  the  errors.    Hence,  putting 

c  =  the  mean  error, 
we  have 

or,  by  (18), 

r  =  0.6745 1  ) 

When  "WO  pnt  A  =  1,  we  have  $  =  |/J.  The  mean  error  is, 
therefore,  the  abscissa  of  the  point  of  inflection  of  the  curve  of 
probability  (Art  9).  In  the  figure,  p.  479,  OM  is  the  mean  error, 


OP  the  probable  error,  OE  the  mean  of  the  errors,  and  Jj/m, , 
Ee^  their  respective  probaLilities. 


THB   PKOBABLB   BBROB.  OP  THB  AlITHUETICAL   MBAN. 

16.  The  error  above  denoted  by  r  is  the  probable  error  of  i 
one  of  the  observed  vuluee  of  the  uukiiown  quantity  x.  We 
next  to  determine  tlie  relation  between  this  aud  the  proba 
error  r,,  of  the  arithmetical  mean  of  these  Tahiee. 

If  J,  J',  J" are   the  errors  of  the   observed    values, 

most  probable  value  of  x  la  that  which  renders  tlie  probabilit 


a  maximum  (Art.  11),  and,  coneeqiiCDtly,  the   sum  JJ   +  i 

-(- a  minimum.     But  this  sum  ie  rendered  a  minimum 

the  assumption  of  the  arithmetical  mean  x,  as  the  most  prohai 
value  (Art.  5),  and  hence  the  quantity  Pexpresses  the  probahili 
of  the  arithmetical  mean  if  J,  A',  J" ... .  are  the  errors  of  t 
observations  when  compared  with  this  mean.  The  probabiii 
of  auy  other  value  of  x,  as  3:^+  d,  will  be 

P'=A~)r-l>-e-**i**-»^  +  f'^'-"'  +  --S 

Since  [J]  =  J  +  J'  +  J"  + =  0  (Art.  5),  and  [JJ]  =  n 

(Art.  15),  this  expression  may  be  put  under  the  form 


and  at  the  same  time  we  have 

so  that 

P:P'^  l;e— ■**" 

that  is,  the  probability  of  the  error  zero  in  the  arithmetical  me 
is  to  that  of  the  error  5  as  1 :  g--"**".  For  a  single  obsenatii 
the  probability  of  the  error  zero  is  to  that  of  the  error  8 
Ire-"",  Hence  the  measure  of  precision  (Art  10)  of  t 
sinjjie  observation  being  A,  that  of  the  arithmetical  mean  of 
BOch  obaervations  is  A(/m;  from  which  follows  the  import; 
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T 

a 

jorem  that  the  precision  of  the  mean  of  a  nitmher  of  observations 
reases  €is  the  square  root  of  their  number,* 

[f,  then,  r  is  the  probable  error  of  a  single  obser\'ation,  and  r^ 
kt  of  the  arithmetical  mean  of  several  observations^  we  must  have 

r.  =  -^  (23) 

1  from  the  constant  relation  between  the  mean  and  the  proba- 
!  error  (22), 

ym 

BTERMINATION   OF  THE  MEAN  AND   PBOBABLE   ERRORS   OF   GIVEN 

OBSERVATIONS. 

17.  The  principles  n^w  exjdained  will  enable  us  to  determine 
e  mean  errors  of  any  given  series  of  directly  obsen'ed  quanti- 
se. Let  71,  n'j  n''....be  the  observed  values;  z^  their  a'rith- 
etieal  mean ;  r,  v\  v" . . . .  the  residuals  found  by  subtracting 
^  from  each  observed  value :  so  that 

V  =  n  —  x^        V*  =n*  —  x^^        r"  =  n"  —  ar^,  &c. 

f  x^  were  certainly  the  true  value  of  x,  so  that  v^  v%  i?" . . . .  were 
le  actual  or  (as  we  may  say)  the  true  errors,  and,  consequently, 
lentical  with  J,  J',  d" .,. ., we  should  have,  according  to  the 
bove,  m€t  =  l_dJ]  =  [vi;],  and  hence 


•=V(^) 


id  this  must  always  give  a  close  approximation  to  the  value  of  e. 
at  the  relation  met  =  [J J]  was  deduced  from  a  consideration 
an  infinite  series  of  errors  which  would  reduce  the  mean 
ror  of  x^  to  an  infinitesimal,  aocordlng  to  the  principles  assumed, 
d  thus  make  r,  v\  v'^ ....  identical  with  J,  J',  J" . . .  A  better 
proximation  to  the  value  of  e,  where  the  series  is  limited,  is  to 
obtained  by  considering  the  mean  error  of  Xq  itself,  and  conse- 

entlj,  also,  the  mean  errors  of  the  residuals  i?,  v%  v" If 

Ml  we  suppose  the  true  value  of  x  to  be  Xo+  i,  we  shall  have 
f  true  errors 

J  =  r  —  a,        J'  =  1/  —  a,        J"  =  r"  —  a,  &c. 


*  See,  in  eonneotioo,  Arts.  21  and  25. 
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whence,  observing  that  [w]  :=  0, 


[JJ]. 


.  [ri.]  +  mi' 


Thus  the  approximate  value  mse  =  [ry]  requires  the  coire 
mJ',  the  value  of  which  depends  upon  the  value  we  may  an 
to  S.  Aa  the  best  approximation,  we  may  assume  it  to  b< 
mean  error  n, :  bo  that,  by  (24), 


which  gives 
whence 

and'  consequently,  also,  by  (22), 

Thua  from  the  actual  residuals  the  mean  and  the  probable  e 
of  a  single  observed  value  are  found.  Hence,  by  (23)  and  ■ 
the  mean  and  probable  errors  of  the  arithmetical  mean  wi! 
found  by  the  formulee 


<4 


M_ 


-1)/ 


'4 


Um-l)j 


Example. — Let  us  take  the  following  measures  of  the  o 
diameter  of  Saturn's  ring  observed  by  Bessel  at  the  Kijnigsl 
Observatory  with  the  heliometer,  in  the  years  1829-1831.*  ' 
measures,  denoted  by  n,  are  all  reduced  to  the  mean  distanct 
Saturn  from  the  sun,  and  are  here  assumed  to  have  the  s. 
degree  of  precision. 

*  ^ttrm.  A'aeh.,  Vol.  XII.  p.  IGO. 
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n 

V 

vv 

88''.91 

0".40 

0.1600 

S9  .82 

+  0 

.01 

.0001 

88  .98 

—  0 

.88 

.1444 

89  .81 

0 

.00 

.0000 

89  .17 

—  0 

.14 

.0196 

89  .04 

—  0 

.27 

.0729 

89  .57 

+  0 

.26 

.0676 

89  .46 

+  0 

.15 

.0225 

39  .80 

-0 

.01 

.0001 

89  .03 

—  0 

.28 

.0784 

39  .85 

+  0 

.04 

.0016 

89  .25 

—  0 

.06 

.0086 

89  .14 

—  0 

.17 

.0289 

89  .47 

+  0 

.16 

.0256 

89  .29 

—  0 

.02 

.0004 

89  .82 

+  0 

.01 

.0001 

39  .40 

hO 

.09 

.0081 

39  .88 

hO 

.02 

.0004 

89  .28 

—  0 

.08 

.0009 

39  .62 

hO 

.81 

.0961 

n 

V 

vv 

3r.4i 

+  0'  .10 

0.0100 

Y  39  .40 

+  0  .09 

.0081 

39  .36 

+  0  .05 

.0025 

39  .20 

0  .11 

.0121 

39  .42 

+  0  .11 

.0121 

39  .30 

0  .01 

.0001 

39  .41 

+  0  .10 

.0100 

39  .43 

4-0  .12 

.0144 

39  .43 

+  0  .12 

.0144 

39  .36 

+  0  .05 

.0025 

39  .02 

—  0  .29 

.0841 

39  .01 

—  0  .30 

.0900 

38  .86 

—  0  .45 

.2025 

39  .51 

+  0  .20 

.0400 

39  .21 

—  0  .10 

.0100 

39  .17 

—  0  .14 

.0196 

39  .60 

+  0  .29 

.0841 

39  .54 

. 

\-0   .23 

.0529 

39  .45 

- 

\-0   .14 

.0196 

39  .72 

- 

\-0   .41 

.1681 

a:„  =  89  .308 


[vv']  =  1.5884 


Hence,  since  m  =  40,  we  have,  by  (25)  and  (26), 

r  =  0".202  X  0.6745  =  0'M36 
and  consequently,  by  (28)  and  (24),  or  (27), 


1/(40) 


0'M36       ^,  ^^„ 
To  =        ...■  =  0".022 


v/(40) 


That  ie^  the  probable  error  of  a  single  observation  was  0".136, 
•ndthat  of  the  final  result  x^  =  89".308  was  only  0".022. 

18.  The  preceding  method  of  finding  the  probable  error  from 
the  squares  of  the  residuals  is  that  which  is  most  commonly 
employed;  but  when  the  number  of  observations  is  very  great, 
it  is  desirable  to  abridge  the  labor,  if  possible.  A  sujBBicient 
approximation  can  be  obtained  by  the  use  of  the  first  powers  of 
the  residuals  as  follows. 

The  number  of  observations  being  very  great,  we  shall  pro- 
bably have  as  many  positive  as  negative  residuals.     If  v\  v"y 


49« 

c'" .  . .  are  the  poahive  and  u„  i\,  r,,, . .  the  iiegi 

flud  if  the  true  value  of  x  is  2„  +  S,  the  true    errors  will   b 

r' —  (J,  r"  —  5,  i'"' —  3 ,  and~r,  —  i,  —  r,  — ^,  —  r,  — 5, .  ..J 

If  they  arc  aii  Uikm  leilh  the  posiiwe  sign  (mly,  the  errors  are,  then 
fore, 

f/  —  S,  v"  —  3,  u"'  ~  J,  . . .  .     and     t',  +  3,  P,  +  3,  f,  +  *, 


the  moan  of  which,  upon  the  hypothesis  of  an  pqual  number  at 
poHitive  aud  negative  rcaiduuls,  is  the  eame  as  that  of  the  seddl 


Ileuce,  denoting  the  eum  of  the  mtmericai  values  of  the  rosidiujl 
by  [113,  and  the  mean  of  the  actual  errors  by  ly,  as  ia  Art.  15,  wi 

}]avc 

and  hence,  by  (20), 

r  =  0.8453  ^ 
m 

and  conaequently,  also,  by  (22), 

t  ^  1.2583  ^  (29) 

In  the  example  of  the  preceding  article  we  find  the  mean  of  the 
residuals  taken  with  the  positive  sign  to  be  0".1555,  which  by 
(28)  gives  r  =  0".1555  X  0.8453  =-  0".131,  which  is  perhaps  • 
sufficient  approximation  to  the  value  found  above.  In  this 
example,  however,  we  have  22  positive  residuals,  17  negative 
ones,  and  1  zero:  so  that  the  hypothesis  upon  which  the  fornialft 
(28)  was  founded  ia  not  strictly  applicable.  In  a  larger  number 
of  ohservationa  we  should  expect  a  closer  agreement  with  the 
hypothesis,  and  more  accordant  results. 

We  may,  however,  employ  the  first  powers  of  the  residual* 
more  strictly  according  to  the  theory  of  probabilities.  In  t 
limited  series  each  residual  is  to  be  regarded  as  liable  to  a  pro- 
bable error  r',  and  their  mean  is  to  be  regarded  as  the  mean  of 
the  errors  of  the  residuals  themselves,  rather  than  as  the  meai 
of  the  errors  of  the  observations.     Hence  the  formula 


=  0.8453 


[f] 
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^▼es  the  probable  error  of  a  residual.  The  relation  between 
r'  and  r  (=  the  probable  error  of  an  observed  quantity  n)  may  be 
fimnd  as  follows.  Each  observed  n  may  be  supposed  to  be  the 
result  of  observing  the  mean  quantity  x^  increased  by  an  ob- 
served error  r.  The  probable  error  of  n  =  Xq  +  v  is,  therefore 
(by  a  principle  hereafter  to  be  proved), 


whence 


r  =  v/(r.«  +  0=V(^  +  ^) 


=''<^ 


or 


r  =  0.8463 ^ (30) 

l/[m(m-l)]  ^    ^ 

which  agrees  with  the  formula  given  by  C.  A.  F.  Peters.*    Ac- 
cording to  this  formula,  we  find  in  the  above  example  r  =  0^M38. 

DBTBBMIKATION  OF  THE  MEAN  AND  PROBABLE  ERRORS  OF  FUNCTIONS 

OF  INDEPENDENT   OBSERVED   QUANTITIES. 

19.  Suppose,  first,  the  most  simple  function  of  two  independ- 
ent observed  quantities  z  and  x^  namely,  their  sum  or  difference 

Jr=^  X  ±:  X. 

and  let  the  ^ven  mean  errors  of  x  and  x^  be  e  and  e,.    Although 

&e  number  of  observations  by  which  x  and  X|  have  been  found 

may  not  be  given,  we  may  assume  it  to  have  been  any  large 

number  m,  and  the  same  for  each  of  the  quantities ;  the  degrees 

of  precision  of  the  two  series  being  inversely  proportional  to  e 

ind  C|.    The  true  errors  of  the  assumed  observations  may  be 

JMuned  to  be — 

for  X,     J,  J',  J" 

for  x„   J„  J/,  J/' 

ttd  the  errors  of  ^,  consequently, 

J  ±  Ji,        ^±  Ji',        ^"  ±  ^/', 

Denoting  the  mean  error  of  JT  by  E^  we  have,  by  the  definition, 


mJB»  =  (J  ±  J,)«  +  (^'  ±  ^lY  +  (^' ±  ^y  + 
•         =  [JJ]  ±  2  [J JJ  +  IJ,A{] 


*A9troH.  Naeh.,  Vol.  XLIV.  p.  82. 


In  a  great  number  of  observations  there  muet  be  as  many  poe 
tive  us  negative  prodacta  of  the  form  JJ„  and  awch  that  we  sha 
ppabably  have  [liJJ  =  0;  and  since  we  also  have  me*  =  [JJ 
me,'  =  i-JiJi]!  this  equation  gives 

£'  =  ,'  + ..'  (3 


and  the  mean  errors  of  x,  t„  x^  are  e,  e„  e^  we  have  bj-  the  pr 
ceding  equation  the  mean  error  of  x  ±  x,  =^  \,'[^  +  «,'),  and  I 
a  second  application  of  the  same  equation,  considering  x  ±  jt,  i 
a  single  quantity,  the  mean  error  of  -.r  will  be  found  by  tl 
formula 

£•  =  £'  + .,'  +  V  {sr 

and  the  same  principle  may  be  thus  extended  to  the  algebni 
sura  of  any  number  of  obsen-ed  quautities. 
In  consequence  of  the  constant  relation  (22),  if  r,  r„  r,  ■ . . 

are  the  probable  errors  of  x,  x,,  z, and  R  the  probable  errc 

of  X  —  X  ±  I,  ±  j:, we  shall  have 

S-  =  r'  +  n'  +  r,'  +  . . . .  (32 

Example  1. — The  zenith  distance  of  a  star  observed  in  tii( 
meridian  is 

C  =  21°  17'  20".S    with  the  mean  error  *  =  2" .3 

and  the  declination  of  the  star  is  given 

s  =  19"  30'  14".8    with  the  mean  error  »,  =  0".8 

Required  the  mean  error  Eof  the  latitude  of  the  place  of  obse 
vation,  found  by  the  formula  y  —  C  +  5.     We  have,  by  (31), 

E=  i/E(2.3)»  +  (O-S)*]  =  2".44 
Hence 

y  =  40°  47'  35".l     with  the  mean  error  E  =  2".44 

Example  2. — The  latitude  of  a  place  has  been  found  with  tl 
mean  error  s  =  0".25,  and  the  meridian  zenith  distance  j)f  sta 
observed  at  that  place  with  a  certain  instrument  has  been  foui 
to  be  subject  to  the  mean  error  «,  =  0".62:  what  is  the  mea 
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error  JE  of  the  declinations  of  the  st^rs  deduced  by  the  formula 

E  =  i/[(0.25)«  *f  (0.62)«]  =  0".67 

20.  Let  us  next  consider  the  function 

JC=ax 

and  suppose  x  has  been  observed  with  the  mean  error  e,  and  a  is 
a  given  constant  Every  observation  of  x  with  the  error  ±  J 
g^ves  X  with  the  error  ±aJ:  so  that  the  mean  error  of  Xmust  be 

In  general,  by  combining  this  with  the  preceding  principle,  if 

-we  have 

J[  =  ax  -\-  flia?!  -|-  a^f  -(-•••• 

and  if  the  mean  errors  of  x,  Xj^,  x^ . . . .  are  £,  e^,  e,,  . . . .,  and  E 
that  of  JT,  we  shall  have 

J5«  =  aV  +  a,U,^  +  «,«€,«  +  ....  =  [aV«]  (83) 

and  the  same  form  may  be  used  for  probable  errors. 

Example. — As  an  example  illustrating  the  application  of  both 
the  preceding  principles,  suppose  that  in  order  to  find  the  rate 
of  a  chronometer  we  find  at  the  time  t  its  correction  +  12*  18*.2 
irith  the  mean  error  O'.S,  and  at  the  time  t'  the  correction 
+ 12*  21'.4  with  the  same  mean  error  0*.8,  and  the  interval  i'  —  ^ 
=  10  days.    The  rate  in  the  whole  interval  is 

12*  21*.4  —  12*  13'.2  =  +  8*.2 

with  the  mean  error,  according  to  Art  19, 

l/[(0.8)«  +  (0.8)*]  =  0-.42 

The  mean  daily  rate  is  then 

+  —  =  +  0-.82 
^10        ^ 

the  mean  error,  according  to  Art  20^, 

©•.42 


10 


=  0-.042 


21.  If  I,  r,,  I, .  . . .  are  the  eeveral  observed 
same  quantity,  their  arithmetical  meau  beicg 

J-o=^(a;  +  x-  +  a^.+  --) 

und  if  r  is  the  probable  error  of  each  observation,  what  is  the 
probable  error  r^  of  x„  ?     By  Art,  19,  the  probable  error  of  the 

Bum  X  +  Xj  -i-  z^  +  , .  . .  ia 

j/(;^  +  r"  +  r"  +  . . .)  =  >/(mr>)  =  ry'm 
and  the  probable  error  of  — th  of  the  sum  is,  by  Art.  20, 

as  baa  been  otherwise  proved  in  Art.  16. 

22.  Let  us  now  take  the  general  ease  in  which  X  is  any  fuCi- 
tion  whatever  of  the  observed  quantities  j:,  Xy,  x^  .  , , .  expressed 

by 

^=f{X,'Xi,Xj ) 

Let  the  variables  be  expressed  in  the  form 

X  ^=  a  +  x",        Xi  :^  «!  -|-  X,',        X,  =  (1,  +  x,', 

a,  «[,  a, . .  .  being  arbitrarily  assutned  very  nearly  equal     ■*" 

X,  x„  Tj . . ,  respectively,  and   such  that  x',  x/,  x,' m^J 

be  so  small  that  their  squares  will  be  insensible.  The  giv^" 
mean  errors  e,  e,,  e,  . . .  may  then  be  regarded  as  the  mei*" 
errors  of  x',  x,',  x,'  . ...  The  function  X  developed  by  Taylor  ^ 
theorem  is 


X  =  /(a,o„o )- 


dx 


dt, 


dX 
dJ\' 


,'+••■■ 


error  of  ^  will  be  that  of  the  quantity 
dX  ,       dX    ,  ,   dX 


r<+- 


,r,  by  (33), 


\dx  ) 


(«• 
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or,  if  r,  Tj,  r,  . . .  are  the  probable  errors  of  x,  ar^,  os^.. .,  and  JB 
that  of  j; 

^■=(s^)'''+(^)v+r4)"'.-+...   ("•) 

This  formula  is,  indeed,  but  approximative,  since  we  have 
neglected  the  terms  involving  the  higher  powers  in  the  develop- 
ment of  X;  but  the  mean  errors  of  these  small  terms  will  be  in- 
sensible if  we  suppose  that  the  errors  e,  e,,  e, . . .  are  so  small 
that  the  differences  between  the  observed  values  a:,  Xp  x, . . . 
and  the  true  values  are  of  the  same  order  as  the  quantities 
z\  x/y  Xj  . . .,  which  will  always  be  the  case  where  proper  care 
has  been  taken  to  reduce  tlie  accidental  errors  of  observation  to 
their  smallest  amount.    K  the  given  function  is  implicit,  as 

0=/(Jr,  X,  Xj,x,...) 

we  should  still  by  differentiation  obtain  the  differential  coeffi- 
cients, and  then  find  the  mean  error  of  ^  by  (34).. 

Example.— The  local  apparent  time  at  a  place  in  latitude 
f  =  38°  68'  53"  was  found  (Vol.  I.  Art  145)  from  the  sun's 
zenith  distance  ^  =  73°  12'  25",  when  the  declination  was 
a  =  —  22°  50'  27",  to  be  i  =  2*  47*  39'.4.  What  is  the  probable 
error  of  this  result,  supposing  the  probable,  errors  of  the  data 
to  be — 


Probable  error  of  ^  =  r  =  0".5 
«  «       C  =  r,  =  3  .5 


The  formula 

0  =  —  cos  (^  +  Bin  ^  sin  d  +  cos f  cos  d  coat 

expresses  t  as  an  implicit  function  of  y ,  i,  and  f .    We  find 
(Vol.  I.  Art.  85) 

dt  _  1 

d^  cos  f  tan  A 

dl_  1 

dd  cos  d  tan  q 

dt^_  1 

dZ  008  <p  sin  A 


where  A  ia  the  azimuth  nnd  7  the  parallacHe  angle.    Wo  fiud^ 
from  the  data  A  =  +  "lO"  1',  q  =  32°  51',  whcuce 


-  1.532, 


dt 


1.6 


<fl 


+  2.001 


(2f  dS  dZ 

and  the  probable  error  of  t  ia,  by  (34») 

«=  ^/[(O.S  X  1.532)>  +  (0.6  X  1-680)'  +  (3.5  X  2.001)']  =  r.l2 

or,  iu  seconds  of  time,  I 

Ji  =  0'.47  ^ 

23.  To  complete  this  branch  of  our  subject,  it  is  to  be  obsen-eii 
that  the  preceding  demonstrations  applj-  only  to  the  case  where 
the  quantities  entering  into  combination  are  independent;  but 
when  they  are  merely  different  functions  of  tbo  same  observed 
quantities,  the  above  formulsB  are  incomplete.  Let  us  supj>o36 
that  we  have  JT  and  ^',  different  functions  of  the  same  observed  I 
quantities  x,  z„  z„ ,  or 


X'  =  /'  (X,  x^,  Xj,  . 


.;  and  that  we 


the  mean  errors  of  x,  x,,  z, . . .  being  e,  £[,  e, , . 
wish  to  find  the  mean  error  £!  of  the  function, 

Y  =  F(JC,  X') 

If  any  single  observation  of  x,  x„  a:,  . . . .  is  affected  by  an  error 
3,  o,.  5j,  ....  respectively,  the  corresponding  errors  in  JTand  A'' 


Error  in  X,   J  =  na  -|-  a^X^  +  11^^^  -|- 

"        X',  J'  =  a'a  -t-  <i,M,  +  a,'.!,  +  .... 

in  which  a,  a,,  a, ... .  are  tlie  differential  coefficients  of  JT,  and 
a',  «,',  «j'  ....  the  differential  coefficients  of  X',  with  reference 
to  r,  x„  Xj,  . . . .     The  corresponding  error  in  Y  will  be 

J"=AA  4-  A'S 

in  which  A  and  A'  are  the  differential  coefficients  of  Y  with  re- 
ference to  J'  and  X'.    The  square  of  the  mean  error  E  will  be 
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the  mean  of  the  squares  of  all  the  values  of  A''  which  result 
from  all  the  possible  values  of  i^  dp  i^, ... 
Sobstiluting  the  values  of  A  and  J',  we  have 

J"  =  {Aa  +  Md)  d  +  (^Aa^  +  A\')  \  +  .... 

which  we  may  briefly  express  as  follows: 

j^' =  ad  +  fid^  +  r\+  .... 

If  the  number  of  values  of  A''  is  denoted  by  m,  the  mean  of  all 
the  values  of  J"*  will  be 

m  m  m     '  '     HI     * 

+  2^C^  +  2.rf-^  +  .... 

'      ^    m      '       '    m      ' 

In  consequence  of  the  various  signs  of  dd^^  89^  &c.,  the  mean 
value  of  each  of  these  quantities  will  be  zero ;  and  the  mean 
valaes  of  ^,  8^^  &c.  are  «*,  c^*,  &c.  Hence  the  formula  becomes 
simply 

B^  =  {Aa  +  A' ay  ^  +  {Aa^  +  A'a^y  'i*  + .  •  •  • 

or 

^  =  il»(aV+a,V +  ....)+  ^''(aV+a,V+---Ol      (^^^ 
+  2  JL^' (aaV  +  a,a/f,«  +  . . . ."  )      ^    ^ 

To  illustrate  by  a  very  simple  example,  let 

and  suppose  c  =  0.1 ;  then,  to  find  the  mean  error  S  of 

we  cannot  take  j&=  i/[(0.2)*  +  {O.Sf]  as  we  should  if  JT  and  X' 
-were  independent,  but  by  the  above  formula  we  must  take 

E  =  i/[(0.2)«  +  (0.3)«  +  2  X  2  X  3  X  (0.1)*]  =  0.5 

as  in  fact  we  find  directly,  in  this  simple  case,  by  first  substi- 
tatin^  in  Y  the  values  of  JT  and  JT', 


WEIGHT   OF   OBSERVATIONS. 

24.  Observations  of  the  same  kind  are  said  to  have  the  smt 
or  (liffereut  weight  aucortliug  as  they  have  tlje  Name  or  different 
nieaii  (or  probable)  errore.  We  assume  a  irrioti  that  observalioiis 
will  have  the  same  weight  wh«n  they  are  made  under  precisely 
the  same  cirvuniatances,  including  under  this  designation  ererj 
thing  that  can  affect  the  oh&orvations ;  but  whether  this  condi- 
tion has  in  any  case  been  realized  can  only  be  learned,  a/x* 
teriori,  from  the  mean  errors  revealed  by  the  ubservatioua  them* 
selves. 

In  order  to  obtain  a  niimcrieal  expreasion  of  the  weight,  let 
us  suppose  all  our  observations  to  be  compared  with  a  stauJurd 
tLCtitiou:^  oijsen-ation  the  mean  error  of  which  is  any  assumed 
quantity  e,.  Let  the  actual  ob8er\'ation8  be  subject  to  the  mean 
error  t.  Lot  it  require  a  number  p  of  standard  obeervationa  to 
be  combined  in  order  to  reduce  the  mean  error  of  their  arith- 
metieal  mean  to  that  of  an  actual  obeervation,  that  is,  to  t ;  or, 
according  to  (24),  let 

t=  —}-        or       p**  = « '  (38) 

then  one  of  onr  actual  observations  is  as  good,  that  is,  baa  the 
same  weight,  aa  p  standard  observations,  and  the  number ;i  mav 
bo  used  to  denote  that  weight.  If,  in  like  manner,  other  obser- 
vations of  the  same  kind  are  subject  to  the  mean  error  i',  aod 
we  have 

one  of  these  observations  has  the  weight  of  p'  standard  obBerra- 
tions,  and  the  weights  of  the  observations  of  the  two  actow 
series  may  be  compared  by  means  of  the  numbers  p  and  p- 
The  weight  of  the  fictitious  observation  is  here  the  unit  of 
icei^kt ;  but  this  unit  is  altogether  arbitrary,  since  it  is  onlj'  t^^ 
relatice  weights  of  actual  determinations  that  are  to  be  con- 
sidered. 
It  follows  immediately,  since  we  have 
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hat  the  xoeighis  of  two  observaticns  are  redprocaUy  'proportional  to  the 
juares  of  their  mean  errors. 

The  measure  of  precision  (Art.  10)  and  the  weight  are  to  be 
listinguished  from  each  other:  the  former  varies  iiiversely  as 
he  mean  error,  the  latter  inversely  as  the  square  of  this  error. 

25.  To  find  the  most  probable  mean  of  a  number  of  observations  of 
different  weights. — ^Let  n',  w",  n'"  ....  be  the  given  observed, 
alues;  />',  p",  2>'"  ....  their  respective  weights.  By  the  pre- 
eding  definition  of  the  weight,  the  quantity  n'  may  be  considered 
s  the  mean  of  p'  observations  of  the  weight  unity,  n"  as  the 
Qean  of  p''  observations  of  the  weight  unity,  &c.  We  may, 
herefore,  conceive  the  given  series  of  observed  quantities  re- 
olved  into  a  series  of  standard  observations,  all  of  equal  weight, 
nd  then  apply  to  the  latter  series  the  principle  of  the  arithme- 
ical  mean.  The  whole  number  of  equivalent  standard  observa- 
ions  will  be  p'  +  p"  +  p'"  +  . . . . ;  the  sum  of  the  p'  standard 
•bservations  will  be  p'n';  the  sum  of  the  />"  standard  observa- 
ions  will  be  p'^  n" ,  &c. :  hence  the  desired  mean  x^  will  be 


»,  more  briefly, 


_  r^n'  +  fn''  +  p'"n'-  +  .,,, 

X,  =  f^  (88*) 


This  formula  shows  that  althoug|i  the  above  demonstration 
naplies  that  p\  p'\  p'"  ....  are  whole  numbers,  yet  any  numbers, 
?hole  or  fractional,  may  be  used  which  are  in  the  same  propor- 
ion;  for/  being  any  arbitrary  factor,  whole  or  fractional,  we 
ttay  write  for  (88)  the  following : 

^fp'n'  +  fp''n"+fr'n'''+.... 
fp''^ff+fr+"^' 

^d  ^enfp\fp'\fp'" ....  may  be  regarded  as  the  weights, 
^e  value  of  x^  is  here  an  arithmetical  mean  only  in  the  con- 
^ntional  sense  implied  in  the  substitution  of  fictitious  observa- 
^ns  with  uniform  weights  for  the  given  observations.    It  may 
*  called  the  general  mean  or  the  probable  mean. 
The  weight  of  this  general  mean,  referred  to  the  unit  of  p\ 
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The  mean  error  of  the  geoeral  mean  will  be  expreased  by 


where  e^  is  the  mean  error  correaponding  to  the  unit  of  weight. 
If  £,  is  not  given,  we  shall  have  to  find  it  from  the  observations 
themselvea.     Tubing  tlie  dift'erenoe  between  x^  and  each  of  the 
given  quantities,  we  have  the  rcsiduala 

t/—n'  —  x^  v"=n"—x„  >/"=n"'—x^... 

If  e',  e", «'" . . .  are  respectively  tho  moan  errors  of  »',  7i",  n' 
we  shall  have,  as  in  Art.  IT, 

t"  =  rV  +  .,■ 
whence 

p't"  =  {■,'  =  jB't-V  -I-  p'u' 
and,  in  like  manner, 

'i'  =  ?"""'>"  +  p"*,' 

&c. 

The  number  of  given  vaiuoe  n',  n"  ...  being  ^  m,  the  sum  of 
these  equations  ia 

mt,'  =  [pi-D]  +  [p]  £,' 

which  combined  with  the  above  value  of  e,  girea 


and  consequently, 


(nri 


CM)  , 


Ex.^Mi'LE. — Lot  us  suppose  that  the  observations  of  Sattim's 
ring  ill  Art.  17  had  been  given  as  in  the  following  table,  where 
the  mean  of  the  first  seven  observations  of  Art.  17  is  given 
=  39".]79  >vith  the  weight  =  7,  the  mean  of  the  next  following 
four  =  39".285  with  tho  weight  =  4,  &c. 
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'    , 

fl 

V 

W 

pvv 

7 

39".179 

—  0".129 

.016641 

.1165 

4 

.285 

—  0  .028 

529 

21 

6 

.294 

0  .014 

196 

10 

4 

.407 

+  0  .099 

9801 

892 

1 

.410 

+  0  .102 

10404 

104 

8 

.820 

+  0  .012 

144 

4 

8 

.377 

+  0  .069 

4761 

148 

1                 * 

.810 

+  0  .002 

4 

0 

\                ^ 

.127 

—  0  .181 

82761 

988 

\                ^ 

.448 

+  0  .140 

19600 

1176 

1|>]  =  40 

x^  =  39  .308 

Ipvv]  =  .3998 

Here  the  general  mean  x^  found  by  (38)  of  course  agrees  with 
kat  found  before.  For  the  mean  error  corresponding  to  the 
■nit  of  weight  (which  in  this  case  is  that  of  an  observation  as 
|hren  in  Art  17),  we  have,  by  (89),  since  m  =  10, 
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..=V(T)=- 

[iAd  for  the  mean  error  of  x^,  by  (40), 

•       \\9x40/ 


agree  sufficiently  well  with  the  former  values.  A  perfect 
■greement  in  the  mean  errors  is  not  to  be  expected,  since  our 
formultt  are  based  upon  the  supposition  that  we  have  taken  a 
Bofficient  number  of  observations  to  exhibit  the  several  errors 
to  which  they  are  subject  in  the  proportion  of  their  respective 
probabilities ;  and  this  would  require  a  very  large  number  of 
ibeervations. 

26.  In  the  application  of  the  preceding  formulae,  it  must  be 
ilNierved  that  when  the  weights  of  different  determinations  of 
he  BBOke  quantity  are  inferred  from  their  mean  errors,  we  must 
»e  certain  that  there  are  no  constant  errors  (that  is,  constant 
\nxing  the  observations  which  compose  a  single  determination) 
before  we  can  combine  them  together  according  to  these  weights, 
nless  i^e  constant  errors  are  known  to  affect  all  the  determina- 
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tlona  equally  and  with  tlie  earae  sign.  For  example,  if  tenl 
measures  of" the  zenith  distauce  of  a  star  are  made  at  one  ciil-  f 
mination,  giving  a  mean  error  of  0".4,  and  five  meaKureD  al  I 
another,  giving  a  mean  error  of  0".8,  the  weights  according  to  - 
these  errors  would  be  a^  4  to  1.  But  if  it  is  known  that  the  ■ 
erroTB  peculiar  to  a  cuhiinatioH  (and  aflecting  equally  all  the  iiidi-  ' 
vidual  observations  at  that  culmination)  exceed  1",  it  would  U 
better  to  regard  the  observations  as  of  the  same  weight,  m«  ^ 
there  would  be  a  greater  prohahillty  of  eliminating  such  peculiif  ■ 
errors  by  taking  the  simple  arithmctieai  mean.  If,  however,  iht  "" 
observer,  from  considerations  independent  of  the  obsen'atioiu, 
can  estimate  the  weight  of  determinations  made  andor  different! 
circumstances,  then  it  is  evident  that  these  weights  will 
for  the  combination,  if  the  mean  accidental  errors  of  the  acm 
determinations  are  sensibly  equal. 

But  if  from  the   diliereot   circumstances  we   have   dedm 
weights  for  the  several  determinations,  and  at  the  same  time  tl 
mean  errors  (deduced  from  a  discussion  of  the  discrepancies  0 
the  observations  composing  each  determination)  are  widely  dlHI 
ferent,  it  is  not  easy  to  assign  any  general  rule  for  reducing  th» 
weights  which  shall  not  be  subject  to  some  exceptions.     In  such   . 
cases,  practical  obser^'ers  and  computers  have  resorted  to  em- 
pirical formulie,  involving  some  arbitrary  considerations,  more  or 
less  plausible. 

In  many  cases  we  can  proceed  satisfactorily  as  follows.     Let 

£  =  tliQ  mean  accidental  error  of  a  single  observation, 

r,  =.  tiie  mean  error  peculiar  to  a  determination  which  rests 

upon  m  such  observations, 
e  ^  the  total  moan  error  of  such  a  determination 


tlicn,  E  and  tj  being  supposed  to  be  independent,  we  Bhall  have 


--f'i' 


<«] 


If  then  1)  can  be  obtained  from  independent  considerations,  this  ■ 
formula  will  give  the  valuta  of  e,  and,  consequently,  the  weight  , 
for  each  determination,  and  the  combination  may  then  be  otadfi  j 
by  (38).  For  an  example  of  a  discussion  according  to  theasJ 
principles,  see  Vol.  L  Art  23G. 
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INDIRECT   OBSERVATIONS. 


27.  I  proceed  now  to  the  application  of  the  method  of  least 
uares  to  the  solution  of  the  general  problem  of  determining 
e  most  probable  values  of  any  number  of  unknown  quantities. 
•  which  the  observed  quantities  are  functions.  The  observa- 
ons  are  then  said  to  be  indirect.  The  particular  case  of  direct 
bservations,  already  considered,  is,  however,  included  in  this 
eneral  problem ;  being  the  case  in  which  the  number  of  un- 
sown quantities  is  reduced  to  one,  and  this  one  is  directly 
observed. 

The  general  problem  embraces  two  classes  of  problems,  which 
must  be  distinguished  from  each  other.  In  the  first  class,  the 
vnknown  quantities  are  independent,  in  the  sense  that  they  are 
mbject  to  no  conditions  except  those  established  by  the  observa- 
tions :  so  that,  before  taking  the  observations,  any  assumed  system 
of  values  of  these  quantities  has  the  same  probability  as  any 
after  system.  In  the  second  class,  there  are  assigned,  a  priori, 
certain  conditions  which  the  unknown  quantities  must  satisfy  at  the 
Mme  time  that  they  satisfy  (as  nearly  as  possible)  the  conditions 
ertablished  by  the  observations.  Thus,  for  example,  if  the  three 
iDgles  of  a  plane  triangle  are  to  be  determined  from  observations 
)f  any  kind,  we  have,  a  priori,  the  condition  that  the  sum  of 
hese  angles  must  be  equal  to  two  right  angles,  and  all  the 
ygtems  of  values  which  do  not  satisfy  this  condition  are  excluded 
t  the  outset.  This  class  will  be  briefly  considered  hereafter, 
nder  the  head  of  "  conditioned  observations  ;'*  but  our  attention 
ill  be  chiefly  directed  to  the  first  class,  which  includes  most  of 
le  problems  occurring  in  astronomical  inquiries, 
^gain,  the  equations  which  the  observations  are  to  satisfy  may 
5  linear  or  non-linear;  the  observed  quantities  may  be  explicit  or 
\plicU  functions  of  the  required  quantities ;  but,  for  simplicity, 
e  consider  first  the  case  of  linear  equations,  to  which  all  the 
hers  may  always  be  reduced. 

EQUATIONS   OF  CONDITION   FROM   LINEAR   FUNCTIONS. 

28.  Let  us  suppose  the  equations  between  the  known  and 
iknown  quantities  are  of  the  form 

ax  •}- hy  •\-  cz  + -f-Z=F 


510  APPENDIX. 

ID  which  a,  b,  c,. . .  ,J  are  known  quantities  given  hy  theory 
each  observation,  VU  the  quantity  observed,  and  x,  i/,  z  . .. 
the  qiinotitiea  to  be  deterraiued.  For  eacli  obeervatiou,  we  ii 
a  eimilar  equation,  and  thus  a  system  such  ns  the  following^ •  i 


a'x    +b'y    +r'z    + +  T  = 

a"x  +i."y  +  c"r   + +  I"  = 

a"'x  +  b-y  -^if"z-\- +  r  = 


the  number  of  these  equations  being  greater  than  that  of 
tiukuown  quantities  (Art.  15).  If  our  observations  were  perf 
all  these  equations  would  be  satisfied  by  the  same  system 
values  o{  x,i/,z...\  but,  being  imperfect,  let  M',M",  M'" — 
denote  the  values  obtained  by  observation  for  V,  V",  V" . 
"WTien  these  values  are  substituted  in  the  second  members  of  ( 
there  will,  in  general,  be  no  system  of  values  of  r,  y,  r .  —  wl 
satisfies  all  the  equations  at  the  same  time,  and  wo  can  ( 
determine  that  system  which  is  rendered  most  probable  by 

observations.     Lot  us  therefore  denote  by  N',  N",  N'" 

values  which  the  first  membei-s  of  our  equations  obtain  w 
any  hypothetical  or  assumed  system  of  values  of  x,  i/,  z . . . 
substituted  in  them ;  and  put 

w'  =  AT-  _  M',        v"  =  N"  —  M",        v"'  =  N"'  —  M";  .... 

then  «',  v",  v"' ....  are  the  errors  of  the  observations  accort 
to  this  hypothesis.     Finally,  let  us  put 

n'=l'—  M',        n"  =  I"  —  M",         n'" ^  V"  —  M"\  .... 

then  our  equations  may  be  thus  expressed : 

a'x   +  i'y    +  c-s    +....  +  n'   =  ./  \ 

a"x  +  h-y  -ve'z  +....  +  «"=  r"  / 

a!"x  4-  6"'y  +  <^"z  -+-  -  -  •  ■  +  n'"  ^  r'"  ( 

&c.  &c.  ] 

If  our  observations  were  perfect,  we  should  be  able  to 

values  oix,y,  2 which  would  reduce  all  the  quantities  i', 

v'" to  zero.   It  is  usual,  therefore,  to  write  zero  in  the  sec 

members : 

a'a:    +  6'y    +</?    +....  +  n'   =  0  •. 

a"x  +  b"y  +  c"j  +.,.,  +  n"  =  0  / 

a"'x  +  b"'y  +  <f"z  +  ....  -I-  n'"  =0  )    ^' 

&c.  &c.  ) 
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and  these  are  called  the  equations  of  condition,  since  they  express 
the  conditions  which  the  unknown  quantities  are  required  to 
Batisfy  as  nearly  as  possible.  We  may,  however,  with  more  rigor 
regaid  (43)  as  our  equations  of  condition,  and  treat  them  as 
expressing  the  general  condition  that  the  unknown  quantities 
8hall  be  such  as  to  give  the  most  probable  system  of  errors 
v',  t/\  r'" .... 

Now,  according  to  Art.  11,  the  most  probable  system  of  values 
of  X,  y,  2: ... .  (and,  consequently,  the  most  probable  system  of 
errors)  is  that  which  makes  the  sum  of  the  squares  of  the  errors 
,  %  minimum :  thus,  we  are  to  reduce  tQ  a  minimum  the  function 

[tw]  =  rV  +  v"v"  +  r' V"  +  . . . . 

Bearding  [w?]  as  a  function  of  the  variables  x^y^z...  (which  we 
i  must  remember  are  here  independent),  the  condition  of  niinimum 
Inquires  that  its  derivatives  taken  with  reference  to  each  variable 
shall  each  be  zero ;  that  is, 

d[vv]^  djvv]^  d{vv]^ 

dx  '  dy  '  dz  ' 


or 


dx  dx  dx 

,  dvf        „  rf y"         ...  dv*^ 
dy^      dy     ^        dy     ^  )     (44) 

tr f-  t?" 1-  t/" 1-  . . . .  =  0 

dz  dz  dz 

&c. 

(which  we  might  have  obtained  directly  from  (10)  by  substituting 
J?' J  =z  kJ  =  kVy  and  dividing  by  the  constant  k).  But,  by  differ- 
entiating the  equations  (48)  with  reference  to  x,  y,  z .  •  • .  succes- 
nveljf  we  have 


df/ 

dy 

dx/        . 

dl/' 

dx  =  '^  ' 

dy 

dz  -''''■" 

&c. 

&o. 

&c. 

BO  that  (44)  are  the  same  as  the  following : 


I 


4l>'  +  4"ir"  +  rV"  +  ....=0 


>« 


Tlic  number  of  these  eqnationn  in  the  same  m  thutofUia 
kaoWM  quiiiititie^;  and  if  we  now  siilMtitutv  in  Ihom  ili'W 
of  y',  f",  p'" . . .  from  (4^),  we  have  tbo  final  or.  0£  wp  aluHfl 
ihem,  the  norma/  equations,  which  ileteniiino  the  moat  [mMl 
values  of  ar,  y,  2 

KORMAL   EQCATIOKS. 
29.  We  Bco  hy  (44')  that  to  form  the  firet  normal  eqnUiia' 
multiply  each  of  the  equations  of  oonditioii  (43)  or  (43*)  y 
coefficient  of  z  in  that  equation,  aiAl  then  form  the  sum  of: 
the  equatioiiH  thu»  multiplied.     Tlie  reaulting  eqnadou  \i-f^ 
the  normal  equation  in  j-.*     The  sum  of  the  equatioDs  of 
tion  aevei-ally  multiplied  by  the  coefficients  of  y  is  the 
equation  in  y,  &c.     To  abbreviate  the  expression  of  these  eun 
we  put 


DIM 

alls 

[lOTIlll 


\m-\  =  alii  +  a?a",-^^«^.gh  , - 

[flft]  =  f^U  +  «"&"  +  iTV"  +  . . . . 

[„L-]^riV  +  «".-"+«•"/"  +  .... 

Ac.  ic. 


Ilicii  tlio  nt^rniiil  cqiiiuiuii;! 


(45) 


30.  Tlu'  foniiiition  uf  snuli    normal    equations  is  one  of  the 
most  liilniridiiM  jiiirtu  <if  the  L'Oiiijiiit;itiona  involved  in  theme' 
of  loast  s|n;ii't':i,  i.'sihi'i-i;tlly  when  the  number  of  equations  is 
grcat.f  It   !:*   iiHiMirtiiiit   to   havo   a   moans   of   venfituti™.  "' 
'■  control,"  to  insuru  thfir  acL'unn'y,  before  proceeiling  with  '''*  I 
next  inijiiirlant   pnicfsa   uf   elimination.     A   very   ainipU  ""' 
cfl'ectivc  contrui  is  tlio  following. 

•  The  "  normal  oiiListioti  in  t"  \f  so  cMtd  I>ec-i.i9c  il  i^  ihe  pqiiftlion  whicli  i«^ 
mirii-s  llio  mnst  probuhk^  vnlno  of  i  wlicn  ilic  inhrr  vsrisblca  are  reJuceJ  l»  i;w.  rt 

l-Thi"  labnr  may  be  abridged  bv  ihe  u«e  of  Dr.  Crei.i.e'9  fi«A™(<i/''i.  ^■''°' 
ISCO, 
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Form  the  snms  of  the  coefficients  of  the  unknown  quantities 
in  the  several  equations,  namely, 

a'  +6'  +(/  -!-....=«' 
a"  +b"  +  c"  +  ....=«" 

&c. 

If  we  multiply  each  of  these  by  its  ti,  and  add  the  products,  we^ 
We 

[an]  +  [ftn]  +  [en]  +  ....  =  [«n]  (47). 

Also,  multiplying  each  of  (46)  by  its  a,  and  adding,  then  eacht 
by  its  by  and  adding,  and  so  on,  we  have 

lad]  +  [a6]  +  [ac]  +  —  =  [a«] 
lab]  +  [66]  +  [6c]  +  . . . .  =  Ibsl 
lac]  +lb€]  +  Ice]  +....=.  [cf],  /      C48) 

&c. 

The  equations  (47)  must  be  satisfied  when  the  absolute  terms  of 
the  normal  equations  are  correct,  and  (48)  when*  the  coefficients 
of  the  unknown  quantities  are  correct. 

81.  The  normal  equations  will  give  determinate  values  of 
I,  y,  a: . . . .,  provided  they  are  really  independent  If,,  however, 
my  two  of  them  become  identical  by  the  multiplication  of  either 
of  them  by  a  constant,  the  number  of  independent  equations  is, 
in  fact,  one  less  than  that  of  the  unknown  quantities,  and  the 
problem  becomes  indeterminate.  This  difficulty  does  notarise 
fiom  the  method  by  which  the  normal  equations  are  formed,  but 
fiom  the  nature  of  the  given  equations  of  condition.  In  any 
«uch  case,  additional  observations  are  necessary,  for  which  the 
coefficients  have  such  varied  values  as  to  lead  to  independent 
equations.  Even  when  two  equations  cannot  be  reduced  pre- 
cisely to  a  single  one  by  the  introduction  of  a  constant  factor,  if 
ttey  can  be  made  very  nearly  identical,  the  problem  is  still  prac- 
tically indeterminate.  The  indetermination  will  become  evident 
in  the  actual  elimination  in  practice  when  any  one  of  the  un- 
known quantities  comes  out  with  so  small  a  coefficient  that  small 
«m>n  in  the  observations  would  greatiy  change  this  coefficient. 
(Bee  Art  52.) 
T«k  IL— at 
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82.  By  whatever  method  the  elimination  is  perforraci  we 
eliall  neoes&arily  arrive  at  the  same  final  values  of  the  utikDoim 
quantities;  but,  when  the  numher  of  equations  \»  considerable, 
the  method  of  substitution,  with  Gauss's  convenient  notation,  is 
universally  followed;  but,  for  the  present,  leaving  the  readwto 
choose  bia  method,  I  proceed  to  explaiu  the  principles  bywM 
the  mean  errors  of  the  values  of  r,  y,  2 . , . ,  are  determined. 

MBAN   ERRORS   AND   WEIGHTS   OF  TUB   VSKSOWS   gPASTITIH. 
88.  Since  we  have  put  n'=l'  —SP,  n"  ^  l"—M",  &c.(ArI.28|, 
the  mean  error  of  n',«",w"'. ...  is  also  that  of  3/',  31", M'",. 
that  is,  the  mean  error  of  n',  n",  n'" —  is  to  be  regarded  as  tlie 
mean  error  of  an  observation.     If  the  elimination  of  the  nomil 
equations  were  fully  carried  out,  each  unknown  quantity  would 

be  finally  expressed  as  a  linear  function  of  n',  w",  n"', and  die' 

mean  errors  of  the  latter  being  given,  those  of  the  nnkiiowi 
quantities  would  follow  by  the  principle  of  Art.  20.  It  resdfc 
however,  from  the  .symmetry  of  the  normal  equations  that  seveiJ 
forms  may  be  obtained  for  computing  directly  the  weightg  of  the 
unknown  quantities,  and  from  these  weights  the  mean  emu 
can  afterwards  be  found. 

:-Vl.  FiM  -nu-thi-l  f/  r..n>pii!hi.-/  th^  iir!f/hts  <jf  f/.r  iwhmn,  qimi-!,.'. 
—For  simplicity,  let  us  lirst  suppose  all  tlic  ubr^crvatioQi  iliIii' 
of  equai  weight,  or  the  mean  errors  of  n\  n",  n'"  to  he  eqiiul. 
Let 

c  ^  the  mean  error  of  an  observation, 

e^^  Ihe  meun  ct-ror  of  tlie  value  of  .r  found  from  the  normal 

equations, 
p^^  thu  wi'ight  of  the  value  of  x,  the  weight  of  an  obserni. 
lion  bciiif;  unity; 
Ihi'u  (Art.  :24) 

iS'nw,  let  ua  Hiippnse  the  elimination  to  ho  pf  rformed  bv  tlif 
method  of  inilcterminate  coefficient;*.  Let  the  first  equation ol 
(4.5)  be  multiplied  by  Q,  the  second  by  Q',  the  third  by  ^',*;''- 
anil  the  products  added.  Then  let  the  factors  Q,  Q',  Q"-- 
(wlioae  number  is  tlie  same  as  that  of  the  unknown  quaiititi«) 
be  supposed  to  be  determined  so  that  in  tliis  final  equationtbf 
coefficients  of  all  the  unknown  quantities  shall  be  zero,  esoc'lil 
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that  of  X,  which  shall  be  unity.     The  conditions  for  determining 
these  factors  are,  therefore, 

1  [aa]  Q  +  lab]g+  [ac]  g'  +  ....=  1 

\  &c.  &c. 


(49) 


and  the  final  equation  in  x  is 

X  +  [an]  Q  +  [6n]  ^  +  [en]  Q"  +  ....  =  0  (50) 

Comparing  (45)   and  (49),   we   see  that  the   coefficients   of 

ft  C)  §"••••  ^re  the  same  as  those  of  x^y^z ,  but  that  the 

absolute  terms  are  —  1  in  (49)  instead  of  [an]  in  (45),  and  zero 
instead  of  [6n],  [en],  &c.  Hence,  if  the  elimination  of  (45)  were 
canied  out,  and  the  values  of  x,  y,  ^. . . .  determined  in  terms  of 

[   n',n",n'"....,  the  values  of  $,  §',  §" would  be  found  from 

these  by  merely  putting  [aw]  =  —  1,  and  [bn]  =  [cn]j  &c.  =  0. 
This  is  also  evident  from  (50).  I  shall  now  show  that  Q  is  the 
reciprocal  of  the  required  weight  of  x. 

The  final  value  of  x  being  a  linear  function  of  n',  n",  n'". . . ., 
the  equation  (50)  may  be  supposed  to  be  developed  in  the  form 

X  +  tt'n'  +  tt"n"  +  tt'"n'"  +  ....  =  0  (51), 

in  which  a',  a'',  a'", ....  are  functions  of  a',  6', ,  a",  6", ,  &c. ; 

and  these  functions  are  immediately  found  by  developing  [an], 
[bn\  &c.,  in  (60);  for  we  then  have,  by  comparing  the  coefficients 
of  (50)  and  (51), 

a'  =a'  Q  +  b'  q^d  e'  +  .... 

a'"=  a"'  q  +  y"  e'  +  ^" «"  +  ... .  ^         ^ 

&c.  &c. 

Multiplying  each  of  these  equations  by  its  a,  and  adding  all  the 
products,  we  obtain,  by  (49), 

a'a'  +  a"tt"  +  a'"a'"  +  ....=  1 
Maltiplying  each  of  (52)  by  its  6,  and  adding,  we  obtain,  by  (49), 

^  BO  on  for  as  many  equations  as  there  are  unknown  quantities. 
These  relations  are  briefly  expressed  thus : 

[a«]  =  l  [6a]  =  0  [<?a]  =  0,  &c.        (53) 


If,  then,  each  of  (52)  is  multiplied  b;  its  a,  and  the  results 
added,  we  find,  by  (53), 

[<..]  =  ■."+»"•+«.""+....=  €  i 

But,  hy  Art.  20,  when  «  is  the  mean  error  of  each  of  the  qu 
titles  n',  n",  n'" ,  the  mean  error  of  x  found  by  (51)  ia 


/[<"•]■ 


as  was  to  be  proved. 

Hence  we  have  a  first  method  of  finding  the  weiglits.  /" 
Jirsf  normal  equation  vmte  —  1  for  the  absolute  lerm  [fl/i],  and  in 
other  equations  zero  for  each  of  the  absolute  lirms  [An],  [ch],  ic ; 
vnliir:  of  z  then  found  from  t)i£se  equations  wSt  fx  the  reciprocal  of 
weight  of  the  value  of  x  found  by  Ute.  general  rliniitiuiion. 

This  rule  ia  to  be  applied  to  each  of  the  unknown  qiiantit 
in  succesalon,  bo  that  the  reciprocal  of  the  weight  of  y  i«  ll 
valiio  of  y  which  will  be  found  by  putting  [i""]  ^= — 1,  * 
[rt»]  =  [(7i]  =  &c.  =  0;  the  reciprocal  of  the  weight  of?  iail 
value  of  z  which  will  he  found  by  putting  [cn'\  ^^  — 1,  a 
[ail]  =  [bn],  &c.  =  0 ;  &c. 

It  is  evident,  moreover,  that  although  we  have  deduced  I 
rule  by  the  use  of  indeterminate  multipliers,  it  must  hold  g( 
whatever  method  of  elimination  ia  adopted. 

35.  SecoTid  method  of  computing  the  weights  of  the  unknown  qu 
lilies. — If  we  write  the  normal  equations  thua, 

[oa]  X  +  lab}  y  +  [<to]  2  + . . . .  +  [««]  =  A 

[aft]  X  +  [W  ]  J,  +  [6^]  ^  -i-  . . . .  +  [to]  =  B 

[0^]  X  +  [6c]  y  +  [0^]  ;  + . . . .  +  {en}  =  C 

&e.  &c. 

and  perform  the  elimination,  we  ahall  obtain  ir,j/,z....  in  tet 
of  [a«],  [a6],  &c.,  and  of  A,  B,  C,  &c. ;  and  if  in  the  general  val 
thus  found  we  make  ^  =  B  =  C,  &c,  =  0,  theae  values  will 
reduced  to  those  which  wonld  be  found  by  carrying  out 
elimination  with  zero  in  the  eecond  members  of  the  non 
equations.    If  we  suppose  the  elimination  performed  by  mc; 
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of  the  indeterminate  factors  §,  §',  §". . . .  already  ^nployed,  the 
tod  equation  for  determining  x  will  be 

where  the  coefficient  of  A  is  the  reciprocal  of  the  required  weight 
of  X.  But^  whatever  method  of  elimination  is  employed,  the 
coefficient  of  A  in  this  general  value  of  x  will  necessarily  be  the 
same;  and  hence  we  derive  the  second  method  of  determining 
the  weights :  Write  A,  -B,  C,  &c.,  instead  of  0,  in  the  second  members 
(^ihe  normal  equations^  and  carry  out  the  eliminaiion  (by  any  method 
at  pleasure);  then  the  final  values  of  x^y^  z...,  are  those  terms  in  the 
general  values  which  are  independent  of  A^  By  C. . . . ;  the  weight  of  x 
ii  Ae  reciprocal  of  the  coefficient  of  A  in  the  general  vakie  of  x;  the 
V}dghi  of  y  is  the  reciprocal  of  tfie  coeffixnent  of  B  in  the  general  value 

86.  Third  method  of  ccmpuOng  the  weigfUs  of  the  unknown  quantities. 
^Let  OS  suppose  the  elimination  to  be  performed  by  the  method 
of  substitution,  still  retaining  A^Bj  C....m  the  second  members, 
ai  in  the  preceding  article.  The  final  equation  in  x,  according 
to  this  method,  is  found  by  substituting  in  the  first  normal  equa- 
tion the  values  ofy,z....  given  by  the  other  equations.  These 
labstitulions  do  not  afiect  the  coefficient  of  A^  which  remains 
unity,  so  long  as  no  reduction  is  made  after  the  substitutions. 
Thus,  the  final  equation  in  x  is  of  the  form 

Bx  =  T  +  A  -{-  terms  in  B,  C, 

in  which  T  is  the  sum  of  all  the  absolute  quantities  resultlhg 
from  the  substitution,  and  is  a  function  of  [aa],  [afr], ....  [an"]. 
Hence  the  value  of  x  is 

T      A 
a:  =  -^  +  -=  +  terms  in  5,  C, . . . . 

T 

in  whioh  -^  is  the  final  value  of  x  which  results  when  -4  =  J5 

=  C....  =  0,  and  -=  is  necessarily  the  quantity  denoted  by  Q  in 

the  preceding  articles.  Therefore  R  is  the  weight  of  x,  and 
Wee  we  have  a  third  method  of  finding  the  weights :  Let  the  first 
i^omal  equation  (the  equation  in  x.  Art.  29)  be  taken  as  the  final 
tjuaUon  Jbr  determining  x,  and  substitute  in  U  the  values  ofy^  ^. . . .  m 
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forms  of  X  as  found  from  the  remmving  equations;  then,  befbrtfi 
ihc  e^ttfilioii  of  fraetiom  or  mirottacitig  any  redaclUm  faetor,  the  nt^ 
cient  of  X  in  Ihin  equation  is  the  vrdglil  of  (lie  value  of  x.  In  the  vam 
manner,  substitute  in  the  second  normal  equation  (llic  equation  iny] 

the  values  of  X,  z in   terms  of  ij  as  fotaul  from  the' other  eqm- 

lions;  the  eoejicient  of  y  is  then  the  weight  of  the  value  of  t/;  andm 
])rocffdfor  each  unknown  quantity. 

According  to  this  mettiud  wc  determine  each  unknown  quaD- 
tity,  togdher  with  its  iceight,  hy  a  separate  elimination  carried 
throuj^li  all  the  cquatioua,  in  each  case  ciuinging  tlio  order  of 
elimination,  until  every  unknown  quantity  haa  been  made  to 
come  out  the  lust.  The  algorithm  ot"  this  procesB,  with  Gacss'I 
convenient  system  of  notation,  will  be  given  htirvaA«r  (Art.  45). 

37.  Tofind  the  mean  error  of  obserrntioii.—Thc  weight  of  jbeing 
found,  w(j  have  tho  ratio  oft,  to  e,  but  we  have  yet  to  dotcmiiM 
«,  which,  in  goncml,  cnnnut  bo  assigned  a  priori,  but  uiul  ^ 
di'duccd  a  posteriori,  that  is,  from  the  observationB,  and  (Wiufr 
qiiOHtly  from  the  equations  of  condition.  The  residuals  r'tp",!;'"...., 
in  (43),  are  those  which  result  when  the  most  pruhabl«  values  of 
x,jf,z....  (namely,  those  reeulting  from  the  norma)  equatiooi] 
art' Miil>-4timiL>a  in  llif  tirr^t  m.'inln'rs.  TIk*  i.vtiiul  ur //-(n- orr.w 
(Art.  17)  of  nl.^orviiti"ii  iuv,  linwov.-r,  tlm^t-  valrio.s  of  ik- tlM 

members  uf  (4:5)  wliidi  result  when  the  /rw  vuliu-s  nt'^.jj,: 

tii'c  ftiibulituti'il. 

Lt't  .*■  +  a.i-.  y -.    i//,  ,-  -I-  AC, Ito  the  true  viiltic:*whii'h.  :'iili- 

Htituteil  ill  the  eiiuiitions  of  conditiim,  give  the  tnie  rL^siJiiiil* 
u',''i".  It'" — ;  no  thiit  we  have 


"(./■  ■[■  A,C,+  b"i,J    \-  A/,)  +  . 


'{-  +  i-i  +■ 


If  these  equutiods  \n-  niultiplieil  hy  a',a",<t"' respectivoli 

the  sum  of  the  products  is 


4  [„/,]y     +K]--    +....+ [a«] 
+  ["''J  ^'J  -i-  {."'-■}  A--  -^  . . . . 


=  [au] 


which  by  tlic  first  of  (45)  is  reduced  to 

[«a]  A.r-^[«fc]Ay  +  [flc]A^+- 


-  [«"]  = 
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the  same  manner,  multiplying  each  of  the  equations  (66)  by 
by  c,  &c.,  successively,  we  form  the  other  equations  of  the 
owmg  group : 

[aa]  AX  +  [«^]  ^y  +  [^^]  ^^  + —  [^**]  =  0 

lab]  AX  +  [W]  Ay  +  [6c]  AST  + ....  —  [fru]  =  0  .         .^. 
[ac]  AX  +  [^]  Ay  +  [^<?]  Az  + . . . .  —  [cm]  =  0   '      ^    ' 
&c.  &c. 

«e  being  of  the  same  form  as  the  normal  equations  (45),  we 
that  the  value  of  ax  resulting  from  them  will  be  of  the  same 
Q  as  that  of  x  resulting  from  (45),  with  only  the  substitution 
-  u  for  n;  hence,  by  (51), 

AX  —  a'M'  —  a"u"  —  a'"u'"  —  ....=  0  (58) 

lin,  multiplying  (56)  by  v\  r",  i?'''. . . .,  respectively,  the  sum 
he  products  is,  by  (44*),  reduced  to 

[vn]  =  [tni] 

.  in  the  same  manner,  from  (48), 

[rn]  =  [iw] 
mce 

•     [ini]  =  [w]  =  [im]  ^  (59) 

9  sum  of  the  products  obtained  by  multiplying  the  equations 
)  respectively  by  m',  m",  w"'.  ...  is 

[au]  X  -f  \hu\  y  +  [cu]  z  +  —  +  Inu]  =  [vk]  =  [w] 

I  from  (56),  in  the  same  manner, 

[rtw]  X    +  [6u]  y    +  [<^]  ^    +.-.•  +  [wti]  1       -  ^, 
+  lau"]  AX  +  [6m]  Ay  +  [cu]  az  + J       ^    '* 

ich  two  equations  give 

[ttu]  =  [rv]  +  [au]  AX  +  [6m]  Ay  -f  [cm]  az  -f (60) 

7,  [uu]  being  the  sum  of  the  squares  of  the  true  errors  of  the 
srvations,  its  value  is,  as  in  Art  17,  »  met,  if  we  put 

m  =  the  number  of  observations, 

=  the  number  of  equations  of  condition. 


Consequently,  if  we  coultl  aaeume  ox,  &y tovaaish,  we  ahoold 

Lave 


and  this  will  usually  give  a  close  approximation  to  the  value  of 
e,  but  it  will  give  the  true  value  only  iu  the  exceediugly  impro- 
bable case  in  which  the  values  of  x,  y,  z are  absolutely  true, 

whereas  they  are  to  be  regarded  only  as  the  most  probable  oqm 
furnished  by  the  observations.  This  formula,  then,  must  alwats 
give  too  small  a  value  of  e,  since  it  ascribes  too  high  a  degree  of 
precision  to  tbc  observations.  We  must,  therefore,  add  to  [tr] 
the  quantities  \au\  ax,  [ba]  a_y,  &c.,  as  in  (60) ;  but,  as  we  ouunot 
aaeigu  any  other  than  approximate  values  of  these  quantities,  Irt 
us  assume  for  them  their  mean  values  as  found  by  the  theory  of 
mean  en-ore.  The  mean  value  of  [aa]  ax  will  be  found  by  mul- 
tiplying  together 

[a«]  =  a'u'  +  a"u"  +  a"'u"'  + . . . . 
and  AX  =  o'u'  -f-  a,"u"  -{-  a"'u"'  -!-•-•- 

observing  that  the  errors  u\u",v!" ,  when  we  consider onlj   i 

their  mean  values,  are  to  be  regarded  as  having  the  double  sign 
± ;  so  that  the  mean  value  of  the  product  jvill  contain  oulj  the 
terms  «'a'«'u',  a"  a."  u."  u" ,  &c.     Hence  we  take 

[(7u]  ix  —  a'a'u'u'  +  a"a"u"u"  -\-  a*" ■"'«'"«"'  + 

and  substituting  in  this  the  mean  value  of  w'm',  u"u",  &e.,wliich 
in  each  ease  ia  k,  we  have 

[«,0  &x  ^  (a'»'  +  a"»"  +  a"V"  +  ....)"  j 

or,  finally,  by  (63), 

[aw]  4X  =  tt 

In  the  same  manner,  it  must  follow  that  u  is  the  mean  valae  Q* 
each  of  the  terms  [6u]  Ay,  [nt]  dz,  kc.    If  then  we  pat 

It  :=  the  number  of  unknown  quantities, 

the  equation  (60)  becomes 

uw*  =  [ri»]  +  ju* 
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vbence 


= x/^  w 


It  is  to  be  observed  that  when  there  is  but  one  unknown 
quantity,  or  /c£  =  1,  this  general  form  is  reduced  to  the  simple 
one  (26),  already  given  for  direct  observations. 

Finally,  p,,  p^,  /?,,  —  denoting  the  weights  of  x,y^  z...  found 
by  any  of  the  preceding  methods,  we  have 

t,  =  -f-  t.  =  -4-,  &c.  (62) 

88.  Example. — ^Let  us  suppose  the  following  very  simple  equa- 
tkrns  of  condition  to  be  given  :* 

a:—    y  +  2z—  3  =  0 

Sx  +  2y  —  bz—   5  =  0 

4x+    y  +  4z  —  21  =  0 

—   a:  +  3y  +  3z  — 14  =  0 

If  but  the  first  three  of  these  equations  had  been  given,  the 

{ttoblem  would  have  been  determinate.    We  should  find  from 

18  28  13 

them  x  =  — ,y  =  Y,2  =  — ,'  and  we  should  have  to  accept  these 

values  as  final  ones,  with  no  means  of  judging  of  their  accuracy, 
or  of  that  of  the  observations  upon  which  the  equations  are  sup- 
posed to  depend.  A  fourth  observation  having  given  us  our 
Toarth  equation,  we  find  that  the  values  of  a:,y,  z  derived  from 
the  first  three  will  not  satisfy  it,  for  when  they  are  substituted  in 

it  the  first  member  becomes  —  -,  instead  of  zero.    If  we  deter- 

7 

nine  the  values  of  x,  y,  and  z  from  any  three  of  the  equations, 
ind  substitute  these  values  in  the  fourth,  we  shall  find  a  residual. 
Bach  one  of  the  four  systems  of  values  of  the  unknown  quantities 
hns  found  satisfies  three  equations  exactly,  and  the  fourth 
^pprommately;  but,  all  the  observations  being  subject  to  error, 
the  most  probable  system  of  values  can  seldom  satisfy  any  one 
of  the  equations  exactly.  Hence  the  necessity  of  a  principle  of 
computation  which  shall  lead  as  directly  as  possible  to  such  a 
probable  system  of  values;  and  this  principle  is  furnished  by  the 
method  of  least  squares. 

«  Gauss,  Thearia  Motm^  Art  1S4. 


"We  are,  then,  by  Art,  29,  to  deduce  from  these  four  equations 
three  normal  equations,  and  the  values  of  a:,  y,  z  which  exaetJ_F 
satisfy  these  are  to  be  regarded  as  the  most  probable  raiues 

To  form  the  first  normal  equation,  we  multiply  the  first  of  t&« 
above  equationa  of  (jouditiou  by  1  (=o'),the  second  by  3(=fl"), 
the  third  by  4  (=  «"'),  and  the  fourth  by  —  1  {=  a''),  and  add  ihe 
products.  We  thus  find  \aa\  =  27,  [afi]  =  6,  [ae]  =  0,  and 
[«h]  ^  -  88. 

To  form  the  second  normal  equation,  we  multiply  the  firiti 
equation  of  condition  by  —  1  (—  fc'),  the  second  by  2  (=  6"),thB 
third  by  1  (=  i'"),  and  the  fourth  by  3  (—  A"),  and  add  the  pro- 
ducts.   Wc  thus  find  \ab'\  =  C,  [A6]  ^  15,  [i«J  =  1,  [6h]  =  -  70. 

The  third  normal  equation  is  formed  by  multiplying  the  firrt 
equation  of  condition  by  2  (—  c'),  the  second  by  ~  5  (=  <:"),  thfl 
third  by  4  (=  c'"),  and  the  fourth  by  3  (—  f"),  and  adding  thfl 
products.     We  find  [ar]  =  0,  [6c]  =  1,  \cc'\  =  54,  [en]  =  —  l(ffJ 

Hence  our  normal  equations  are 

tlx  +    6y  —    88  =  0 

6j:  4-  15y  -J-      i  —    70  =  0 

y  -I-  54i  —  107  =  0 

the  solution  of  which  gives,  as  the  most  probable  valaes. 


6633 

In  order  to  determine  the  mean,  and  hence  also  the  probable, 
errors  of  these  values,  let  us  first  determine  their  weights  accord- 
ing to  the  preceding  methods. 

First.  By  the  method  of  Art  34,  we  first  write  —  1,  0,  0  ,  for 
the  absolute  terms  of  the  three  normal  equations,  and  we  have 
the  three  equations  for  determining  the  weight  of  a:, 

27x'+    ey-—       1^0 

ex'  +  15^  +      2-  =  0 

y'+&4y  =  0 

in  which  accents  are  employed  to  distinguish  the  particular 
values  from  the  above  general  ones.     These  give 
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19899 
vrlich  is  the  reciprocal  of  the  required  weight     Hence, 

19899       „^  ^^^ 
l>.=  —i— =  24.597 
[  ^'        809 

I 

In  a  similar  manner,  to  find  the  weight  of  ^,  we  take  the 

equations 

27jr"+    ey  =0 

6x"4.  15^'+     y'— 1  =  0 

y'  +  542"         =0 


lodfind 


/■=" 


787 


irhence 


And  to  find  the  weight  of  ^,  the  equations 


irhich  give 


md 


27^:"'+    6^"  =0 

Bx'"  +  15^"'  +      «"'  =0 

y"  +  54:"'  —  1  =  0 


z"-  *i 


2211 


«  =  ??11  =  58.927 
^'        41 

Stecfndly.  By  the  method  of  Art.  35,  we  write   our  normal 
Mjuations  thus : 

27x+    6y  —    88=^ 

6x  +  15y  +     z  —    70  =  ^ 

y  +  54?  —  107  =  C 

ind,  carrying  out  the  elimination  as  if  Ay  By  and  C  were  known 
[uantities,  we  find 

19899  X  =  49154  +  (809)^4  —  324  J5  +       6   (7 

737  y  =   2617—     12i4  +  (54)J5—  G 

66332r  =  12707  +        2il  —     9  J5  +  (123)  C 
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^ 

and,  therefore, 

'=Si-- 

weight  p. 

19809 

~    809 

2617      ,.       „ 
'        737 

"     P, 

_787 
54 

12707      „        ,, 
'~  6633 

"     P. 

6633 

the  same  afl  by  the  first  method. 

ITiirdli/.  By  the  method  of  Art.  S6,  to  find  x  and  ite  v 

we  eliminate  i/  and  2  from  the 

equation 

in  X  {the  first  n 

equation)  by  muaiis  of  the  other 

equations, 

,  employing  succ 

BubBtitutions.     The  last  noi-raal 

equation  givea 

1 

,    107 

which  being  substituted  in  tlic  si 

econd  gives 

8673 
54    ~ 

0 

The  value  of  y  from  this,  namely, 


being  substituted  in  the  first  normal  equation,  and  no  red 
being  made,  gives 

19899      _  49154  _ 

809   ^         809    ~" 

where  the  coefficient  of  x  is  the  weight,  and  the  value  of  x 
same  as  before  found. 

To  find  2/  and  its  weight,  we  make  the  second  the  final 
tioa.    From  the  first  aud  third  we  find 

6       ,   88 

Viy  +  Vi 


27 


27 


1        ,    107 
54^  +  ^ 


which  substituted  in  the  second  give 
2017 


where  the  coefficient  of  j/  is  its  weight. 
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lally,  to  find  z  with  its  weight,  we  make  the  third  iiannal 
ion  the  final  one.    From  the  first  two  we  find 


y  =  — 


9 


454 


128  ^  "^  128 


suhstituted  in  the  third  gives 


6638  12707       ^ 


123 


123 


the  coefficient  of  z  is  its  weight,  and  its  value  is  the  same 
9  before  found. 

El  little  attention,  it  will  be  perceived  that  the  three  methods 
e  essentially  the  same  numerical  operations. 

are  next  to  find  the  mean  errors  of  x,  y^  and  z\  for  which 
36  we  must  first  find  the  mean  error  of  an  observation, 
ing  here,  for  the  sake  of  illustration,  that  the  absolute  terms 

given  equations  of  condition  are  the  observed  quantities, 
lat  they  are  subject  to  the  same  mean  error.  Substituting 
fse  equations  the  above  found  values  of  x,  y,  and  2,  we 

the  residuals  as  follows : 


No. 

V 

m 

1 

—  0.249 

0.0620 

2 

—  0.068 

.0046 

8 

+  0.095 

.0090 

4 

—  0.069 

.0048 

m  —  4,  /(  =  S,      [vr]  =  0.0804 

-E^  =  0.0804 
m — PL 

J,  by  (61),  

t  =  i/0.08U4  =  0.284 

is  the  mean  error  of  an  observation,  so  far  as  this  error 
e  inferred  from  so  small  a  number  of  observations.  ^See 
ixt  article.)     Consequently,  the  mean  errors  of  x,  y,  and  z 

follows: 

«.  =  -4-  =  0.057 
«,  =  -^  =  0.077 
«.  =  -^  =  0.039 


Multiplying  thoao  errors  by  the  constant  0.6745,  we  shall  tan 
(Art.  15)  the  probable  errors  oa  follows: 

Probuble  error  of  iin  observatioa  =  0.192 
"  "  X  =  0.038 

«  "  y  =  0.052 

'<  "  z  =0.026 

39.  It  has  already  been  remarked  in  the  forogoinjr  pagf«> '"! 
the  remark  is  ecpecially  important  in  the   present  couQwdHH 
that  the   method  of  least  squares  snpposes  in  general  a  (Cn 
number  of  obser^'ations  to  have  been  taken,  or  a  number  lu 
eicntly  great  to  dotemuno  approximately  the  errors  to  which  1 
observationH  are  liabU>.     Tbeoretieully,  the  greater  the  numl 
of  observations  the  more  nearly  will  the  scries  of  residual*  i 
press  the  series  of  netiud   erroi-s.  and,  conseqaently,  the  nu 
correct  will  be  the  value  of  e  inferred  from  these  residuals, 
practice,  therefore,  no  dependence  should  be  placed  upon  tb 
mean  or  probable  errors  deduced  from  so  small  a  numberof 
observations  as  we  have  emj)loyed,  for  the  sake  of  brevity  am 
clearness,  in  the  preceding  example.     Nevertheless,  the  nieiii" 
is,  even  in  this  case,  the  best  adapted  for  determining  tlie  luoi 
probable  values  of  the  nnknown  quantities  deducible  froinlJii 


Tliu 


|,k..  Ih 


["■ 


M'l 


1  k  '. 


Art.  10)  of  J',  //,  and  r,  bcin^  iiivcrst'ly  proportional  to  the  iiiei'i 
errors,  or  directly  jiroport  tonal  to  the  square  roots  of  the  wei^lili 
arc  nearly  as  the  numbei"!*  5,  3.7.  and  7.3,  so  that  from  the  four 
given  observations  ^  is  about  twice  as  accumtely  found  i'  % 
ivhiie  the  precision  of  t  full.i  between  that  of  y  and 
can  place  but  little  dcjii-ndence  upon  the  result  which  assigrn 
0.2H4  as  the  mean  error  of  observation,  and  0.0o7.  0.077.  U.0S9 
as  the  mean  crror.><  of  j",  _'/,  and  z.  because  this  result  is  ili'iivfJ 
from  too  small  a  number  of  observations. 

BQUATIOX;;    OF    CnSDITrOS    FROM    KOS-LIXBAR    FUXCTIOSS. 

40.  Let  the  eolation  between  t!ic  observed  quantities  I'',  ''"■ 


intiiie^t  .1',   1',  Z.. 


.  be.  for  tht  i'l> 


r  ( T",  .r,  r.  z, 
r  ( I-',  -r,  Y,  z, 
f"\r",x,  Y,z, } 

&c. 


.0 
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the  values  of  V\  F'',  V' . . . .,  found  by  observation,  be 
3/",  M'" ....  These  values  being  substituted,  we  shall 
)  the  equations 

/'"  {M"',  jr,  r,  ^,  ....)  =  0  \    (^) 

which  the  values  of  ^,  F,  Z. . . .  are  to  be  found.  But,  as 
annot  effect  the  direct  solution  of  these  equations  according 
e  method  of  least  squares  so  long  as  they  are  not  linear,  we 
t  to  the  following  indirect  process,  by  which  linear  equations 
ndition  are  formed.  Let  approximate  values  of  ^,  F,  Z. . . .  be 
i,  either  by  some  independent  method  or  from  a  sufficient 
ber  of  the  equations  (64)  treated  by  any  suitable  process,  and 
te  these  approximate  values  by  -Zo,  Fq?  ^  •  •  •  •  Let  the  most 
ELble  values  be 

x=  x,^x,      r=  r,  +  y,      z^z^^z, 


x,  y,  ^ . . . .  are  the  corrections  required  to  reduce  our  ap- 
imate  values  to  the  most  probable  values ;  in  other  words, 
z . . . .  are  the  most  probable  corrections  of  the  approximate 
58,  and  the  method  of  least  squares  is  now  to  be  applied  in 
ng  these  corrections, 
bstitute  the  approximate  values  X^  F©,  2J, . . .  in  (63),  and 

by  resolving  the  equations,  the   corresponding  values  of 
F"  . . . .  which  denote  by  Vo'^  ^''  •  •  •  •    These  will  be  func- 

which  may  be  thus  generally  expressed : 

f;=j?"(x„f..^,....) 

&c. 

,  the  values  of  F',  F" ....  which  result  when  the  most  pro- 
j  values  Jfi  +  a:,  F©  +  y,  -Zi,  +  ^  are  substituted,  and  which 
et  unknown,  being  denoted  by  N\  N"  ....  we  have 

N*  =F'  (Xo  +  or,  Y,  +  y,Z,  +  z,...,) 
N"  =  F'\X,  +  or,  Fo  4-  y,  ^0  +  z,...,) 

&c. 

by  Taylor's  Theorem,  when  we  neglect  the  higher  powers 


» 


of  z,  y,  i 
have 


,      rfr;  dV"  .     rfr;  dvj'  ■     ,  „       ,       . . 

where  -—^  —.,-'  «c-i  t^  '  ■  «c.  are  aimply  the  values  of  tiw  l 
derivatives  of  V\  V"  ....  found  by  differentiating  (6S)  witfal 
reference  to  each  of  the  variables,  and  afterwards  substituting^! 
X,  Ym  &c.  for  X,Y,....  kc. 

If  now  wc  denote  the  derivatives  of  V,  V"  ....  with  referenM  I 
to  Xby  <z',  a"  .  . . . ;  their  derivatives  with  reference  to  I'byft',] 
b"  . . . .  &c. :  ao  that 


i"x  +  6"y  +  c"a  +  . 


and  then  also  put 


if=s'-M;        B" 

=jf''-jlf",  io. 

B'=TV-jlf,           n" 

=  F,"  -  M",  to. 

btcomo 

o'x    +  S',    +  r-,-    + 

..  +  »■   =^ 

»"x  +  S",  +  o"^  + 

..  +  »"=»" 

rt"'jf  +  i'"y  +  c"'z  4- 

..  +  «'"=o"' 

&c. 


&c. 


in  which  a',  b' . . .  a",  b"  . . .  n',  n" . ..  are  all  known  quantities; 

and  i;',  v" are  the   residual    errors  of  observation.     TheM 

equations  of  condition  are  precisely  like  those  already  treated, 
and,  being  solved  by  the  same  method,  give  the  most  pn.>bat)le 
values  of  x,  y,  2  . , . ,,  and  hence,  also,  the  moat  probable  values 
oiX,Y,Z.... 

This  process  rests  upon  the  assumption  that  the  approximate 
values  jifl*  Y»,  Z^  ■  ■  ■  arc  already  so  nearly  correct  that  the  squares 
of  X,  y,  z  . . .  may  be  neglected.  But  should  the  values  found 
for  T,  ij,2  ...  show  that  this  assnuiption  was  not  admissible,  the 
ciiniputation  is  to  be  repeated,  starting  with  the  last  found  values 
-fu  -I-  r,  Ya  -\-  y,  Zn  +  z  . .  ^  a»  the  approximate  values ;  and  then 


METHOD   OF   LBAST   SQUARES. 


629 


tbeoorrectioiis  which  these  last  require  will  generally  he  so  small 
that  their  higher  powers  may  be  neglected  without  sensible  error. 
Bowever,  should  this  still  not  be  the  case,  successive  approxima- 
tums,  commencing  always  with  the  last  found  values,  will  at 
length  lead  to  values  which  require  only  corrections  suitably 
small. 

Even  when  the  given  function  is  already  linear,  it  is  mostly 
eipedient  to  follow  the  general  method  just  given :  namely,  to 
anbstitute  approximate  values  and  form  equations  of  condition 
to' determine  their  corrections.  This  reduces  Xj  y,  z  . , .  to  small 
^umtities,  greatly  simplifies  the  computations,  and  diminishes 
tte  chance  of  error. 


nSATMBNT  OF  EQUATIONS   OF  CONDITIOK  WHEN  THE   OBSERVATIONS 

HAVE   DIFFERENT  WEIGHTS. 

41.  The  process  above  explained  assumes  that  all  the  observa- 
tions are  subject  to  the  same  mean  error,  and  hence  are  all  of 
file  same  weight.  The  more  general  case,  in  which  the  obser- 
mtions  are  of  different  weights,  is  easily  reduced  to  this  simple 
ease.    For,  let 

a'x  '{'  Vy  -^  (fz  + -f.  n'  =  t/ 

be  an  equation  of  condition  of  the  weight  p' ;  that  is,  one  formed 
for  an  observation  of  the  weight  p^.  The  mean  error  of  an  ob- 
■errotion  of  the  weight  unity  being  e^  the  mean  error  of  the 

actual  observation,  and,  therefore,  also  of  n',  is  e'  =  — J--  Ilence 


VP' 


the  mean  error  of  n'>/p'  is,  by  Art.  20,  equal  to  eV/^S  that  is, 
equal  to  t ,.  If,  therefore,  we  multiply  the  equation  by  \/p\  so 
that  we*  have 

it  becomes  an  equation  in  which  the  mean  error  of  the  absolute 
tena  is  the  mean  error  of  an  observation  of  the  weight  unity. 
Hence  we  have  only  to  multiply  each  equation  of  condition  by 
the  square  root  of  its  weight  in  order  to  reduce  them  all  to  the 
■ame  unit  of  weight ;  after  which  the  normal  equations  will  be 
fiMUid  as  in  other  cases. 

The  mean  error  of  observation,  found  by  (61)  from  the  equa- 
tions of  condition  thus  transformed,  will  be  that  of  an  observa- 

VoL.IL— 84 


tion  of  the  weigbt  unity,  and  the  weighta  of  the  anknown  qiUD*  1 
titles  will  come  out  with  refereuce  to  the  same  unit. 


ELIMISATION  OP  THE  ONKNOWM  (JOASTITIBS  FROM  THE  NORMAL 
EQCATIONS  BY  THB  UETtlOD  OF  SDBSTITDTION,  ACCORDI.\S  TO 
OAUSS. 

42.  Bj  means  of  a  peculiar  notation  proposed  by  Gauss,  the 
elimination  by  eubstitution  is  carried  on  so  as  to  preaerre 
throughout  the  syniraetry  which  exists  in  the  normal  equations. 
In  order  to  explain  this  method,  it  will  be  expedient  to  suppoftc 
a  limited  number  of  unknown  quantities.  I  shall  take  but/oio', 
hut  Hball  give  the  process  in  so  general  a  form  that  it  may  readil>' 
be  extended  to  any  number. 

The  uukuowu  (juantities  will  be  denoted  by 

X,  y,  2,  w, 
and  their  coefBcients  in  the  equations  of  condidou  by 


respectively,  with  eub-numerals  denoting  the  number  of  the 
equation  or  observation  upon  which  it  depends,  and  by 

»„  n,  n,.  fc. 

the  absolute  terms  of  the  Ist,  2d,  3d,  &c.  equations  respectively : 
90  that  tlie  m  equations  of  condition  (here  supposed  to  be 
reduced  to  the  same  weight  by  Art.  41)  will  he 

(r,jr  -I-  b,y  +  c,?  -^  d^w  +  n^  =  0  \ 

a^  +  bj/  +  c^  +  d,w  +  n,  =0  I 

a^  +  b^  +c^  +d,w  +  n,=0  {      (65) 

«-^  +  Ifjf  +  c.^  +  i^J"  +  n.  =  0  ' 

and  the  four  normal  equations  formed  from  these  are 

[«a]  X  +  [«6]  y  +  [«c]  z-\-iad]w+  [an]  =  0  \ 

[«6]  X  +  [bb-i  y  +  [fc]  2  +  [AO  K,  +  [H  =0  (       ,™ 

lac1x+ibc-]y  +  {_cc-\z  +  [erf]  it.  +  [m]  =  0  {       '■'*"' 

[fld]  X  +  [Arf]  y  +  [M]  z  +  [drf]  w  +  [dn]  =  0  ) 
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le  value  of  x  from  the  first  equation  is 


[aa]         [ad]         [aa\ 


'  this  is  substituted  in  the  other  three  equations,  we  shall  pre- 
arve  the  symmetry  of  the  result  by  the  following  notation : 


[6n]-p?^[an]  =  [6n.l] 


[aa] 

[oc] 
[ad] 

[ad] 


[en]  —  i-iJ  [an]  =  [en .  1] 


m-^^^\ab]=[bbA] 

W-^[ad]  =  [edA] 

rhe  three  equations  thus  become 

[66.1]y +  [6c.l]z+  [M.l]i£?  +  [6n.l]  =  0 
[be ,\]y  -{-[ee  .l]z  '\-  [ed .\]w  -\- 
[bdA]y  -{-[ed.^z  +  [ddA]w  + 


\An]^^[an]  =  [dnA] 


[6n.l]  =  0     ) 
[(?n .  1]  =  0      \ 
[dn.\]  =  0     j 


(67) 


he  presence  of  the  numeral  1  is  all  that  distinguishes  these 
3m  original  normal  equations  in  y,  Zy  and  lo.  The  elimination 
y  will,  therefore,  be  effected  in  the  same  manner  as  that  of  x, 
ms,  from  the  first,  we  have 

[be.\]  ^      [hd.l]^      [bn.l] 
^  [66.1]  [66.1]  [66.1] 

\  substitution  of  which  in  the  other  two  equations  leads  to  the 
lowing  notation : 


1]- 


•1]- 


•1]- 


[fec.l] 
[66.1] 
[6<j.l] 


[6c .  1]  =  [cc .  2] 
[6d.l]  =  [cd.2] 


[66.1] 

^[6i.l]  =  [...2] 


[cn .  1]  — 
[(fn.l]  — 


[6c .  1] 
[66 . 1] 
[bd .  1] 
[66.1] 


[bnA]  =  [en.2] 


[6n.l]  =  [rfn.2] 


53i2  APPES 

and  the  reamting  equations  are 


+  [ri.2]»  +  [™ 
+  [d<i .  2]  ic  +  [dn 

2] 

2] 

f  thrae 

we  Imve 

'  = 

[rf.2] 
[cr.2] 

-^ 

■2] 

}  (««) 


which,  substituted  in  the  second,  leads  to  the  following  notation  : 

[rfj.2]  —  ■E^^:^[«f.2]  =  [rfd.3]|[rfn.2]  — ^^^[(Vi.2]  =  [dB.»3 
[«^  -  2]  I  [ec .  2]  JIl 

and  the  resulting  equation  is  ^^H 

[dd. Z}to  -\-  t,M.3]  =  0  (W^ 

whence 

C-^d .  3] 

Having  thus  found  w,  we  substitute  its  value  in  the  first  of  (68), 
and  deduce  2.  Then  the  values  of  z  and  w  bemg  substituted  iu 
the  first  of  (67),  we  deduce  y ;  and  finally,  substituting  the  values 
y.,  z,  and  m  in  the  first  of  (66),  we  deduce  x.  Tbese  latter  substi- 
tutions are  made  in  the  numerical  computation,  but  it  is  not 
necessary  to  write  out  here  the  formulte  which  result  from  the 
literal  substitutions,  as  it  would  not  facilitate  the  computation. 

It  maybe  observed  that  all  the  auxiliaries  [66.1],  [6c.  1],  [«.2], 
&c.,  may  be  expressed  by  the  general  formula 

[,9r.H  -  t-^-4  [-r-f-]  =  [A--(/'  +  I)] 

a,  ^,  J-  denoting  any  three  letters,  and  //  any  numeral. 

For  tlie  convenience  of  reference,  the  final  equations  employed 
in  the  actual  computation  are  brought  together  as  follows,  the 
coefficient  of  that  unknown  quantity  which  is  found  from  each 
after  the  substitution  of  the  values  of  the  others  being  reduced 
to  unity : 
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[aa] 


[oa] 


^  + 


[aa] 

[M.l] 
[6* .  1] 
[cd .  2] 
[cc .  2] 


w  + 


[an]  _ 


w-f- 


w  + 


w-f- 


[oa] 

[»» .  1] 
[W.l] 

[en -2] 
[cc.2] 

[dn.S] 

[dd .  3] 


=  0 

0 
0 
0 


(70) 


Ab  the  number  of  anknown  quantities  increases,  the  number  of 
mxiliaries  to  be  found  increases  very  rapidly.  If  we  include  the 
coefficients  and  absolute  terms  of  the  normal  equations,  the 
whole  number  of  auxiliaries  is  shown  in  the  following  scheme  :* 


No.  of  unknown  quantities 

1 

2 

3 

4 

6 

50 

6 

77 

7 

8 

No.  of  auxiliaries 

2 

7 

16 

30 

112 

156 

43.  Fop  the  purpose  of  verification,  it  is  expedient  to  repeat 
the  elimination  in  inverse  order,  commencing  with  the  last 
normal  equation  and  ending  with  the  first,  which  will  bring  out  x. 
It  will  not  be  necessary  to  write  out  the  formulae  for  this  inverse 
elimination,  since  when  the  form  for  computation  has  been  once 
prepared,  it  suflBces  to  place  in  it  the  coefficients  of  the  normal 
equations  in  inverse  order,  and  then  to  proceed  with  the  numeri- 
cal operations  precisely  as  in  the  first  elimination.  The  unknown 
quantities  coming  out  in  the  first  elimination  in  the  order  Wj  Zy 
y,  z,  they  will  in  the  second  come  out  in  the  order  x,  y,  z^  to. 

This  inversion  has  also  the  advantage  of  giving  the  weights  of 
all  the  unknown  quantities  with  the  greatest  facility,  as  will 
hereafter  be  shown. 

44.  A  very  complete  final  verification,  or  "  control,"  is  obtained 
US  follows.  Substitute  the  values  of  x,  y^  2,  w  in  the  equations  of 
condition,  and  thus  find  the  residuals  Vj,  r„  r, . . . .  r^,  or  the 
?alii68  which  the  first  members  assume.    Form  the  sum 

\yv\  =  t?,t?,  +  i?,r,  +  v.r,  +  . . . .  +  vj}^ 

*  Tli«  Bomber  of  auxiliaries  win  be,  in  general, 

t(« +  !)(»  + 5) 
2.8 

where  t  denoiea  the  number  of  unknown  quantities. 


[m]  =  »,«,  +  n,«,  + 

»,«,  + +  «.». 

.3-gr  =c„..,j 

[«»-2]-[^  =  [»»-8] 

'        [46.1]         '■          ' 

[„„.3]       t"«.3]. 

■■         ■•       [d<(.3]        '■        ' 

which  is  also  required  in  finding  the  mean  error  of  obaervatioxi 
hy  (61).     Also  form  the  following  ucw  auxiliai'ie& : 


im 


thun,  if  the  whole  computation,  both  of  the  normal  equations 
themselvea  aud  of  the  subsequent  eliniiuatiou,  is  correct,  we 
must  have 

[i'«]  =  [nn.4]  (71) 

To  demonstrate  this,  we  observe  first  that  we  have  already,  by  (59). 

If  now  we  go  back  to  the  equations  of  condition,  and  multiply 
each  by  its  n,  the  sum  of  the  products  is 

[an\  X  +  [6«]  y  +  [en]  .-  +  [dn]  w  +  [a«]  ^  [im]  =  [rr] 

If  this  equation  he  annexed  as  a  fifth  normal  equation  to  the 
group  (6G),  and  the  suecesaive  sabatitutioua  are  made  in  it  as  in 
the  others,  beginning  with  3:,  it  evidently  becomes,  successively, 

[t«.l]y+Ecn.l]2  +  [rfn.l]w+[nn.l]  =  [rr] 

[cH  -  2]  z  +  [rfn .  2]  UJ  4-  Inn .  2]  =  [vv] 
[dn.3]uj  4-  [nn.3]  ^  [vv} 

which  last  is  the  same  as  (71). 


DETERMINATION     OF    THE    WEIGHTS     OF     THE     UNKNOWN    QUANTITIES 
WIIKN   THE   ELIMINATION  HAS  BEEN   EFFECTED   BV  THE  METHOD   OF 

SUBSTITUTION. 

■i').  By  the  general  method  explained  in  Art.  36,  the  elimina- 
tion would  have  to  he  performed  as  many  times  as  there  are 
unknown  quantities.  It  is  desirable  to  have  more  direct  methods. 
Wiien  there  are  hut  four  unknown  quantities,  we  can  find  their 
weiglits  from  the  auxiliaries  occurring  in  two  successive  elimina- 
tions in  inverse  order.  In  the  first  elimination,  according  to  the 
order  a,  b,  c,  d,  we  find  w  by  substitutiou  in  the  last  normal 
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equation,  and,  the  coefficient  of  w  being  then  \dd .  8],  it  follows, 
1>y  Art  36y  that  the  weight  of  the  value  of  w  is 

h  the  inverse  elimination,  in  the  order  <^  c,  A,  a,  the  coefficient 
o{  z  in  the  final  equation,  which  would  be  denoted  by  [aa .  3], 
will  be  the  weight  of  x,  or 

Now,  if  a  third  elimination  were  carried  out  in  the  order  x,  y,  Wj  ^, 
ora,  bj  dj  c  (the  third  normal  equation  now  taking  the  last  place), 
we  should  have  the  same  auxiliaries  as  in  the  first  elimination, 
80  far  as  those  denoted  by  the  numerals  1  and  2 ;  and  the  equa- 
tions (68)  would  still  be  the  same,  but  in  the  following  order : 

[dd.Z\  w  +  [ed.2]  z  +  [rfn.2]  =  0 
[cd.2:]w+  [cc..2]2:4-  [cn.2]  =  0 

The  value  of  w  given  by  the  first  of  these  is 

^^       {cd,2']^       [(fn.2] 
\dd.2^  [(W.2] 

which,  substituted  in  the  second,  gives  for  the  coefficient  of  ^, 
[cc.3]  =  [cc.2]  -  ^:§  [crf.2]  =  [Af  .3]  X  '^^'^  '  ^^ 


Therefore  we  have 


[^.2] 


p,  =  icc.2] 


[<W.2] 


[dd .  3] 
ldd.2^ 


In  the  fourth  supposed  elimination,  in  the  order  rf,  c,  a,  6,  the 
anxiliarieB  denoted  by  1  and  2  would  be  the  same  as  in  our 
actually  performed  second  elimination ;  but  in  the  final  equation 
in  y  we  should  have  for  the  coefficient  of  y  the  quantity 

[66.3]  =  [66.2]  —  1^^  [a6.2]  =  [aa.3]  X  ^^^  '  ^^ 


and,  therefore, 


[aa.2] 


p,  =  [66.2] 


laa.  2] 


[aa .  3] 
[aa .  2] 


ThuB,  when  the  elimination  has  been  once  inverted,  we  have 


found  the  weigbts  of  two  of  the  aokDOwu  quatitittes  directlj, 
and  the  weights  of  the  other  two  in  teriiia  of  the  auxiliarii 
viouely  used,  and  iu  a  form  adaplud  for  logarithmie  computitiim. 

46.  In  order  to  give  the  above  method  greater  genemhly, » 
tliat  tlie  reader  iaa,y  be  enabled  to  t^xtend  it  to  a  greater  nniDlxr 
of  unknown  quantitiea,  we  remark  that  the  product  of  the  (om 


P=iaa]  [66. !][«:. 2]  [rfd. 3]. 


has  the  same  vahie  whatever  order  may  be  followed  in  the  elimi- 
nation. This  is  the  name  as  saj'ing  that  it  is  a  eymnietncal  fuui 
tion  oi  a,  b,  r,  d . . .  which  ia,  coumeqnently,  not  alTeeted  in  valnt 
by  the  permutation  of  these  letters.'  Suppose,  then,  fouroidefl 
of  elimination,  in  which  each  unknown  quantity  in  turn  bocomw 
the  last,  while  the  order  of  the  remaining  three  qiiantitJtt 
remains  the  same ;  and,  to  distinguinh  the  auxiliaries  wbieli  oeevt 
in  each  elimination,  let  the  letter  which  occurs  iu  the  Wt  ausiliai; 
be  annexed  to  each  of  the  others;  the  above  constant  product 
may  thus  be  expressed  in  the  following  four  forma : 

P  t=taA]^  [Ml],  r-^.S]^  Z^-^l 

=  b<"\  ['■■'.  \lV/,i.'i]^  11,1.. -^-i 

Now.  it  is  evident  tliat  eiuh  tiiiio  n  new  unknown  (juantiK  is 
niLiiie  till'  lust,  we  do  not  t-han^e  all  the  auxiliaries,  but  only 
those  wlii.-li  involve  tlic  ietter  whii-Ii  has  beeome  the  last  in  liif 
new  ordor.  It  is  reiuiily  seen,  tlierefore.  tliiif  if  we  aiiiu'x  a  let'" 
tu  those  auxiliurios  only  wliich  liuvo  a  ditlerent  value  from  th»I 
which  is  denoted  by  tlie  same  symbol  in  the  first  eliniination,  f f 
shall  have,  simply, 

i"^  [.,.,]  [M.l]   [«.2]   [.H.3] 
=-  [,,.,]  Itl.AJ  [rfj.2]  [«.3) 

=  [W,]tv,l].[rW.2].[,„,.3] 


e  rpJiioeii  lo  fiincii- 


tleoLl;  have  (lie  saine  value  whalcver  order  of  eliioiaUioQ  U  foUooed. 


METHOD   OF  LEAST  SQUARES.  587 

fiom  which  we  deduce 

«  =  Ice  .3]  =  [cc.21.I^i:^ 
^*       ■■         J       «-       J  ldd.22 

p=[W.3]  =  [66.1].t^.t^^:^  )     (72^ 

'^^         "^  J         L  J    j-^^^j     ldd,2\  ( 

r         o-i         r      -I    [^1]     ^<?*2]     [rf(f.8] 

^'       "•         J       L     J      f^^3      |-^^  1-,^  |-^  2]. 

If  this  method  is  applied  in  the  case  of  six  unknown  quantities, 
we  shall  in  each  of  two  eliminations  have  the  weights  of  three 
rf  the  unknown  quantities  by  computing  each  time  but  one  new 
•ndliary,  and,  therefore,  the  weights  of  all  six  when  the  second 
elimination  is  the  inverse  of  the  first  In  the  case  of  but  four 
uiknowni  quantities,  by  inverting  the  elimination  we  can  find 
weights  of  z  and  y  twice,  and  thus  verify  our  work. 


47.  If  we  have  but  three  unknown  quantities,  the  weights  are 
detennined  at  the  same  time  with  x,  y,  and  z  themselves,  by  a 
single  elimination  in  the  order  a,  6,  c,  in  which  z  comes  out  first 
^th  the  weight 

l>,  =  [(x?.2] 

ttid  then  y  and  z,  with  the  weights 

[ce .  2] 


l>^  =  [6^.2]  =  [66.1] 


p^  =  [aa.2]=  [aa] 


m  which 


[cc .  1] 
[66.1]  [cc .  2] 
[66]   *[cc.l]. 


[cc.l].=  [cc]-M[ftc] 


nn>EPBKDENT  DETERMINATION   OF  EACH    UNKNOWN   QUANTITY  AND 

ITS   WEIGHT,   ACCORDING   TO   GAUSS. 

ttu  Let  the  four  equations  (70)  be  multiplied  respectively 

hjl^A\  A" J  -4"',  and  let  these  factors  be  determined  by  the 

condition  that  in  the  sum  of  the  products  the  coefficients  of  y, 

/,  and  w  shall  be  zero.     Also,  let  the  last  three  equations  of  (70) 

be  multiplied  respectively  by*  1,  B'\  B'''^  and  let  these  factors 
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be  determined  by  the  eondition  tliat  in  the  sura  of  the  products 
the  coefficients  of  I  and  w  shall  be  zero.  Finally,  let  the  laat 
two  equations  of  (70)  be  multiplied  respectively  by  1,  C"",  and 
let  C"  be  determined  i>y  the  conditiou  that  in  the  sum  of  the 
products  the  coefficient  of  w  shall  be  zero.  The  conditions 
which  determine  these  factors  are  then 


A' 


^[tej] 


[aa] 

"M 

_M     ,  [Ml] , 


_[Sr.l] 


(JS) 


„^[M^]       [rf^]^  ,„ 


[(«.2] 


+  C'" 


and  the  final  valaeH  of  x,  y,  z,  to,  la  tenna  of  these  iactors,  i 

given  as  follows: 


[6n 

[S4 

l]^' 

+ 

[o,.2] 
[«.2] 

[ta.i] 

[M.l]"^ 

[en 

[cc 

t-" 

+ 

[da.  3] 
[t/t/.3] 

[...2] 
[„.2]  + 

\dd:i] 

' 

pn.3] 
[J(i.3] 

[dt/ .  3] 


(74) 


49.  As  the  equations  (73)  are  above  arranged,  all  the  factors 
A  are  detennincil  from  the  first  system  of  three  equations;  the 
factors  B  from  the  second  system  of  two  equations,  &c. ;  hi  eai.h 
case,  hy  snccesstve  suhstitution.  This  method  then  enables  us 
to  find  each  unknown  quantity  independently  of  the  others. 

Another  form  may  be  given  to  the  computation  of  the  au-xiliurr 
factors.  Since  in  the  formation  of  the  equations  (74)  we  have 
regarded  [««],  [i/i],  [en],  ic.  as  independent,  we  must  still  so 
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rd  them  when  wo  invert  the  process  and  recompose  the 
tions  (70)  from  (74).   K,  then,  we  multiply  the  equations  (74) 

actively  by  1,  p — ^,  p— ^,  7—^*  and  add  the  products  m  order 
•^     -^     '  [oa]  laa]  [aa]  ^  ^ 

compose  the  first  of  (70),  the  coefficient  of  [an']  will  be  ;: — ^ 

:he  coefficients  of  [bn .  1],  [en .  2],  &c.  must  severally  be  equal 
jro.  The  same  principle  will  apply  when  we  recompose  the 
nd  equation  of  (70)  from  the  last  three  of  (74),  &c.  Hence 
lave 

[a6] 


0  =  ^'   + 


[aa] 


0  =  A"  +  f^lU''+pJ 
'   [ad]  [ad] 

[«a]  [aa]  [««] 

0  =  B"' 4-  ^^^  C"  4-  ^^^'^^ 


0  ==  C"  + 


[<?c .  2] 


cording  to  this  scheme,  we  first  find  A',  B'\  C"  from  the 
lations  in  which  they  occur  singly ;  then,  with  these  factors, 
find  the  values  of  A"j  -B'",  from  the  equations  involving  two 
X)r8,  &c. 

0.  Again,  let  us  write  the  3d,  5th,  and  6th  equations  of  (75) 
he  following  order : 

[aa]  \aa]  [aa] 

^m  ,    [pcAlj  ^„       [bd.l']  ^  ^ 

C'"  +  f-^^^=0 
Ice. 2] 

paring  these  with  the  first  three  of  (70),  we  at  once  infer 
^'",  ^'",  C"  are  those  values  of  x,  y,  ^,  respectively,  which 
lould  obtain  from  our  first  three  normal  equations  by  putting 


I 


tc  ^^  1  and  omitting  the  terras  in  n ;  or,  goiii^r  liack  to  (66}.liill 
A"',  B'",  C"  may  be  deteniiirieiJ  \>y  tlie  following  cunditiolu:  f 

[art]  A'"  +  lab}  B'"  +  \ac]  C"'  +  [arf]  ^  0 
[a6]  A'"  +  [W]  -B'"  +  [/-<;]  C"  +  [W]  ^  0 
[flc]  A'"  +  [6c]  B'"  +  {cc\  C"  +  [c^]  ^  0 

If  now  we  multiply  the  normal  equations  (OG)  by  A'",  B'",  C 
and  1,  respectively,  and  add  the  prodnctii,  tlie  coudilioits  jnit 
given  will  cause  x,  y,  and  z  to  disappear,  and  the  resulting  «(iu>- 
tion  in  w  must  be  identical'  witli  (tJS)):  so  tliat  A'",  B"',C"' 
muat  also  satisly  the  tbllowing  condition: 

[«n]  vl'"  +  [6n]  fi"'  +  [en]  C"'  +  [,M]  =  [d« .  3]         {IV^ 

The  eetiond  and  fourth  equations  of  (75)  being  written  as  follow^ 

[ail]  [»a] 

and  compared  with  the  first  two  of  (70),  we  infer  that  A 
are  those  valnea  of  r  and  y  which  we  obtain  from  the  first  two 

teniiri  ill  n;  tlmt  is,  A"  and  li"  must  riiitisty  llie  (.■imditioiis 


0 


Therefore,  if  we  multiply  the  first  llirtL-  iiorniiil  equation?  (Si'ibr 
A",  B",  1,  ri't-jiei-tivi'ly,  :md  mid  llic  products,  x  and  y  will  di 
tippeiir,  and,  iIil-  rosiiliiii!,' eipiatiuu  being  idoiitiua!  with  llielii^'l 
of  (tJ8)|  \vi-  must  also  have 

[„»].4"+[^.]-B"+[''»]-['-«-2] 
Lastly,  it  is  evidont  that  A'  must  also  satiisty  the  eondition 

D.;<] -1' +  [H  =  ['"'■  ^]  ■'■'' 

From  these  relatiouH  we  readily  infer  general  formul;i'  for  tbf 
Weights  of  the  unknown  quantities. 


•  The  eqiialinn  (G9)  ie  the  laH  normnl  equalioTi, 
tion  or  rq'lii-alnllf  for  z.  y,  nnii  r  ,■  and  in  I  In;  presi 
by  tlie  uae  of  fnclurs,  but  da  oat  change  tlie  last  n 
it  b;  uoilj. 


cepi  by  [hf  t 
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According  to  Art  34,  the  reciprocal  of  the  weight  of  x  is  that 
falae  which  we  obtain  for  x  if  we  put  [an]  =  —  1  and  [bri]  =  [ai] 
s==.  [t/n]  =  0.  But,  under  these  conditions,  the  equations  (76), 
(77),  (78)  give 

[rfn.8]  =  — A'",        [en.2]  =  — A",        [6n.l]  =  — A' 

Ldl  order,  therefore,  that  the  value  of  x  given  by  the  first  equa- 
tion of  (74)  may  become  — ,  we  have  only  to  substitute  —  -4.'", 

—  ^",  —  -4',  —  1,  respectively,  for  [dn .  3],  [en .  2],  [bn .  1],  [ar»]. 
In  the  same  manner,  the  weight  of  y  being  found  by  putting 
[bn]  =  —  1  and  [on]  =  [en]  ==  [dn]  =  0,  we  have  to  put 

[rfn.3]  =  — ^",        [«i.2]  =  — ^',        [6n.l]  =  — 1 

in  the  second  equation  of  (74),  in  order  that  we  may  put  —  for  y. 
yor  the  weight  of  z  we  have  to  put 

[rfn.3]  =  —  C",  [en. 2]  =  —  1 

izuthe  third  equation  of  (74),  and  —  for  z. 
For  the  weight  of  u?,  we  have  to  put 

[rfn.3]=:  — 1 
in  the  last  equation  of  (74),  and  change  w  to  — 
The  final  formulae  for  the  weights  are,  therefore, 

1  1         ,     A* A!     ,    A'* A"    ,    A'" A'" 

+  TZTT^  +  7 -^  + 


P.       [aa]  [bhA]       [cc.2]    *    [Af.8] 

P,  ""  [66 . 1]  "*"  [cc.2]'^  [dd.^ 
1  1  C""G'" 


(79) 


Pm       [cc.2.]  '    [dd.^ 
l>.""[drf.3] 

ULiN  EEROB  OF  A  LINEAR  FUNCTION  OF  THE  QUANTITIES  X,  y,  Z,  W. 

50.  2b./&irf  (Atf  m^ow  error  of  the  function 

X  =  fx  +  gy  J^hz  +  iw-^l  (80) 

when  Xy  yy  z^w  are  dependent  upon  the  same  obaervations. 
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The  quantities  x,  y,  z,  w  not  being  directly  observed,  Arir  I 
meau  errors  cannot  be  treated  aa  independent,  as  was  done  in  f 
the  case  of  directly  observed  qiiantitie§  in  Art.  22,     We  might  J 
proceed  by  the  method  of  Art,  23;  but,  as  we   here  support  J 
X,  y,  z,  w  to  have  been  determined  from  the  normal  eqnationll 
(66),  we  can  obtain  a  more  convenient  method  by  the  aid  of  die 4 
auxiliaries  which  have  been  introduced  in  the  genera!  elimin*- 
tion.     The  quantities  x,  y,  z,  w  being  functions  of  the  directly 
observed  quantities  n',  n",  n"\  . . .  the  mean  error  of  J"  can  lie 
readily  obtidned  by  the  principles  of  Art.  22,  if  we  first  reduw 
Xto  a  function  of  these  observed  quantities.    For  this  purpose, 
if  the  values  of  x,  y,  z,  w  deduced  fVom  (70)  be  Bubstituted  in  J, 
we  shall  have  an  expression  of  the  form  i 

J'  =  ft,  [«n]  +  *,  [fin .  1]  +  A,  [en .  2]  +  ft,  [dn .  3]  -(-  I      (81) 

in  which  the  coefficients  h„  ft,,  ^„  k^  are  functions  of  [""].  [i&i  I 
&c.     In  order  to  determine  these  coefficients,  let  us  eulwtitutv  io 
this  expression  the  values  of  [an],  [bn .  IJ,  &e,  given  by  (70).   We 
find 

jr=-  [afl]  k^  -      t«6]  k^y  -      t'w]  V  -      Lad]  ft„«,  +  ( 
—  [M  ,  1]  k,y  —  [6c .  1]  V  —  [!"'  ■  1]  Ai'" 
—  [cc .  2]  V  —  [c<^  -  2]  A'.w 
—  [tW .  3]  k,w 

which  becomes  identical  mth  (80)  by  assumiug 


[««]/■„=_/ 

["*]*«+  [66.1]ft,  =  — 3 

[ac  ]  k,  +  Ibc .  1]  A,  +  [cc .  2]  ft,  =  —  A 

[ad]  *■„  +  [bd .  1]  ft,  +  [cd .  2]  ft,  +  [(W .  3]  ft,  ^  —  i 


(82) 


These  equations  fully  determine  the  coefficients.  We  find  ft, 
directly  from  the  first,  and  then  ft,,  ft-,,  ft,,  by  8ucce8Bi^■e  substitu- 
tions in  the  others. 

Now,  to  find  the  mean  error  of  X  under  the  form  (81),  let  the 

mean  error  of  each  of  the  observed  quantities  n',  n",  n'" be 

denoted  by  c  (these  ob8er\'ed  quantities  being  supposed  of  equal 
weight,  or,  rather,  the  equations  of  condition  being  supposed  to 
have  been  reduced  to  the  same  weight),  and  let  the  correspond- 
ing mean  errors  of 

[an],        ibnA],        [en. 2],        [dn.8],        X, 


be  denoted  by 
^ce  we  have 


E. 
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E^,        E^       E^        (.X). 


548 


[an]  =  aV  +  af'n"  +  a"'n"'  +  . . . . 


we  have,  by  Art  22, 


£,'  =  [aa]  c* 


Agun,  we  have 


lod  hence 


-./ri.j.-i  2[a6]    r   I.-.    ■[«*]'   r      n\ 


=  [66 . 1]  *« 

b  a  similar  manner,  we  have,  also, 

Jg;«  =;  [cc .  2]  c»,  JS;*  ==  [(f (f .  3]  e« 

The  quantities  ar,  y,  e,  ir,  being  determined  from  the  equations 
(70),  their  mean  errors  involve  those  of  the  quantities  [an],  [bn .  1], 
[en. 2],  [dn.8],  precisely  as  if  the  latter  had  been  independently 
observed  quantities  aiFected  by  the  mean  errors  just  determined. 
Hence  also  in  (81)  we  regard  [aw],  [frw.l],  &c.  as  independent; 
and  it  then  follows  directly  from  the  principles  of  Art  22  that 


or 


(ejr)«  =  (V  [««]  +  V  [**  •  1]  +  V  ^^ .  2]  +  V  [^  •  3])  «•  (88) 


51.  Prom  the  preceding  article  we  may  easily  find  the  for- 
mula (74)  and  (79).  The  function  X  becomes  x  when  we  assume 
/=1,  ^  =  A  =  i  =  i  =  0;  and  then  (81)  gives  x  while  (83)  gives 

e/,  and  hence  the  weight  =  — ,.     This  hypothesis  gives  in  (82) 

£m]  4^  =  —  1 ;  and  the  remaining  equations  of  (82)  are  identical 
with  the  first  three  of  (78)  if  we  put  [66 . 1]  k^  =  —A%  [ce.  2]  A-, 
=  —  A'^y  [dd  •  8]  A:,  =  —  -A''';  and  then  (81)  becomes  identical  with 
the  first  of  (74),  and  (88)  with  the  first  of  (79).  In  a  similar 
manner  we  may  deduce  the  remaining  equations  of  (74)  and  (79). 


6tt 

EXAHPLE. — ^In  or^er  to  exhibit  thenamerical  operation*  iriiidi 
tbo  preceding  mediod  requires,  in  their  proper  order  and  "illiia 
the  limits  of  the  puge,  I  select  un  exiimple  involving  but  thiM 
unknonTi  quantities.  Tbe  following  cquntiona  of  eondition  wot 
proposed  by  Gauss  {Tlu-oria  Motus  Corp.  Cod,  Art.  184)  to  illiB. 
trato  his  method: 


(1) 
(2) 
(3) 
(*) 


4x+     y  +  4i  = 


I 


of  which  the  first  three  are  supposed  to  have  the  weight  onilj, 
while  the  last  has  the  weight  J.  MultipMug  the  last  by  y  \=\ 
(Art.  41),  the  cquatiouB  of  eoudition,  reduced  to  the  same  wtigk 

(1)  JT  —    y  +  22  —    3  =  0 

(2)  3a:  4-2y  —  6z  —    5  =0 

(3)  4a:  +    y +-li  — 21=0 

(4)  —  jE  +  8y  +  32  —  14  =  0 

The  next  atop  is  to  fnmi  the  coefficients  [flu},  [rtfij  '**■•  ^  ''* 
normal  equations.  In  the  present  example  tlua  can  be  done  very 
easily  without  the  aid  of  lognrithms:  hut.  in  nnler  to  exhibit tii! 


loiTiiritbri 


ill 


on.     Tlio  sin.K  of  till'  n.offioiri 

t-s  uf  the 

ill  l.e  cmiilojud  ii«  dii-rks,  aci 

jrding  » 

tl.iiu,  togotliiT  Willi  tlimo  uf  u. 

,  (, »,  «■ 

talilo: 

1       i"er 

log. 

l'>g" 

tuoitia 

0.30103 

H0.47TI2 

'  jiO.mtsoT 

nO.G9S97 

1     0.00200 

0.95424 

n  1.32222 

!     0.47712 

0.(;!tfi97 

n 1.14013 

og  a  I  log  h 

(1)  0.00000    I  hO.OOOOO 

(2)  0.47712         0.30103 

(3)  I  0.fi020r.  I  0.00000 

(4)  I  nO.OOOOO    0.47712 

It  is  impoi-tant,  wiiero  nisiiiy  n]ior:itioii.-4  arc  to  be  porfoniied.tc 
write  down  iio  iimru  liyuren  than  :ire  necessary  for  tbe  clearprow- 
.■iition  of  the  work.  Tlenre,  in  roiiibininj;  the  [irecoJin* 
|p)iruntbins  it  will  be  found  expedient  X<i  I'l-oeced  as  follnw*. 
Writu  eaeli  Ihl;  a  upon  the  lower  edjre  of  a  slip  of  papi'r;  tlieB, 
lihu'ing  this  slip  so  that  liiij  n  shall  stand  over  log  a.  lojr  b.  \o^  t 
.■;(■.,  of  the  same  horizontal  line,  in  succession,  add  together  the 
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two  logarithms  mentally,  and,  with  the  sum  m  the  head,  take  from 
the  logarithmic  table  the  cotresponding  natural  number  (aa,  ah, 
«,  w,  or  ox),  which  place  in  a  column  appropriated  for  the  pur- 
pote.     Then  write  log  b  in  the  same  mauner,  and  form  hb,  be,  bs, 

hn,  and  so  proceed  to  form  all  the  coefficients  of  the  normal 

d^oations,  aa  in  the  following  table : 


t«] 

t" 

»] 

f<- 

I 

[« 

'1 

[0 

«] 

[»1 

M            1 

-1- 

+ 

— 

+ 

— 

4- 

4- 

_ 

+ 

+ 

— 

I.o 

1.0 

2.0 

2.0 

8.0 

I.O 

2.0 

9.0 

6.0 

16.0 

0,0 

16.0 

4,1 

10.0 

16.0 

4,0 

Ift.C 

36,0 

a4.o 

1,0 

4.0 

1.0 

8.0 

8.0 

6,0 

14.0 

9.( 

9.0 

lau 

"To 

TsT 

1S.0 

■Wo 

-To 

K.U 

vaX) 

18.1. 

12:0 

■I-S7.0 

+  « 

.0 

0 

0 

+ 

13.0 

-68.0 

+  15.0 

+  1.0        1 

[^1 

M 

(«] 

[«] 

f-1 

["J 

[-) 

+ 

— 

+ 

— 

+ 

+  ■ 

— 

+    1   - 

+ 

— 

+ 

2.0 

S.0 

4.0 

4.0 

6.C 

6.0 

9.0 

0,0 

10,0 

2.5.0 

0.0 

26.0 

00 

26.0 

B,0 

il.O 

lfi-0 

U.0 

84.0 

189.0 

441.0 

16,0 

42.0 

!!.(! 

16.0 

42,1: 

70.fi 

196.0 

24.0 

'~2J> 

-aj- 

~1SAJ 

66:0 

~6Ai 

25.0  182.0 

ao 

265.(1 

+  2 

2.0 

0.0 

+  54,0 

+ 

>G.O 

—  107.0 

—  ! 

06.0 

+  6T1.0 

Haring  ascertained  that  the  resulta  aatiefy  the  test  equatiouB 
("tt),  we  can  write  out  the  normal  equatiout  as  follows: 

27  a:  +    6y  —88  =  0 

6j;  +  l&y  +      J—    70  =  0 

y  -I-  54?  —  107  =  0 

We  proceed  to  determine  the  values  of  x,  y,  z,  according  to 
oar  general  formulee,  still  carrying  out  the  work  with  logarithms 
for  the  sake  of  illuatration.  Here,  again,  system  and  concise- 
OfflB  are  indispensable.  The  whole  computation  is  given  below 
neatly  in  the  form  proposed  by  Knckb.  This  form  corresponds 
to  the  group  of  equations  (70).  It  is  divided  into  three  principal 
ctnnpartmeatB,  coiresponding,  reepectivelj,  to  the  first  three  equa- 
tions of  (70),  each  beginning  one  column  farther  to  the  right.  In 
thfl  first  compartment  the  first  line  of  numbers  contains  the  values 
of  [aa],  [aft],  Ac,  the  second  line  their  logarithms,  and  the  third 
Kne  the  logarithms  of  tlie  coefficients  of  the  first  equation.  The 
logarithms  in  this  third  line  are  formed  by  subtracting  the  first 
\og.  IB  the  second  line  from  each  of  the  subsequent  ones,  for  this 
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purpose  writing  the  firet  logarithm  upon  the  lower 
of  paper. 

In  the  aeoontl  eompartment.  the  first  line  contains  the  vsliMt 
of  [66],  [be],  kc. ;  the  second  line,  the  quantities  Bubtractive  from 
these,  according  to  the  fomiulffi  in  Art.  42.  To  form  these  suit 
tractive  quaiititiea,  write  the  logarithm  of  p — ^  (which  is  hat 
9.34679)  Mpon  the  lower  edge  of  a  slip  of  paper,  and  hold  it  iu* 
ceswivel^"  over  lop;  [«6]  and  each  of  the  euhsequent  logarithm;  in 
the  Hanieliii(>:  add  the  two  ingurithma  mentally  in  each  case.  Uke 
the  corresponding  natural  number  from  the  logarithmic  tabltv 
and  write  it  in  its  place  below.  Subtracting  these  iiuiiiber«. 
have  the  values  of  [66.1],  [Ac. 1],  &c.  The  fourth  line  coiitHioi 
tlio  Icgiirithnis  of  these  quantitJos;  the  fifth,  tbu  logarithms  of  lil 
coefficients  of  our  second  equation,  formed  by  subtracting  thf 
first  logarithm  of  the  preceding  line  from  each  of  the  subscqueiil 
ones  in  that  line. 

In  the  third  compartment  we  have — first,  the  values  of  [ce],  &&; 
Bocondiy,  the  values  of  the  suhtractive  quantities  formed  from 
the  last  line  of  the  first  compartment  as  before;  thirdly,  the 
remaiaders  which  are  the  values  of  [cc.  1],  &c.  The  fourth  Imt 
contains  the  valuep  nf  the  qnantities  wliicli  arc  *!il>ti:i'tivi.'  fn'.'^i 
tlii.'  prciH-diiiLT  and  are  fnrniL'd  frtmi  tlir  l^i-i  \]\i>-  of  il,,-  -,,'.:i.'; 
■  ■i.iiii.iirtiiii'nt  by  nddiiig  thf  tir-it  lotrarillniL  <■{'  il,;it  line  tu  ihe 
l.iL'-aritliiii  imnii'dintiOy  above  it  ami  to  eacli  nf  tlic  siih^cqiioiit 
I  .:;,intljiLi-  ill  \Ur  winu'  liiu>:  \hu  fifth  lino  coiLtmiit;  the  remiiili- 
,1,-:-;  wlilrli:nv  i1r>  v;iliiosMf  [.v.;^].  ,^,..  :  tlic  sixth  lliu'.  liic  loini- 
lilliMH  of  Tl.u^.-:  and  tiic  la^l  liiir.  tlir  ln-ai-ii!iiu^  of  the  m* 
L'icnts  of  our  third  equation. 

For  control,  we  carry  through  the  operations  upon  [as],  [!*]■ 
ic,  pVL-cist'ly  as  ujioii  tlic  otlior  quantities;  and  then,  according 
to  tiiL'  arnmgi'nu-'iit  of  tin.*  :(i.>hcnie,  we  ehould  have,  if  weba« 
(.■oiiiinitfd  I'^rri'i'tly.  oarii  sum  containing  s  equal  to  tlie  sum  of 
the  qiiaiitilifrt  nu  its  k'ft  in  tlic  same  line,  together  with  thoMof 
Ihi;  sanit'  onlor  in  a  vertii-al  cniumn  overthe  first  number  in  tin*  I 
line.     Thu^,  wl-  must  liavc,  in  the  pri'sent  case, 


[/», 

]  =  [«'!]  +  [''■!] 

[™.l]  =  [ta.l]  +  [r.,l] 

[c. 

]  =  ["'.l] +  ['"■!] 

[,„.    2]  =  [c».'.'] 

[,-.. 

]=,[«£. 2] 

relationa  easily  proved  by  means  of  the  formulte  of  Art.  42  com- 
bined with  {4S). 
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The  colamns  [m]  and  Ivti]  are  added  to  the  third  compart- 
ment in  order  to  form  the  quantity  [?m.  8],  from  which  the  mean 
error  of  observation  is  to  be  deduced,  as  will  be  shown  hereafter. 


+  27.000 
1.48186 


lab] 

-1-6.000 
0.77816 
9.84G79 


[ae] 

0.000 

—  oc 

00 


-88.000 

0.000 

+  21.806 


—  66.696 
fil.82409 
bgs=:a8927d 


-f  16.000 
-f-  1.338 


-f-  13.667 
1.18566 


1.000 
0.000 


1.000 

o.ocooc 

8. 8048  J 


—  60.444 
+  1.916 

—  487528 
iil.68o90 

logy  =  0.66083 


f 


[cc] 

64.000 
0.000 

"54.000 
0.078 


58.927 
1.78181 


+  88.000 
1.61851 
0.1>8716 


[bi] 

+  22.000 
+    7.338 


+  14.607 
1.16638 
0.08(107 


+  66.000 
0.000 


+  66.000 
+    1.078 


+  68.927 


[on] 

—  88.000 
nl.94448 
n0.61312 


[bn] 

70.000 
19.666 


-  60.444 

fil.70281 

n0.60715 


[en] 

—  107.000 
0.000 


—  107.000 

—  3.691 


-108.809 
n2.01414 


—  266.000 

—  107.656 


—  167.445 

—  64.135 


—  It  8.810 


[n»] 

+  671.000 
-|-Ji86.813 

+"384.187 
+  186.191 

+197:996 
+  197.909 


log  (—  2)  =  wO.  28233  [nn .  3]  =  +      0.087 


After  2  has  been  found,  its  value  is  substituted  in  the  second 
equation  of  (70),  and  y  is  deduced.  Then,  the  values  of  y  and  z 
being  substituted  in  the  first  equation,  we  find  x.  The  numerical 
computations  are  given  above  in  the  margin. 

Then,  for  the  weights,  by  Art.  47,  we  have  first  to  find  the 
additional  auxiliary 

[(rc.l].=  [cc]-f*^^ 


[66] 


[6c] 


and  by  the  formulse  of  that  article  we  have — 


I    [»] 

ibc] 

1  + 15.000 

+  1.000 

'    .  1.17609 

0.00000 

8.82391 

[cc] 

+  54.000 

+   0.067 

[ee.ld]  = 

:  +  68.938 

log[M.l]    1.18566 
log  [W]         1.17609 

log  [cc .  2] 
log  [cc .  1] 
log  [cc .  1]  a 

1.73181 

1.73239 

!    1.78185 

1.43136 
9.95957 
9.99996 

1.13566 
9.99942 

1.73181 
logl». 

1.13508 
logP, 

1.39089 
log  A 
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The  final  ireaalt  is  then 


-  -f  2.4702  with  the  weight  24.507 
=  -f-  3.5508     ■■  '■       13.G48 

=  +  1.9157     "  "        53.927 


1 


It  only  remaioa  to  substitute  the  values  of  x,  y,  and  z  in  tTi 
original  equations  of  condition,  to  form  the  roeiduuls  v,  and  fror 
these  to  determine  the  mean  error  of  observation.  Since  hei 
there  are  but  three  unknown  quantities,  we  have,  by  (71), 

[T;r]  =  [««.3] 

and  hence  the  moan  error  of  an  observation  of  the  weight  nnl 
is,  by  (01),  m  being  the  number  of  equations  of  condition. 


=V( 


[""-3]' 


=  0.295 


The  direct  computation  of  tlie  residuals  is,  therefore,  not  nocesaai 
for  determining  «:  nevertheless,  it  is  desirable  in  most  cases  I 
regort  to  the  direct  substitution  also,  not  only  for  a  final  verific; 
tiou,  but  in  order  to  examine  the  several  observations,  and  1 
obtain  the  data  for  rejecting  any  doubtful  one  by  the  use  o 
PiiiKcK's  Criterion,  to  be  given  hereafter.  This  direct  subetiti 
tiou  has  already  been  carried  out  for  this  example  on  p.  52.' 
where  we  have  found  [we]  —  0.0804,  which  agrees  with  the  abov 
value  of  [n«.3]  as  nearly  as  can  be  expected  with  the  use  of  fivi 
decimal  logarithms. 

52.  It  not  unfrequently  happens  that  one  of  the  unknow 
quantities  ia  such  that  the  given  observations  cannot  determin 
it  with  accunicy.  For  example,  in  the  reduction  of  a  nnnibi 
of  observations  of  an  eclipse,  one  of  the  unkno^vn  quantities  is 
correction  of  the  moon's  parallax:  but.  unless  the  places  of  ol 
servation  be  remote  from  each  other,  the  correction  will  be  vei 
nnccrtain,  and  this  uncertainty  will  aft'ect  all  the  other  quantitii 
which  enter  info  tlie  equations  of  condition.  In  such  a  case,  th 
unknown  quantity  will  come  out  with  a  small  coeificient,  whi( 
of  itself  will  reveal  the  cxiatciiL-e  of  the  uncertainty  when  it 
niit  otherwise  anticipated.  In  order  that  this  uncertunty  mi 
not  affect  those  quantities  which  are  well  defined  by  the  obeo 
vationa,  it  is  expedient  to  determine  all  the  latter  as  functions  < 
the  uncertain  quantity,  which  for  that  purpose  must  be  made  tl 
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last  in  the  elimination.  Thus,  with  four  unknown  quantities 
X,  y,  z,  U7,  we  proceed  only  as  far  as  the  auxiliaries  denoted  by 
the  numeral  2 ;  then,  having  found  the  fitctors  -A',  A'\  A"\  B'\ 
B",  C"\  by  (78)  or  (76),  if  we  put 

V  —  [^^1      a.  ^^ ' ^ J  A'  M  [^'^]  i" 

[66.1]  ^[cc. 2]  ^  ,      ^     ^     ^ 

~  [cc  .  2] 

these  will  give  the  values  of  the  unknown  quantities  which  we 
should  obtain  from  the  first  three  normal  equations  if  the  last 
unknown  quantity  were  disregarded  or  put  =  0.  Then,  by  (74), 
the  final  values  of  x,  ^,  ^,  as  functions  of  the  uncertain  quantity 
10,  will  be 

y=j/^B'"w  y      (85) 

The  values  of  z\  y\  z\  will  thus  be  well  determined,  and  a  sub- 
tequent  independent  determination  of  w  will  enable  us  to  find 
the  final  values  of  x,  y,  z.^ 

Having  found  the  weights  of  x\  y\  z'  (which  is  done  as  if  they 
were  the  only  quantities  under  consideration),  and  their  mean 
enrors  %Jy  %^\  t/^  then,  when  the  quantity  w  is  afterwards  found, 
the  mean  errors  of  the  final  values  will  be 

€«  =  e '« +  (A"'i  )«  ) 

*V=V'+(^"0'  >      (86) 

t«,=  e;«+(0'"o«  ) 

•8  we  find  from  the  equations  (79),  or  by  Art  20. 

CONDITIONED    OBSERVATIONS. 

58.  In  all  that  precedes,  we  have  supposed  that  the  several 
qnwtities  to  be  found  by  observation,  either  directly  or  indirectly, 
were  independent  of  each  other.  Although  they  were  required 
to  satisfy  certain  equations  of  condition  as  nearly  as  possible,  yet 
they  were  so  far  independent  that  no  contradiction  was  involved 
in  supposing  the  values  of  one  or  more  of  them  to  be  varied  without 


*Fcyr  A&  example  in  which  three  unknown  qnantities  are  thue  determined  ae 
Ihmetiooa  of  two  mncertain  quantitiee,  see  VoL  I.  p.  640. 
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varj'ing  the  others.  By  Hiieh  variations  we  slioutd  obtain  sy^ 
tcma  of  values  more  or  less  prolmhU.  but  aWpossihU. 

There  is  a  second  (.-liitii!  ul'  pi-olilomx,  in  wliieli,  hesidM  tbt 
equations  of  condition  whiili  tlio  unknown  qnantitiea  are  ts 
satisfy  approximately,  there  arc  also  ci^nations  of  conilition  whiti 
they  must  satistj' exactly:  so  that  of  all  the  systems  of  wIum 
which  may  he  selected  as  approximately  Hatisfyinj;  the  first  kiiJ 
of  equations,  only  those  can  bo  admitted  an  jiossible  which  satirff 
exactly  the  equations  of  the  second  kind.  The  nnnilier  of  tii«( 
rigorous  equations  of  condition  must  be  less  thiiii  the  numlKTof 
unknown  quantities;  otherwise  they  would  determine  tliwe 
quantities  independently  of  all  observations.  TbesB  riporwn 
equations,  then,  may  be  aatiHliDd  hy  various  possiblo  ByAtemmf 
values,  and  wo  can  therefore  express  the  probiem  here  to  be  mo- 
aidcred  as  follows:  Of  all  the  ponnihlf  st/nUM^  of  rallies  whkk  r-xar^f 
satisfy  lite  rigorous  filiations  of  aondHion,  to  Jhiii  lltr  most  probabtt,  or 
thai  si/skm  lehick  best  satisfies  tite  appntrimate  etjunlions  nj  ivtiditimL 

The  follon-ing  are  simple  examples  of  conditioned  oljaen'atioiu. 
The  sura  of  the  three  angles  of  a  plane  triangle  must  l>e  180*:  sJ 
that  if  we  observe  each  angle  directly,  and  the  sum  of  the  ob«erv(4 
valaea  differa  front  1S0%  these  Tiklooiiaiut  be-iuureotedsoutsi 
sufisfv  this  condition,  Tlio  ftuii  of  the  aiijjlfs  of  a  splicrloal 
1HI)"+  rtjhrnciil  excess.  The  HUlil  of  ulltlis 
nint.  nrtlic  MUlii  uf;)!!  tlic  dith■l■C1u■l.■^^  of  aziuinlb 
inn  ii|Hiii  ii  mund  nfolijcctf)iii  tlie  horizon,  mil*' 


■piiii: 

t'   iimrtt 
■.1  iit  ;i  s 

1, 

■■m 

Tliu 

„Vyrm\ 

ll 

,.  oU 

^iTvatuii 

ijitc  i-i.jndition:^  in  tliese  cases  nrc  cxprossfil  hy 
i  thciiiselves:  for  the  tiu:il  v:iliies  SKlopted  mwl 
.■iin-e=iii,oiHl  iis  nearly  ii:^  pcs^ible  to  the  observed  values,  Th 
convetiotis  to  iic  apiiJied  to  the  uliserved  valucH  arc  to  tn.'fn- 
garded  as  residual  einii-H  with  thi-ir  sl^ns  changed  ;  and  tliC  aoHl- 
tioii  of  our  pcohiein  is  involved  in  tiie  toildwing  statx'mont:  OJ 
all  the  sifslems  of  corro-liini'i  whh-h  mli.-fy  the  r<)/ori'fes  i-quiitioii,\  '/■"' 
system  is  to  be  rc-riretl  nx  lln:  mod  probable  in  irliicli  the  sum  "J  1^^ 
S'ptares  of  the  rcaidunls  in  the  opproxlmixte  e'liuiiloiis  is  a  ininimam. 

r>4.  The  general  problem  as  above  stated  may  be  roduceiltft 
that  of  nnconditioned  olij^cr  vat  ions,  already  cunsidcrcd.     For  Kl 

u*  suppose  tliero  are  m'  ri,i:or"iis  equations  of  eonditinn,  amlw 
unknown  quantities.  From  these  iii'  ciiuatlons  let  the  values  of 
ni'  unknown  (juaiitillcs  be  obtaiTied  in  terms  of  the  reinuiuiiig 


Ik 
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w  —  m'  quantities,  and  let  these  values  be  substituted  in  all  the 
approximate  equations  of  condition ;  then  there  will  bo  l^ft  in  the 
latter  only  m  —  m'  quantities,  which  may  be  treated  as  independ- 
ent, so  that,  the  approximate  equations  being  now  solved  by  the 
method  of  least  squares,  we  have  the  values  of  the  m  —  m'  quan- 
tities, with  which  we  then  find  the  values  of  tlie  first  wi'  quan- 
tities. This  is  a  general  solution  of  the  problem ;  but  it  is  not 
always  the  simplest  in  practice.  I  shall  illustrate  it  by  a  simple 
example,  before  giving  a  method  applicable  to  more  complicated 
cases. 

Example. — ^AtPine  Mount,  a  station  of  the  TJ.  S.  Coast  Sun^'ey, 
Hie  angles  between  the  surrounding  stations  1,  2,  3,  4  were 
olHerved  as  follows: 


1.2 
2.3 
8.4 
4.1 


Joscelyne— Deepwater 65°  11'  52".500 

Deepwater— Deakyne 66    24  15  .553 

Deakyne— Burden 87      2  24.703 

Burden— JoRcelyne 141    21  21  .757 


weight 
3 
3 
3 
1 


There  are  here  four  unknown  quantities  subjected  to  the  single 

rigorous  condition  that  their  sum  must  be  860°.     But,  instead  of 

taking  the  angles  themselves  as  ilie  unknown  quantities,  we  shall 

iMsame  approximate  values  of  them,  and  regard  the  corrections 

which  they  require  as  the  unknown  quantities. 

We  assume 


1.2 
2.3 
8.4 
4.1 


Joscelyne — Deepwater,  65°  11'  52".5  +  w 
Deepwater — Deakyne,  66  24  15  .5  -|-  j; 
Deakyne— Burden,  87      2  24  .7  +  y 

Burden — Joscelyne,        141    21  21  .8  -f  2 


the  gum  of  which  must  satisfy  the  condition 


or 


859°  59'  54".5  -\-w  ^x  +  y  +  z  =  360° 

w  -^  X  -{-y  +  z  —  5".6  =  0 

The  difference  between  the  assumed  value  and  the  observed 
value  in  each  case  gives  us  a  residual;  and  the  approximate 
equations  of  condition  are,  therefore, 

tr— 0  =0 
X  —  0.058  ==  0 
y  —  0.008  =  0 
z  +  0.043  =  0 


652 

Wd  have  here  but  one  rigorous  coudition  {or  m'=l),  mid' 
eliminate  this  we  have  only  to  fiad  from  it  the  value  of  one  oil* 
known  quantity  in  terms  of  the  others,  and  substitute  it  in  Um 
approximate  equations  of  condition:  thus,  eubstitutintf  the  viUae 

w:=-~-x  —  y  —  s  -\-  6".5 

our  equations  of  condition,  {^ntaining  now  three  ludependent 
unknown  quantiUee,  wee 


-  2  +  6".5     =  0 

—  0  ^&3  =  0 

—  0  .003  =  0 
z  —  0  .043  =  0 


weight. 


The  normal  equations,  applying  the  weights,  ai 

6j:  +  Sy  -f-  3z  —  16.659  ^  0 
Sj:  +  6y  +  fo  —  HJ.509  =  0 
8a;  +  Sy  -f  fe  —  16.457  =  0 


)  thea 


which,  being  solved,  give 


whence  e 


ar  —  +  0"M7& 
y  =  +  0  .9176 
2=  -^-2  .7005 

w  ^  -t-  0,8145 


and  the  corrected  values  of  the  angles  are 


Joscelyno— Deepwater 65°  11'  53" .4145 

IK-opwiUur— Doakyne 60    24  36  .4676 

Uoakyni'— Bur<len 87      2  25.6175 

Burden— Joseelyne 141    21  24  .5005 

860      0     0  .0000 


55.  When  the  number  of  unknown  quftntitiea  is  great,  or  when 
there  are  several  rigorous  conditions  to  be  satisfied,  the  preceding 
luctliod  would  lead  to  very  tedious  computations,  since  we  are 
required  to  perform  two  eliminations,  the  first  from  our  m' 
rigorous  equations  to  find  the  first  m'  quantities  in  tenna  of  the 
others,  and  the  second  from  our  normal  equations  involving  all 
the  remaining  quantities.    In  order  to  obtain  the  general  form 
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for  a  more  condensed  process,  let  the  most  probable  values  of  a 
nnmber  (m)  of  directly  observed  quantities  be 

r,  F",  F'",  Ac. . . .  F*-' 
Let  the  observed  values  be 

IT,  Jf ",  M"\  Ac. . . .  Jf  « 

I«et  these  observations  have  the  weights 

/,   fy   f\    Ac. . ..!)<•> 

Let  the  equations  which  the  most  probable  values  are  required 
to  satisfy  rigorously  be  expressed  by 

/  =/'  (F',F",F'",  ...)  =  0 
^"  =/"(F',F",F'",  ...)  =  0 
^'"  =  /'"  (  F',  F",  F'", . . .)  =  0  (    C^*^) 

Ac. 

and  let 

ml  =  the  Dumber  of  these  conditions. 

I*et  the  most  probable  corrections  of  the  observed  values  be 

f/,  t/',  t?'",  Ac. . . .  t;<«> 
so  that 

Let  the  values  of  ip\  if'\  f"' . . .  when  the  observed  values  are 
actoally  substituted  be  n^  n/\  n'"  •  •  •  or 

/'  ( JT,  M"y  M'", . . .)  =  n' 
/"  (Jf' ,  itf ",  Jlf %  . . .)  =  n" 

Ac. 

Let  the  differential  coefficients  -tzzt^  t==;,  Ac,  -r^=;»  ^^jprr/  Ac.  be 

dV   dV^'^  dV    dV" 

formed;  substitute  in  them  the  values  M\  M'\  M^" ...  for  F', 
V"j  V"'i  and  denote  the  resulting  values  by  a',  a",  Ac,  6',  6", 
Ac ;  tliat  is,  put 

^=a\      ^=  a",       -^  =  a-  Ac. 
dF'         '       dF"  '       rfF'" 

^  =  y,     ^=-6",      :^  =  6'",Ac 

rfF'  rfF'  ^fF"' 
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These  values  of  the  differential  coelEcioiits  will  generally  be  eof- 
ficientlj  exact ;  hut  if  M',  M",  M'"  . . .  are  found  very  greatly  in 
error,  a  repetition  of  the  coiupiitatiou  might  be  neeesaary,  in 
which  the  more  exact  values  found  by  the  first  computation 
would  be  used. 

Tbe  values  of  Jf' ,  M'\  M'"  . . .  being  aaeumed  to  be  so  nearly 
correct  that  the  second  and  higher  [lowers  of  the  eorrectiona  v', 
e",  v'"  . . .  may  be  neglected,  we  have  at  once,  by  Tailor's 
Theorem,  aa  in  the  similar  case  of  Art.  40, 


+  aV  +  a"o"  +  (i"V"+ If  a'-V-J  =  0 

'  -(-  b'v'  +  i'v  4-  fc"V"  4- ....  +  &'-'»*'  =  0 

"  -|-  (.'V  +  f"l)"  -f  C"'u"'  -f -f-  cr'-'u*-'  =  0 


(M) 


which  m'  equations  must  be  rigorously  satisfied  hy  the  values  of 
f',  c",  v'" .... 
The  equations 

V'  —  M'=  0,         Y"  —  M"  =  0,         V"  —  M'"  =  0,  to. 

are  the  approximate  equations  of  condition;  or,  more  strictly, 

V  —  M'  =  0-,         V"  —  M"  ^  B",         V"  —  21'"  ^  v"',  &c. 

are  the  equations  of  condition  which  are  to  be  satisfied  by  the 
most  probable  system  of  residuals  i;',  v",  v'" ....  These,  reduced 
to  the  unit  of  weight  by  Art.  41,  become 

(  p  _  jif ')  ^/p'  =  i/j/^',        (  F"  —  M")  /y  =  i^y;»",  &o.       (90) 

and  the  most  probable  residuals  v'y'p',  v"\'p"  are  those  the  sum 
of  whoso  squares  is  a  minimum,  or  we  must  have 

pV  +  p'V"  +  p"'v"'*  +  &c.  =  a  minimnm. 

Putting,  then,  the  diiferential  of  this  quantity  equal  to  zero,  we 
have 

pVrfi/  -f  /V'di/'  +  p"V'Vi>"'  +  &c.  =  0  (91) 

K  ti',  i;",  i'"' . . .  were  independent  of  each  other,  each  coeffi- 
cient of  this  equation  would  necessarily  be  zero  (as  in  Art,  28), 
and  then  the  most  probable  values  of  V,  V",  V"  .  . .  would  be 
the  directly  observed  values  M',  M",  M'" . . .  But  this  minimum 
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18  here  conditioned  by  the  equations  (89).    If,  then^  we  differen 
tuite  (89),  the  equations 

a'rfi/  +  a"(fv"  +  a'"rft/"  +....  =  0 
6'rfi/  +  6"rfi/'  +  y'rfi/"  +....  =  0 
dd^f  +  c"rfi/'  +  (/"(ft/"  +  ....  =  0  \   (^2) 

must  coexist  with  (91). 

The  number  of  the  equations  (92)  is  wi',  while  the  number  of 
differentials  is  m;  and  since,  by  the  nature  of  the  case,  we  must 
have  m  >  m\  we  can,  by  elimination,  find  from  (92)  the  values 
of  III'  differentials  in  terms  of  the  remaining  m  —  m'  differentials. 
Let  us  suppose  this  elimination  to  be  performed,  and*  that  the 
values  of  the  first  m'  differentials,  found  in  terms  of  the  others, 
are  then  substituted  in  (91^ ;  we  shall  thus  have  an  equation  in 
which  the  remaining  m  —  m*  unknown  quantities  can  be  regarded 
as  independent,  and  the  coefficients  of  these  m  —  m'  quantities 
in  this  final  equation  will  then  sex^eraVLy  be  equal  to  zero.  We 
can  arrive  directly  at  the  result  of  such  an  elimination  and  sub- 
stitution as  follows.  Multiply  the  first  equation  of  (92)  by  A^  the 
second  by  JB,  the  third  by  C,  &c.,  and  also  the  equation  (91)  by 

!  —  1,  and  form  the  sum  of  all  these  products.  Then,  if  -4,  B^ 
C-  . .  •  are  determined  so  that  m*  differentials   shall  disappear 

:  from  the  sum  (and  they  can  be  so  determined,  since  it  only 
reqaires  ra'  conditions  to  determine  m*  quantities),  the  final 
equation  obtained  will  contain  only  the  m  —  m'  remaining  differ- 
entials. But,  the  latter  being  independent,  their  coefficients  must 
also  be  severally  equal  to  zero :  and  hence  we  have,  in  all,  the 
fi>llowing  m  conditional  equations : 

a'A  +6'^   +  (/C  +  ....— p't/    =0 
a'' A  +  V'B  +  c"C  +  . . . .  — /V  =  0 


i'f 


If  ijve  multiply  the  first  of  these  by  — » the  second  by  —»  &c.,  and 

add  the  productSi  we  have,  by  comparison  with  the  first  equation 
of  (89), 


in  which  the  usnal  notation  for  suma  ie  followed. 

we   ciui    form   m'   normal    equations   containing   m'   qnontitieBi, 


namely, 


If  the  obser\-ation3  are  of  equal  weight,  w«  have  only  to  pot 
p  =  1,  or,  in  other  words,  omit  p. 

The  factors  A,  B,  C. . .  are  called  by  Gadss  the  correlalicr4  of 
the  equations  of  condition. 

The  equationii  (94)  being  resolved  by  the  usual  method  of 
«liniination  {Art.  42),  the  values  of  the  correlatives  found  are 
then  to  be  substituted  in  (93),  wheuce  we  obtiilu  directly  the 
required  corrections, 


p"'  =  \-,  ia"'A  +  b"'B  -i-c"'C+... .) 
&c.  &c. 


(95)   , 


and   hence,  finally,  the  most  jirobable  values  of  the  observed 
quantities,  V  ^^  M'  +  v',  V"  ^=  M"  -\-  v",  kc. 

The  comparative  simplicity  of  this  proeosa  will  best  be  shiiwn 
by  applj-ing  it  to  the  example  of  the  preceding   article.     AVe  ' 
there  have  given,  by  observation, 


M'   =    65" 

11'  52".50O, 

y  = 

JT'  =    60 

24  15  .558, 

P"  = 

Jlf"=    87 

2  24  .703, 

?"'  = 

JT-  =  141 

21  21  .7,57, 

p'-  = 

th  the  condition 

y,  ^  y:,  ^  ,.-.»  _,.  jn.  . 
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We  have,  first. 

a*  =  «"  =  «"'=  a*  =  l 

and  when  Jf',  Jf",  Ac  are  put  for  V,  V",  &c.,  we  have  (88) 

»'  =  -  6''.487 

As  we  have  but  one  condition,  we  have  also  but  one  correlative 
A;  the  equation  of  couditjon  is,  by  (89), 

—  6''.487  +  u'  +  r"  +  »"'  +  i>"  =  0 

and  the  mngle  normal  equation  may  be  constructed  according  to 
the  following  form : 


art  1  _ 


and  hence,  by  (95), 

r-  =  +  0.9145 
ir=  +  l).9145 
w*=  +  0.9145 
1^=  +  2.7485 


2.4— 6''.487=0 
A  =  +  2".7485 


CorTMlad  VftluM, 
F*  =  65*  11'  6S''.4145 
T'=  86  24  16  .4675 
r"'=  87  2  25  .6175 
r>=141  21  24  .5005 
860     0     0 


agreeing  with  the  result  foand  by  the  much  longer  process  of 
^«  preceding  article. 

56.  The  further  prosecution  of  this  branch  of  the  subject 
belongs  more  especially  to  works  on  Geodesy.  For  more  ex- 
tended examples,  see  the  special  report  of  Mr.  C.  A.  Schott  in 
die  Beport  of  the  Superintendent  of  the  U.  S.  Coast  Survey  for 
1S54,  from  which  the  above  example  has  been  drawn.  Consult 
also  ]3e3SSl'b  Gradmessung  in  Ostpreussen  in  18SS ;  Bobenbbbobb, 
in  the  Aatronomische  Nachrichten,  Nos.  121  and  122 ;  Bessbl,  ibid. 
So.  438 ;  T.  Gallovat,  Application  of  the  Method  to  a  Portion 
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of  the  Survey  of  Eogland,  in  tlie  Memoirs  of  (he  Roj/al  A$tnmot 
cal  Societi/,'Vo\.XV.;  J.J.Sj^\r.&'6  Kihtenvermcas>a>g;  FiecBis's 
Oeodtesie;  Gkrlino'b  AusgUkhimgs   Jitrhnwigcn ;  Dienoek'e  Ju»- 
gleichiing  dcr  Beobarhfunt/ffckUr ;  Liaurk,   Chlrul  dca  ProbahMh; 
and  Gauss,  Supplcmentum  theoria  eombmalionia,  kc. 

CRITBRION    FOR    THE    REJECTIOS    07    DOUBTFUL    OBSERVATICISS. 

57.  It  lias  been  already  remarked  (p.  490)  that  the  nnmljcrof 
large  errors  occumng  in  practice  iiaually  exceeds  that  giveu  br 
theory,  and  that  this  discrepancy,  instead  of  invalidating:  the 
theory  nf  purely  ■■  accidental"  errors,  rather  indicates  a  scant 
or  sources  of  error  of  an  abnorraul  character,  and  calls  for  i 
criterion  by  which  such  abnonnal  observations  may  he  exilnded. 
The  criterion  proposed  hy  Prof.  PKIRCE"  will  be  given  herewitk 
the  investigation  nearly  in  the  words  of  its  author,  and  with  onlj 
some  slight  changes  of  notation. 

58.  "  In  almost  every  true  series  of  observations,  some  aw 
found  whifh  differ  bo  much  from  the  others  ae  to  indicate  som* 
abnormal  source  of  error  not  contemplated  in  the  fheoretifal 

discussions,  and  the  introduetifiu  of  which  into  the  investt^tions 
vim  oiilv  svrv-'.  in  thr  jircs.-iit  state  >.f  ^ru-u..:\  to  pi'q.Kx  ;ir,> 
iiiiskMd  the  iiKjuir.-c.  lic.mii'tiTs  have,  lliurefoiv.  been  in  rl. 
huliit  of  rejecting  tliose  (ibriervalioiis  which  appeared  to  tliviii 
liiilile  to  unusual  defcets.  alliimigli  tio  exact  eriterioii  lias  licen 
]iri)posed  to  tost  and  iiuthorizc  wueh  a  procedure,  and  thi.s  (kliraic 
r;ulije<'t  hurt  heeU  lef'l  to  the  arbitrary  diserelinn  of  iiidi^uhiai 
eoiupiiters.  Tlie  object  of  the  jireseiit  investigation  is  to  prodiia' 
an  exact  rule  fur  the  rejection  of  observations,  which  sliall  '* 
legitimately  derived  from  the  pi-iiici]i!es  of  the  Calculus  ef  Prr 
biibilities. 

■■  //  i.f  jir'ipnxid  !•'  drtcriulDC  in  a  scries  af  m  ohaervalions  Ih  limilof 
error,  hci/imd  iiiiii-h  uH  oliserealionx  inrolring  so  great  tin  frrormtry^ 
rcjecivil.  iirufiili'l  ihirr  ore  as  ninny  as  ti  sueh  obscrvntiGn,". 

"  The  prineiiile  upon  which  if  is  jiroposed  to  solve  this  pribitm 
in,  th'il  llir  prK/ii'sed  nliserra/iovn  fihniihl  be  rejecled  vhni  Ihc  }irolM''S 
of  Ihr  .<ij/ili-i)i  nf  errors  obtained  hi/  retaining  them  is  less  Ihaii  lha>''j 
the  si/.slein  of  errors  obtained  In/  their  rejeelion  muWpUed  hi/  the  pri''«- 
bilili/  of  mnkitifj  so  mnn;/,  and  no  more.,  abnormal  ohserrations. 


nal  (Csmbridgo,  Mbs».),  Vol.  It    p,  101. 
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ti 


In  determining  the  probability  of  these  two  systems  of  errors, 
it  mriBt  be  carefully  observed  that,  because  observations  are 
rejected  in  the  second  system,  the  corresponding  obscr\^ations  of 
the  first  system  must  bo  regarded,  not  as  being  limited  to  their 
actaal  values,  but  only  as  surpassing  the  limit  of  rejection/' 
Let 

jjL  =  the  number  of  unknown  quantities, 

m  =  the  whole  number  of  observations, 

n  =  the  number  of  observations  proposed 
to  be  rejected, 

n'  =  m  —  n,  the  number  to  be  retained, 
J,  J',  J",  ...  J^*^  =  the  system  of  errors  when  no  observa- 
tion is  rejected, 
Jj,  J/,  Jj", . . .  Jj**'^  =  the  system  of  errors  when  n  observa- 
tions are  rejected, 
f,  e^  =  the  mean  errors  of  the  first  and  second 
system,  respectively, 

y  =  the  probability,  supposed  unknown, 
of  such  an  abnormal  observation  that 
it  is  rejected  on  account  of  its  magni- 
tude, 

y'  =  1  —  y  =  the  probability  that  an  ob- 
servation is  not  of  the  abnormal  cha- 
racter which  involves  its  rejection, 

H  =  the  ratio  of  the  required  limit  of  error 
for  the  rejection  of  n  observations  to 
the  mean  error  e,  so  that  xe  is  the 
limiting  error. 

The  probability  of  an  error  J  in  the  first  system  will  be,  by  (14) 
and  (21), 

A                    1  — ^ 

«PJ  ^ e       2d* 

lad  the  same  form  will  be  used  for  the  second  system. 

The  probability  of  an  error  which  exceeds  the  limit  xe  will  be 
eiproflsed  by  the  integral  (Arts.  8  and  12) 

2J        9AdA 


Aa*<M 


or,  denoting  tins  by  '^/X, 


4x  =  — =:  I        e    2^  dA 


A  — M 


560 

which,  by  patting  I 


and  this  may  be  found  directly  from  Table  IS,  by  subtractuig 
the  tabular  number  corresponding  to  (  =  -~^  from  unity. 

The  probability  of  the  first  Byatcm  of  errors,  embodying 
condition  that  n  observatione  exceed  the  limit  xe,  is 


=  tpj ,  pif .  fJ" 


.^(Sw))-' 


in  which  JJ»  =  J*  +  J'*+ (J'*')*;   and  by  (61)  we  hate 

£J'  =  (m  —  fi)  «*,  whence 


-C2")!" 


,11- 


'(*«)• 


The  probability  of  the  second  system  of  errors  is 

^    rj-    ,11— t,) 
■,•■(-'")'-' 

To  authorize    the   proposed    rejection   of  n  obserrations,  we 
must  liave 

P<P, 

which  gives  at  oiici? 


(5\-',l.,..-„(^,,.^j^j^„ 


The  value  of  t/  must  be  determined  by  the  condition  tbftt  P, 
is  a  maximum,  and  therefore  yy"'  =  ^"  (1  —  y)"' is  a  maximnm. 
Taking  the  logarithm  of  this  quantity,  and  putting  its  dlflercnlial 
ei|ual  to  zero,  we  obtain  for  the  maximum 
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wh^&oe 


y  =  —        !/=  — 


Putting  then 


n^n'"*^ 


^*  V  (96) 


It   =  e^C-'-i)  (4x) 


&e  limitiBg  valae  of  x,  according  to  the  above  inequality,  muet 
be  that  which  satififies  the  equation 


{^'■= 


Tn 


which  ^TBB  the  required  criterion. 

The  relation  of  e^  to  c  must  depend  on  the  nature  of  the  equa- 
tions which  correspond  to  the  rejected  observations;  but  it  will 
give  a  sufficient  approximation  to  assume  that  the  excess  of  lA^ 
over  lA^  is  only  equal  to  the  sum  of  the  squwes  of  the  errc^rs  of 
the  rejected  observations,  which  gives  the  equation 

(m  —  iL)  t«  —  nxV  ==  (m  —  /*  —  »)  t^ 
whence 

/_f,y_m--/t~nx' 
\f/       m  — (I  —  n 

which  combined  with  the*  Itbove  equation  gives 

—  PL  —  n  ''\Bl 
Patting,  for  brevity. 


m 


find 


X«  —  1  =  ^—f^  —  ^  (1  _  ;i,)  (93) 


Table  X. A  gives  the  logarithms  of  T  and  i?,  computed  by  (96) 
.3«rith  the  aid  of  Table  IX.  We  can,  therefore,  by  successive 
approximations,  find  the  value  of  x  which  satisfies  the  equations 
(97)  and  (98).  Since  R  involves  x,  we  must  first  assume  an  ap- 
pronmate  i^ue  of  x  (which  the  observed  residuals  will  suggest), 
with  which  )?  will  be  computed  by  (97),  and  hence  x  by  (98). 

Vau  IL— 36 


With  ihie  first  approximate  value  of  x,  a  new  v&lde  mXogZ 
be  tjiken  from  the  table,  with  which  a  BCcond  approximatii 
X  will  be  found.  Two  or  three  approximationa  will  usuali 
found  eiifficient. 

In  the  application  of  tUia  criterion,  it  is  to  be  rememb 
that  it  must  not  be  used  to  reject  n  observationa  unless  il 
previously  rejected  ti  —  1  observations.  Hence  we  must  firel 
termiiiQ  the  limiting  value  of  x  for  the  hj-pothesis  of  one  doul 
observation,  or  Ji  =  1,  and  if  this  rejects  one  or  more  obst 
lions,  wo  can  pass  to  the  next  hypothesis,  n  ^  2,  or  n  ^^  3, 
and  so  on  until  we  arrive  at  the  limit  which  excludes  no  i 
observations. 

The  above  arrangement  of  the  tables  is  nearly  the  sam 
that  given  by  Dr.  B.  A.  Gould,*  who  was  the  first  to  pre 
such, tables  and  thus  render  the  criterion  available  to  prat 
computers.  The  only  difference  is  iu  my  table  of  Log.  T,  w 
I  have  found  in  practice  to  be  more  convenient  than  the  c 
sponding  one  of  Dr.  Godld. 

Example. — "To  determine  the  limit  of  rejection  of  on 
two  observatJons  in  the  case  of  fifteen  observations  of  the  vei 
semidiameters  of  Venus,  made  by  Lieut.  Herndon,  with 
meridian  circle  at  Washington,  in  the  year  18-16."  In  the  rt 
tion  of  these  obaervations,  Prof.  Peirce  assumed  two  unki 
quantities,  and  found  the  following  residuals  {v) : 


-  0".30 

—  0".24 

-  1".40 

+  0".1S 

—  0  .44 

+  0  .06 

—  0  .22 

+  0  .39 

+  1  .01 

+  0  .63 

—  0  .05 

+  0  .10 

-i-0  .48 

-0  .13 

+  0  .20 

We  have  here  m  =  15,  /i  =  2,  [vv]  =  4.2545,  whence 

=  0".572 

lA 

We  first  try  the  hypothesis  of  one  doubtful  observatioi 
n  =  1.  Assuming  x  =  2,  the  successive  approximations 
be  made  as  follows : 

*  Report  of  the  SuperintendeDt  of  the  U.  8.  CoMt  Survey  for  1Sj4,  Appeoi 
131*;  kUd  Ailron.  Journal,  Vol.  IV.  p.  81. 
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2ll 


I— « 


1^ 

7 


->  *1 


—  M— n 


Ist  Approx. 

Table  X.A.  log  T    8.404 
"       «      logR    9.309 

log  4    9.096 
R 

log  X*      9.871 

log  (1  —  A«)  9.410 

=  12  log  12    1.079 

log(x«  — 1)  0.489 
logx«  0.610 
K  2.02 


2d  Approx. 
8.4044 
9.3062 

9.0982 

9.8712 
9.4093 

1.0792 

0.4885 
0.6106 
2.020 


Hence  x«  =  1".16,  which  excludes  tha  residual  1".40. 

We  may  now  try  the  hypothesis  n  =  2.     Commencing  again 
iMii  the  assumption  x  =  2,  we  have — - 


IS 


»  — /I —  n 


n 

2 


log  T 
logR 

log  I 
log  A' 

log  (1  -  A') 

log^ 

log(x«-l) 
log  X* 

K 


l8t 

Approx. 

8.7210 
9.309 

9.412 

9.819 
9.531 

0.740 

0.271 
0.457 
1.69 


2d 
Approx. 

8.7210 
9.3622 

9.3588 

9.8027 
9.5624 

0.7404 

0.8028 
0.4788 
1.734 


3d 
Approx. 

8.7210 
9.3544 

9.3666 

9.8051 
9.5582 

0.7404 

0.2986 
0.4755 
1.729 


I       4th 
Approx. 

8.7210 
9.3553 

9.3657 

9.8048 
9  5587 

0.7404 

0.2991 
0.4758 
1.7295 


Hence  x«  =  0".989,  which  excludes  the  residuals  1".40  and  1".01. 
If  we  now  try  the  hypothesis  n  =  3,  we  shall  find,  in  the  same 
nuuiner,  x«  =  0".887,  which  does  not  exclude  the  residual  0".63: 
•0  that  the  residuals  1".40  and  1".01  are  in  this  ease  the  only 
ibnormal  ones.  Rejecting  these  residuals,  we  shall  now  find 
^=(K'.889.* 

69.  In  order  to  facilitate  the  application  of  Peirce's  Criterion 


« F«r  another  exftoiple,  in  which  there  were  four  unknown  quantities,  and  in 
wUeh  Um  eiiterion  wm  Tery  usefuU  see  p.  207  of  this  Tolume. 


ill  the  cases  most  commonly  occurring  in  practice.  Talile  X.  i(nnt 
given  by  Dr.  Gould)  has  been  computed  by  the  aid  of  the  logT 
and  log-fl,  accortling  to  the  preceding  method, 

The  first  page  of  this  table  U  to  be  used  when  there  is  bot 
one  unknown  quantity  (^  =  1),  or  for  direct  obscrrations.  It 
gives,  by  simple  inspection,  the  value  of  x'  for  any  nunilter  of 
observations  from  3  to  60,  and  for  any  number  of  doubtful  obse^ 
vatious  from  1  to  9. 

The  second  page  is  used  in  the  same  manner  when  there  are 
two  unknown  quantities  (ji  ^  2). 

Example. — Same  as  in  thtj  preceding  article, — Having  fouii'l, 
na  above,  r"  =  0.3273,  wo  fii-flt  take  from  Table  X.  for  /i  =  2  tlw 
value  of  x'  corresponding  to  rn  ==  15  and  n  ^  1,  and  fiud 

x'  =  4.080,  whonco  xV  =  1.3354,        w  =  I'MG 

which  rejects  the  residual  1".40. 

Then,  with  m  —  15,  ?i  =  2,  we  find,  from  the  same  page, 


which  rejects  the  two  residuals  1".40  and  1".01. 
Passing,  then,  to  the  hj-pothesis  n  ==  3,  we  find 


which  docs  not  exolude  any  more  residuals. 

CO.  The  above  investigation  of  the  criterion  involves  some 
in'ini'iple;',  derived  from  the  theory  of  probabilities,  which  may 
seem  obscure  to  those  not  fiimiliar  with  tliat  branch  of  scionec- 
ludceil,  the  possibility  of  establishing  any  criterion  whatever  fof 
the  rejection  of  doubtful  obser\'ations,  by  the  aid  of  the  calculu^ 
of  probabilities,  has  been  questioned  even  by  so  distinguished  a*' 
astronomer  as  Airy.*  It  is  easy,  however,  to  derive  an  approxi- 
mate i;riterion  for  the  rejerthn  of  one  ilo'ihlfal  ohserrothn,  directlj-' 
from  the  fnudaniental  formula  upon  which  the  whole  theory-  or 
the  iiKtIiod  of  least  squares  i.s  based. 

We  have  seen  that  the  function 

a,  Aflrnnomioit  Journal  (Citnibri<Ige).  Vol.  IV. 
>  rbc  objections  of  ihe  Aiironamer  Rojal  vill 
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(the  vahie  of  "which  i&  given  in  Table  EC.  A)  represents,  in  general, 

the  DHmber  of  errors  less  than  a^=^rtf  which  may  be  expected  to 

occur  m  any  extended  series  of  observations  when  the  whole 

number  of  observations  is  taken  as  unity,  r  being  the  probable 

error  of  an  observation.   K  this  be  multiplied  by  the  number  of 

observations  =  tt?,  we  shall  have  the  actual  number  of  errors  less 

ihan  rV ;  and  hence  the  quantity 

m^m.  Q{pV)  =  m  [1  —  ^{pVy] 

expresses  the  number  of  errors  to  be  expected  greater  than  the 
Bmit  ri'.  But  if  this  quantity  is  less  than  J,  it  will  follow  that 
an  error  of  the  magnitude  rV  will  have  a  greater  probability 
against  it  than  for  it,  and  may  therefore  be  rejected.  The  limit 
of  rejection  of  a  single  doubtful  observation^  according  to  this  simple 
role,  is,  therefore,  obtained  from  the  equation 

^  =  m  [1  -  eo^^)] 

or 

e(j,t')  =  i^^  (99) 

If  we  express  the  limiting  error  under  the  form  xe,  e  being  the 
mean  error  of  an  observation,  we  shall  have 

X  =  —  =  0.6745e'  (100) 

With  the  value  of  Q{pV)  given  by  (99),  we  can  find  V  from  Table 
IX. A,  and  hence  x  by  (100). 

Example. — To  find  the  limit  of  rejection  of  one  of  the  obser- 
vations given  on  p.  562.  We  there  have  m  =  15,  e  =  0".572 ; 
and  hence,  by  (99),  Q{pV)  =  0.96667,  which  in  Table  IX.A  cor- 
le^nds  to  <'=  8.155,  whence,  by  (100),  x  =  2.128,  xe  =  1".22, 
which  agrees  very  nearly  with  the  limit  found  by  Peirce's 
Criterion. 

By  the  successive  application  of  this  rule  (with  the  necessary 

modifications),  it  may  be  used  for  the  rejection  of  two  or  more 

doubtful  observations,  and  I  have,  by  means  of  it,  prepared  a 

table  which  agrees  so  nearly  with  Table  X.  that,  for  practical 

jmrposes,  it  may  be  regarded  as  identical  with  that  table.     For 

the  general  case,  however,  when  there  are  several  uniuiown 
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(jiiaiititiea  and  sevxTjl  doubtful  observations,  the  modificationa 
which  the  rule  requires  render  it  more  trouhleaome  than  Peirce's 
formula,  and  I  shall,  therefore,  not  develop  it  further  in  this 
pliice.  What  1  have  given  may  aerve  the  purpose  of  giving  the 
reader  greater  eoufidence  in  the  correctneaa  and  value  of  Peikce's 
Criteriuo. 


TABLES. 


Fob  the  explanation  of  the  constrnction  and  use  of  these  tables,  con- 
fait  the  artielee  referred  to  below. 

TABI.K    I.  Mean  Refraction.    (Explanation,.  Vol.  I.  Art.  107.) 

^*       IL  A,  B»  Cf  I>y  l&y  and  Fy  Bissxt's  Befraetion  Table.  (Tol.  I. 
Arte.  107, 117,  119;  and  Tol.  U.  Arts  294,  295.) 

*<      III.  Seduction  of  Latitude  and  Logarithm  of  the  Earth's 
Bodina^    (Vol.  I.  Aria.  81,  82.) 

^      lY.  Log  A  and  Log  B,  for  computing  the  Equation  of  Equal 
Altitudes.     (Vol.  I.  Arts.  140,  141.) 

«       T.  Bd^ction  to  the  Meridian.    Values  of 


r  i 


'»/.  m^ =-      and      »a= 7^- 

^  sin  1"  sin  1" 

(Vol.  L  Arts.  170, 171.) 

«<      VL  Logarithms  of  m  and  n.    (Vol.  I.  Arts.  170, 171.) 

<<     VII.  A  and  VII.  B.  Limits  of  Circummeridian  Altitudes.    (Vol. 
L  Art.  175.) 

^  VUL  and  VIII.  A.  For  reducing  transits  over  several  threads 
to  a  common  instant.    (Vol.  II.  Arts.  173, 187.) 

^      TT-  and  IX.  A.  Probability  of  Errors.  (Appendix,  Arts.  12, 14.) 

^        X.  and  X.  A.  Pxirck's  Criterion  for  the  Bejection  of  doubtful 
Observations.    (Appendix,  Arts.  58, 59.) 

TABLES  FOR  CORRXCTINO  LUNAR    DISTANCES. 

*<       XI.  Dip  of  the  Sea  Horizon.    (Vol.  I.  Art.  124.) 

^     XIL  Augmentation  of  the  Moon's  Semidiameter.    (Vol.  I.  Art. 
180.) 

«<  Xm.  Correction  of  the  Moon's  Equatorial  Parallax.    (Vol.  I. 
Art.  97.) 
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otO  tables  for  correctins  lunar  distakces. 

Table  XIV.  Mean  Reduced  Refraction  for  Lunars.    (Vol.  I.  Art.  249.) 
"      5IV.  A.  Correction  of  tbo  Mean  Refmction  for  the  Height  of 

tlio  Barometer.     (Vol.  I.  Art.  249.) 
"     SIV.  B.  Correelion  of  the  Mean  Refraction  foi;  tbo  Height  of 

tho  Thonnometer.     (Vol.  I.  Art.  249.) 
"        XV.  Logarithme  of  A,  B,  C,  D,  for  correcting  Lunar  Dis- 
tances.    (Vol.  1.  Art.  249.) 
"      XVI.  Second  Correction  of  the  Lunar  Distanoe.     (Vol.  I.  Art. 

249.) 
"    XVn.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Sim- 

tance  fortlie  Contraction  of  the  Moon's  Semidiamoter. 

(Vol.  I.  Art.  249.) 
"  XVIII.  A  and  B.    For  finding  the  Correction  of  the  Lunar  Di* 

tance  for  the  Contraction  of  the  Sun's  Semidiamoter. 

(Vol.  I.  Art.  249.) 
"      XIX.  For  finding  the  valne  of  y  for  correcting  Lunar  Di*. 

tances  for  the  Compreasion  of  the  Eurtb.     (VoL  L 

Art.  249.)  \ 

"        XX.  Correction  required  on  acoount  of  Second  DiffcrenceA  of 

the  Moon's  Motion,  in  finding  the  Grcenwicb  Tima 

corresponding  to  a  Corrected  Lanar  Distance.     (Vol. 

I.  Art.  66.) 
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9   5» 

I    S9.8 

10 

1  ii.S 

5  11.7 

80     0 

II  44 

»      »-7 

20 

20 

1   »4« 

S  14-3 

87     0 

'1  *5 

1      1^ 

30 

»      l.b 

30 

3   *7< 

5   »70 

88     ft 

ij  16 

:  i:; 

40 
SO 

»     1.5 
1      3.4 

4( 

J   >9.* 
3   3'7 

20 
25 

S»96 
5  3»4 

80     0 
00     0 

?!5; 

9l 

•     4-7 

OS     « 

1     4.4 

75    0 

3   3+-" 

80  to 

S  35' 

■ 

TABLE  n.    Be&sel'a  fic&action  Table. 

A. 

B. 

c:. 

5L1: 

Art.  *PP- 1-  D. 

Argm»S.I>. 

in.rrmtS.t. 

W-                A 

* 

Ug.' 

^' 

V 

ID,.- 

jr 

0-  ()■ 

■.7«<5*      , 

i-7«'41      , 

6*4S"    0 

Itf     0 

i.76'i4      , 

1-76.41       I 
'■76i3i     „ 

64458  I 

20     0 

i76"49      ' 

6445*  ! 

, 

sa   0 

'  76.,9    '° 

"^"    ,1 

6-44S*    ♦ 

I 

35     0 

..76.  JO         ' 

,.76,  u     '" 

6-4449     J 

4»    0 

1,76119 

■.76099    •' 
..760^    '' 

6.4446     ' 

iS     0 

1.76104      , 
..76.00      4 
.,76096      ♦ 
..76051      ♦ 

I.OOlg 

i.oe.j 

6.444.     I 

4»    0 

1.00.9 

1.76075      \ 

1.001  J 

6-4419    - 

4T     0 

I.OP19 

1.76070      J 

..0014 

'4417     - 

M     0 

1. 0010 

..7606s      1 
I.760S3      , 

1.00.5 

6  44j« ; 

M     0 

..760117      * 

1.001, 

1.0015 

6.4414 

ao   0 

..,6=«.  ; 

I.O01) 

1.0016 

6-44H    , 

51      0 

,.76077  I 
1,7607.  g 

1.001; 

..76047      ! 
.,76040      I 

6.441  >    * 

52     « 

1.0016 

t.O0>S 

«*4»9    ! 

53    (1 

.•7<to6s  ; 

1,0017 

1-760J.      I 

LOO. 9 

S44rf  ; 

54     U 

..76058  J 

1.0019 

1.76014      * 

1.0011 

6.441s  ' 

as    0 

1.760SO   . 

1.003, 

'■7«0'4    ,- 

1.0014 

644"  I 

5ft     0 

'7604.  ' 

1.0054 

<  76«H    \, 

t-MlS 

6-44' 9    ' 

37     0 

'■76031  ,2 

1.O017 

'■75993    ,- 

..0018 

644.6  a 

M     0 

■■7601J       , 

1.0040 

•■7598'     ,. 

■4 
'■75951     ,L 

1,00  JO 

6.441*  * 

50     0 

..760,1     " 

1-0O4J 

l.OOJl 

6.440I    * 

M     0 

,.7foo.     " 

..0046 

1.0035 

644=4    , 

61     0. 

'■7i9«a  \l 

1.00+9 

"■7S9J7    ,g 

..ooj8 

6.4400  i 

at   0 

'•7S97J      3 

1.0054 

'■'59'9    ,0 

i.0O4t 

6.439s  f 

0.1     0 

'■-59S7      a 

i.ooijS 

'■75899  !! 

1.0044 

64590  I 

m   u 

'-7SS39 

i,oo6i 

■■75*77 

..0048 

64384  » 

as   (1 

'■7S9'9    ,, 

.,0063 

'■75*51    ,[ 

i.0051 

6-4378  , 

03     (i 

'■75897    -B 

I,D07i 

'  758>4    " 

1.005* 

6  4370  : 

OT     0 

'.7S87.     \l 

,,0085 

'■75793     L 
'■75757     5] 

1.OC64 

'•4161     ' 

08     U 

'■7i84>    *' 
..7S809     JJ 

I.7S77'     .. 

,.0091 

*■♦"'  ti 

OS     0 

■■757'7    ^ 

,         47 

1-75670     ,, 

1.0079 

6  4139 

7«     (1 

I.Q.l. 

I.OOS8 

fi.4Ji6 

71      0 

.•7;7.S    t 

1.0114 

1.0099 

6-43'.  ^ 

7i     0 

'■7i'7i    1; 

1,0.  J9 

***9"I? 

73     0 

.O.St 

I.OIIJ 

6,4*7.  •; 

n    0 

'■'""    » 

>,o.7S 

'■""".li 

1.0140 

6.4146  *' 

73     0 

'■754S7     ,< 

1,0197 

'■7r-«4  ,„ 

1.0155 

6,411 <  V 

10 

■•7i44>     ,s 
'75415     ,, 

..7s.«i  ;i 

■■7574s  ., 

•-0.5* 

1::;: 

an 

l.7S4'^S     \l 

i,oioS 

'  7S"S    ,, 

.'0.64 

6.4105     ' 

4U 

'  'SJ9'     ,g 

'■75"4    ,. 

1,0.67 

6.4100    I 

GJ 

'_.7SJ71 

1.0116 

,.7i,Ii    " 

I.0.7J 

M.94    I 

TO     0 

m 

'■7535!    ,„ 
'■7S!l6    ■' 

,,0115 

'■'i'S'    !• 
'■"'1'    . 

1 75"!  n 

1,0.7] 

6.4. SS 
6.4.S.    I 

^11 

'  751'6    " 

J.DIJO 

l.oiio 

6  4'74    I 

31 

'-7519s 

1.013; 

'■'i°"  ,1 

1,0.14 

64167     Z 

40 

'■75>74    ,, 

1.014. 

'■75060   I 

l.o.XI 

6.4.60  ; 

50 

..75.S> 

..0146 

1,0191 

64153 ; 

7T     0 

,.75»9      '     ..oo.6[  .  «,. 

1,75005 

0-99TJ 

1-0197 

6.4.45 

»-»T 

.TABLE  n.    Bessel's  Befraction  Table. 


r  or 

10 

40 

60 

0 
10 
20 


A. 

Arpc  App.  Z.  D. 


Loffa 


ftS 


40 
SO 

0 
10 
SO 


40 
SO 

0 
10 
20 


40 

60 

0 

10 
20 

to 

40 
60 

0 
10 
20 
SO 
40 
60 

0 
10 
20 
80 
40 
60 

0 
10 
20 
SO 
40 
60 


'•75^05  n 

"•75'55  J 

«.75«*9 
1. 75101 

29 

«-7S07a  _ 

i.75<H3  !j 

«-750"3  J- 

••7498*  '* 

1-74947  J7 

1.7491a  3' 

36 

«.74«39  1^ 

« -74799  *'^ 
« -747^7 

«-747'4 
1.74670 


4a 
43 


47 
50 


1.74623 

«-74573 

«-74S«"    ., 

1.74468     53 


5* 


1.744" 
"-7435a 


60 

64 

65 
68 

7* 
76 


1.74288 
1.74^23 

■•74155 

i-740«3 
1.74007 

1.73928    79 

,  »3 

i.73«45  gg 

'•73757  Q. 

1.73663  9^ 

-7354  .'4 

'73459  „  5 

••73347      . 
118 

«-73"9,^ 

"-73«05  -!? 

i.7«974    * 

1.7183*   t? 

--7*"'    1; 
1.72519 

-:'73 

*-^"f'i99 
■-7«96i^J^ 


1-71749 
1.71522 

1.71*79 
1. 7 1020 


127 
*43 

*59 


.0026 
.0026 

.0027 
.0027 
.0028 
.0029 

.0030 
.0030 
.0031 
.0032 
0033 
.0034 

.0035 
.0036 
.0037 
.0038 
.0039 
.0043 

.0041 
.0042 

.0043 

.0045 
.0046 

.0047 

.0049 
.0050 
.0052 
.0054 
.0056 
.0058 

.0060 
.0062 
.0065 
.0067 
.0070 
.0073 

.0075 
.0078 
.0081 
.0084 
.0088 
.0092 

.0096 

.0100 

.0105 

.0110 

.0115: 

.0121 


1.0127    I 


0252 
0258 
0264 
0272 
0281 
0290 

0299 
0308 
0318 
0328 
0338 

0347 

0357 
0367 

0377 

0387 

0398 

0409 

0420 
0431 
0442 
0454 
046C 
0479 

0493 
0508 

0523 

0540 

0559 
0579 

0600 
0622 
0646 
0671 

0697 
0725 

0754 
0784 

0815 

0846 

0879 
0914 

0951 
0992 
1036 
10S2 
ii3-> 
Il7"i 

1229 


n. 

Arg.  True  Z.  D. 


I^«' 


75005 
74976 

74945 
749 '4 
74882 

74848 

• 

74813 
74777 
74740 
74701 
74660 

74617 

74573 
745^7 

74478 
74428 

74376 

743a' 

74263 
74203 
74141 

74075 
74005 

73933 

73857 

73777 
73692 

73605 

735»4 

73417 


A' 


29 
1 
I 

2 

4 

5 

6 

^1 

9! 

43! 

44 

46 
49 

55i 

58 

6o 
62 

66 

70 
7a 

76 

80 

85 

87 
9« 
97 

103 


107 
112 


733'4 
73207 

73095,,, 

72846'** 
72711 '35 

142 
7*569,,, 

72256  '** 

7*083  \l] 

71902 

71708  "94 

209 

71499,., 
71276  "3 

2t0 

71037  J^ 

70782*55 

271 

70509  ," 

70216  ^^ 

^  3«4 

69902 


0.9975 
0.9974 

0-9973 
0.9972 

0.9971 

0.9970 

0.9970 
0.9969 
0.9968 
0.9967 
o  9967 
0.9966 

0.9965 
0.9964 
0.9963 
0.9962 
0.9961 
0.9960 

0.9958 

09957 

0.9955 
0.9954 

0.9952 

0.9951 

0.9949 
0.9948 

0.9946, 
0.9944 
0.9942 
0.9940 

0.9938 
0.9936 
0.9934 
0.9931 
0.9929 
0.9926 

0.9924 
0.9920 
0.9917 
0.9913 
0.9909 
0.9905 

0.9901 

0.9897 

0.98931 
0.9888, 

0.9882I 

0.9876 

0.9870 


.0197 
.0202 
.0208 
.0213 
.0219 
.0226 

.0234 
.0241 
.0249 
.0257 
.0265 
.0273 

.0281 
.0289 
.0296 
.0304 
.0312 
.0320 

.0329 

•0337 
.0346 

•0354 
.0363 

.0372 

.0382 
.0393 
.0404 
.0416 
.0429 

.0444 

.0459 
.0476 
.0493 
.0512 
.0531 
.0552 

•0573 
.0594 

.0617 

.0640 

.0664 

.0688 

.0715 
.0742 
.0771 
.0802 
.0834 
.0868 


1.0903 


Arp.  True  7..  D. 


LoK«' 


6.4145 
6.4138 
6.41  30 
6.4122 
6.4114 
6.4106 

6.4097 
64088 
6.4078 
6.4067 
6.4056 
6.4044 


A" 


7 
8 

8 

8 

8 


9 
ic 

II 

11 

12 


12 


3 
«4 


6.4032 
6.4019 
64005 
99«  ,5 

962*^ 

15 

9*7,6 

93'  ,7 

9*4    ' 
895 '9 

8?6'9 

856*° 
xo 

S36 

816" 

795:; 

774  „ 

7»8** 
«6 

674 
643  S' 

578  33 
144  3* 

36 

508 

469  39 
4*7** 

3«*:i 

334  to 
28450 

53 
*3« 


6 
6. 
6. 

6. 
6. 
6. 
6. 
6. 
6. 

6. 
6. 
6. 
6. 
6. 
6. 

6. 
6. 
6. 
6. 
6. 
6. 

6. 
6. 
6. 
6. 
6. 
6. 

6. 
6. 
6. 
6. 

I  *987  6g 
6  2919 

7* 
6.2847 


174 
"5 


57 
59 


^63 

052  ,* 

>    65 


0.997 

0.997! 

0.997 1 

0.996 
0.996 
0.996 

0.996 
0.996 
0.996I 
0.996, 
0996; 
0.995 

0.995 
0.995 

0.995 

0.995 

0.995 

0.994 

0.994 
0.994 
0.994 
0.993 
0.993 
0.993 

0.993 
0.992' 

0.99*1 

0.992I 

0.991 
0.991 

0.991 

0.990 

0.990 

0.989I 

0.989- 

0.988! 

0.987 
0.986 

0.985; 
0.984 

0.983' 
0.982 


0.981: 
0.980 

0.979; 
0.977. 

0.976: 

0.974: 


A" 


0.973    1.237 


062 
064 
066 
067 
069 
071 


073 

075 
076 

078 

080 

082 

085 
087 
089 
091 
094 
C96 

099 
102 
105 
108 
112 

"5 

119 
123 

127 

«3* 
136 

141 

146 

'5' 
156 

161 

167 

172 

17  f 

183 
188 

'93 
199 

204 

209 
214  ! 
219 
224 
228  I 
232 


573 


TABLE  n.    Besse 

's  Refraction  Table. 

D.  Factor  d.f 

rixiin 

iip'in  the  Rnremiflfr. 

I'.H. 

L-vB 

K.,vll-h 

L..B« 

lui^rM. 

Wfl 

m:°^l 

bx: 

315 

—  O0144S 

ST. 5 

—  0.05191 

0.725 

-oo,;6o 

0.700 

+  C.O 

31(1 

01307 

aT.n 

03033 

0.720 

01500 

0 

TOI 

+  0.0 

ai7 

27  .T 

01876 

0.727 

0,440 

0 

7B3 

+  0.0, 

318 

oiajj 

37.8 

0.728 

Oljgo 

0 

703 

+  aoi 

3111 

0,897 

27.9 

oils* 

0.730 

OIJll 

0 

754 

+  0.(. 

320 

01761 

39.0 

C1409 

0.730 

OI16I 

0 

705 

+  0.0 

3-H 

0.61s 

3H.1 

oust 

0.731 

0 

700 

+  CO. 

333 

01490 

s»a 

01099 

0.732 

0.141 

0 

707 

+  0.0 

323 

01J56 

38.3 

01946 

0.T33 

01083 

0 

708 

+  0.0 

3^4 

3H.4 

0179] 

0.734 

0.014 

0 

709 

+  0.0 

325 

■Z».5 

0.640 

0.735 

00965 

0 

770 

+  0* 

330 

009;+ 

aB.c 

0.488 

0.73C 

0 

771 

+  0.0 

3iT 

ooSii 

3«.7 

0.336 

0.737 

00847 

0 

772 

+  CO 

3iH 

oofigg 

38.8 

o,.85 

0.738 

00788 

0 

773 

+  0.0 

330 

005S6 

38.9 

0103s 

0,730 

00719 

774 

+  0J> 

330 

00415 

39.0 

00885 

0.740 

00670 

0 

775 

+  0.0 

331 

00193 

30.1 

00735 

0.741 

006.1 

0 

77G 

+  0-0 

33'i 

30.2 

00S86 

0.743 

0055J 

0 

777 

+  0.0 

333 

00051 

30.3 

004J8 

0.743 

00494 

0 

778 

+  0.0 

334 

+  o 

00099 

20.4 

0.744 

00436 

0 

779 

+  0.0 

335 

+  o 

OOllg 

20.5 

00141 

0.740 

0037S 

0 

780 

338 

+  ° 

oo,;8 

20.6 

+  0 

0.740 

00319 

0 

781 

+  " 

337 

+   0 

004S7 

20.7 

+  0 

001  ji 

0.747 

—  0 

oo-.i. 

0 

782 

+  O.S 

338 

+  Q 

Q0616 

39.8 

+    0 

00197 

0.748 

0 

783 

+  «.o 

33» 

+  o 

00744 

29.0 

+  0 

00441 

0.74a 

00,45 

0 

784 

+  O.C 

340 

+  <= 

00871 

30.0 

+  0 

00588 

0.750 

—  0 

00087 

0 

785 

+  0.0 

341 
342 

4-0 

00999 

30.1 
30.2 

+  0 

+  0 

o:^^6 

0.751 
0.7S3 

0 

0 

788 

787 

+  o.e 

+  0 

343 

^° 

OI15J 

30.3 

+  0 

0.753 

+  0 

00086 

0 

-f  0.0 

344 

+  ° 

013S0 

30.4 

-f-o 

0.16] 

0.754 

+  0 

00144 

0 

789 

+  0.0 

315 

+   ° 

0,506 

30.3 

+   0 

0,306 

0.755 

+  0 

0 

790 

-f  o,c 

+  ° 

016, z 

3O.0 

+  0 

0144B 

0.750 

00159 

0 

+  0.0 

317 

+  0 

30.7 

+   0 

0.757 

+  0 

003,6 

0 

79J 

+  QD 

3414 

30.« 

+  0 

01731 

0.758 

00574 

0 

793 

+  0-0 

34» 

3(1.0 

+   0 

01871 

0.750 

+  0 

00431 

0 

794 

3,-.0 

+    0 

oin< 

31.0 

+  0 

010.x 

0.764> 

■V  0 

00488 

0 

795 

+  0.0 

■  rhpfit'Iing  upon  the  Atlaclifj  77iermomefer. 

.)  FAhrcnIicll.    (R.)  lUAiimiir.    (C.)  Cenll|,nul«. 


\~"'~ 

"    W  T~ 

"h" 

W 

C. 

Lour      1 

-30" 

+  0,00141 

—  35° 

+  0.00308 

—  35° 

+  0.00146  ' 

—  20 

—  30 

00164 

-30 

+  0.00,64 

—  25 

+  ° 

—  25 

+  0 

—  20 

+  c 

30176 

—  20 

+  1» 

+  0.00086 

—  15 

00131 

—  15 

+  0 

30 

+  0.00047 

—  10 

+  c 

—  10 

+  < 

30 

—    5 

+  0 

00044 

—    5 

+  0 

40 

0 

00000 

0 

fto 

—  0.00070 

+    5 

00044 

+     5 

10 

10 

70 

—  0.00. 4S 

15 

ta 

80 

—  0.00.86 

30 

20 

00 

25 

35 

100 

30 

00161 

30 

3.'> 

—  o,oojos 

39 

—  0.00144  ;| 

Log  ;?  =  log  a  +  log  r. 


TABLE  n.   Bessel's  Be&action  Table. 

F.   Factor  dtpendinff  vpon  the  Exlemal  THermometer. 

(>.]  FubrcDluft.    (R.)  RIudw. 


L-WT 

t. 

l«g-y 

B. 

Wy 

c 

W> 

+  0.06179 

3S° 

+  0.0.185 

-3B= 

+  0.08990 

-35° 

-f  0.07373 

+  0.0618 1 

36 

+  0.0,098 

—  30 

+  0 

07819 

—  30 

+  0,06476 

+  0.0608] 

37 

+  0.01011 

—  25 

+  0 

06698 

—  25 

+  0-05596 

+  ''■oS9*S 

38 

+  0.00914 

-34 

+  0 

06476 

-24 

^■  0.05413 

+  0.05887 

39 

+  0.00837 

—  23 

+  0 

06154 

—  23 

+  0.05149 

+  0.0579= 

40 

+  0.00750 

—  22 

+  0 

06034 

-22 

-f  0.05077 

-t-  0.05693 

41 

+  0.00664 

—  21 

+  0 

05815 

—  21 

+  0.04905 

■+  o.o!S96 

43 

+  0.00578 

—  20 

+  0 

05596 

—  20 

+  0.047 14 

+  0.0J500 

43 

+  0.00491 

—  10 

+  0 

"5179 

—  10 

+  0.04564 

-f  O.0J401 

44 

+  0.00406 

—  18 

Jf  0 

05.61 

—  IB 

+  °'>4394 

+  005  307 

45 

+  0.00  ]  10 

—  17 

+  0 

04948 

—  17 

+  0,04115 

+  0.05111 

40 

+  0.00134 

—  16 

+  0 

04734 

—  10 
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U)le  m.    Bednotion  of  Latitude  and  Logarithm  of  the  Earth's  Badius. 
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»37.54 
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33«.74 
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0» 
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1 
502.46  1 

I    1 

159.61 
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196.97 

238.26 

283.47 

332.59 

3!^-56 

442.62 

503.50  ' 

1  3 

197.61 
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238.98 

284.26 

333-44 

443.60 
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■  ' 

160.80 

239.70 

285.04 

334.29 

387.48 

444.58 
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161.39 

198.94 

240.42 

285.83 

335.15 

388.40 

445.56 

506.65  ■■ 

■    ft 

161.98 
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241.14 

286.62 

336.00 

389.32 

446.55 

507.70  ' 

■    6 

162  58 

200.26 

241.87 

287.41 

336.86 

390.24 
391.16 

447-54 

508.76  , 

B    7 

163.17 

200.92 

242.60 

288.20 

^^•7i 

448.53 

509.81  1 

■    ^ 

163.77 

201.59 

a43-33 
244.06 

289.00 

338.58 

392.09 

449  5 » 

510.86  ' 

■    • 

"64.37 

202.25 

289.79 

339-44 

393.01 

450.50 

511.92  , 

m  lo 

16497 

202.92 

a44-79 

290.58 

340.30 

393.94 

394.86 

451.50 

512.98 

■  1^ 

166.17 

203.58 

»45-5» 
246.25 

291.38 

341.16 

452.49 

514.03 

■  13 

204.25 

292.18 

342.02 

395-79 

453.48 

515.09 

■  13 

166.77 

204.92 

246.98 

292.98 

342.88 

396.72 

454.48 

516.15 

■  ^^ 

167.37 

205.59 

247.72 

293.78 

343.75 

397.65 

455.47 

517.21  1 

■'15 

^^ZH 

206.26 

248.45 

294.58 

344.62 

398.58 

456.47 

518.27  • 

■  1^ 

168.58 

206.93 
207.00 

249.19 

295.38 
296.18 

34549 

399.51 

457.47 

519.34 

1  1'' 

169 19 

»49-93 

346.36 

400.4c 

458.47 

520.40  , 

1  19 

169.80 

208.27 

250.67 

296.99 

347.23 

401.38 

459.47 

521.47  , 

P  19 

170.41 

208.94 

251.41 

297-79 

348.10 

402.32 

460.47 

522.53  ; 

1  90 

171.02 

209.62 

252.15 

298.60 

348.97 

403.26 

461.47 

523.60  ! 

1  31 

171.63 

210.30 

252.89 

299.40 

349.84 

404.20 

462.48 

524.67 

1  32 

172.24 

210.98 

253.63 

300.21 

350.71 

40|.1A 

406.08 

463.48 

525.74 

f  33 

i7a«5 

211.66 

»54-37 

301.02 

351.58 

464.48 

526.81 

i  34 

»73-47 

212.34 

255.12 

301.83 

352.46 

407.02 

465.49 

527.89  ': 

1  39 

17408 

213.02 

256.62 

302. 6j. 
303.46 

353.34 

407.96 

466.50 

528.96 

i  M 

174.70 

213.70 

354.22 

408.90 

409.84 

467.51 

530.03 

i  37 

»75  3» 

214.38 

157.37 

304.27 

355.10 

468.52 

531.11  i 

r  38 

»75.94 
176.56 

215.07 

258.12 

30509 

356.86 

410.79 

469- 5  3 

532.18  ! 

1    ^ 

a>5-75 

258.87 

305.90 

411.73 

470.54 

533-26 

30 

177.18 

216.44 

259.62 

306.72 

357.74 

412.68 

471.55 

534-33  ' 

31 

177.80 

217.12 

260.37 

307-54 
308.36 

358.62 

413.63 

472.57 

535.41  ! 

3:1 

178.43 

217.81 
218.50 

261.12 

359.51 

414.59 

473-58 

536.50  . 

33 

179.05 

261.88 

309.18 

360.39 

415.54 

474.60 

537.58 

'    34 

179.68 

219.19 

262.64 

310.00 

361.28 

416.49 

475.62 

538.67  , 

^    35 

180  30 

219.88 

263.39 

310.82 

362.17 

417.44 

476.64 

539-7';  • 

30 

180.93 
181.56 

220.58 

264.15 

311.65 

363.07 

418.40 

47765 

540.83 

37 

221.27 

264.91 

312.47 

363.06 
364.85 

4i9.:i5 

478.67 

541.91 

r    38 

182.19 

221.97 

26^.68 
266.44 

313.30 

420.31 

479-70 

sn.oo , 

39 

182.82 

222.66 

314.12 

365.75 

421.27 

480.72 

544.09  i 

40 

183.46 

223.36 

267.20 

31495 

316.61 

366.64 

422.23 

481.74 

545.18  \ 
546.27  i 

;    41 

184.09 

224.06 

267.96 

367.53 

423.19 

482.77 

43 

184.72 

224.76 

268.73 

368.42 

424.15 

483.79 

547.36  \ 

43 

185.35 

226.16 

269.49 

317.44 

369.31 

425.11 
426.07 

484.82 

548.45 

44 

185.99 

270.26 

318.27 

370.21 

485-85 

549-55 

45 

186.63 

226.86 

271.02 

319.10 

371.11 

427.04 

486.88 

550.64  j 

40 

187.27 

"7-57 

271.79 

3»9-94 
320.78 

372.01 

428.01 

487.91 

55"-73 

47 

187.91 
,8i.55 

228.27 

272.56 

372.01 
3:3.82 

428.97 

488.94 

552.83 

48 

228.98 

»73-34 

321.62 

429.9J 

489.97 

553.93  ' 

49 

189.19 

229.68 

274.11 

3".45 

374.72 

430.90 

491.01 

55503 

50 

189.83 

230.39 

274.88 

323.29 

375-62 
376.52 

431.87 

492.0c 

556.13 

Ol 

190.47 

231.10 

275.65 
»7^-43 

324.13 

432.84 

493.08 

557-24; 

53 

191. 12 

231.81 

3»4-97 

377.43 

433.82 

494.12 

558.341 

53 

191.76 

232.52 

277.20 

32C.81 
326.66 

378.34 
379.26 

434.79 

495.15 

559.44  i 
560.55 

54 

192.41 

»33»4 

277.98 

435.76 

496.19 

55 

193.06 

*3395 
23467 

278.76 

327.50 
328.35 

380.17 

436.73 

497.23 
•     498.28 

561.65 ; 
562.76  1 

50 

193.71 

»79-55 

381.08 

438.69 

57 

194.36 

23J.38 
236.10 

280.33 

329.19 

381.99 

49932 

563.87 

58 

195.01 

281.12 

330.04 

382.90 
383.82 

439.67 

500.37 

564.98 
566.08  \ 

1 

59 

195.69 

236.82 

281.90 

330.89 

440.65 

501.41 
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Table  V.    Beduction  to  the  Meridian* 
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Table  Y.    Redaction  to  the  Meridian. 


2  sin' 

'i< 

2  8in«  1 1 

1 

IM 

\  ^= 

• 

n  —  — 

* 

For  rate.          II 

sin 

I" 

1 

Bin  1" 

1 

»• 

11- 

28- 

29- 

t 

n 

i 

n 

RaU. 

Log* 

9 

09 

/» 

»/ 

» 

m  t 

f* 

m    » 

ff 

* 

o 

1315.0 
I  317.6 

1419.7 

«537-5' 

1649.0 

0  0 

0.00 

20  0 

1.49 

—  30 

9.999  6985 

1 

«43«-4 

«539-3 

1650.9 
1651.8 

1   (1 

0.00 

10 

1-54 
1.60 

29 

7186 

2 

1319.3 

»433-» 

1541. 1. 

2  0 

0.00 

20 

28 

3 

1331.0 

"4349 
1436.7 

1541.9; 
1544-81 

1656.6 

3  0 

0.00 

30 

1.65 

27 

7186 

4 

4  0 

0.00 

40 

1.70 

26 

7387 

8 

'33J-4 
1 336.1 

1438.5 

1 

1546.6: 

1658.5 

5  0 

0.01 

50 

1.76 

25 

7487 

• 

1440.3 

1548.4 

1660.4 

6  0 

0.01 

21  0 

1.81 

24 

7588 
7688 

T 

1337.8 

1441.1 

1550.1 

1632.3 

7  0 

0.01 

10 

1.87 

23 

>  339-5 
1341.1 

H43-? 
1445.6 

1551.1! 
»5539, 

106J..1 
1666.1 

8  0 

9  0 

0.04 
0.00 

20 
30 

1-93 
1-99 

22 
21 

7889 

lO 

1341.0 

>344-^ 
1346.3 

1447.4 

»555.f; 

1668.0 

10  0 

11  0 

0.09 
0.14 

40 
50 

1.06 
i.ii 

20 

7990 

8090 

11 

1449.1 

1557.6J 

1669.9 

19 

12 

1451.0 

1559-5 

1671.0 
1673.8 

12  0 

0.19 

22  0 

1.19 

lA 

8191 

13 

1348.0 

1451.8 

1561.3! 

10 

0.10 

10 

1.15 

17 

8191  > 

14 

1349-7 

•    1454-5 

1563.1 

1675-7 

2i> 

0.11 

20 

1.31 

16 

8391 1 

IS 

le 

IT 
IS 

>35«4 

n53» 
1356.6 

1456.3 
1458.1 

1461.0 

1565.0 

,y.9! 
1568.7; 

>  570.51 

1677.6 
1679.5 
1681.4 
1683.3 

30 
40 
50 

13  0 

0.13 
0.14 
0.15 

0.26 

30 
40 
50 

23  0 

1.39 
1.46 

a-54 
1.61 

15 
14 
13 
12 

8492 

8693 
8794 

8894 

IS 

1358.3 

1463.4 

^  1 

1571-4 

1685.1 

10 

0.28 

10 

1.69 

11 

30 

31 

1360.1 
1361.8 

1466.9 

1574.3 
I576.I 

1687.1 
1 689.1 

20 

30 

40 

0.30 
0.31 

0.33 
0.34 

20 
30 
40 

1.77 
1.85 

10 
9 

8995 : 

9095 

9196 

33 

«363-5 

1468.7 

1578.0 

1691.0 

50 

50 

2.93 
4  01 

8 

33 

1365.1 

»47o-5 

15798 

1692.9 
1694.8 

M** 

vV 

3.01 

7 

9196 

34 

1367.0 

«47*-3 

1581.7 

14  0 

0.36 

24  0 

3.10 

6 

9397 

3ft 

1368.7 

"474-I 

1583.5 

'$96.7 

10 
20 

0.38 

10 
20 

3.18 

1 1  ^ 

5 

9497 

3T 

SB 

1370.4 
1371.1 

«373-? 
I375-© 

J475-9 

H77-7 

1479-5 
1481.3 

1585.3 
1587.1 

1589.1 

1590.9 

1698.6 
1700.5 
1702.5 
1704.4 

30 
40 
50 

0.39 
0.41 
0.43 

0.45 

30 
40 
50 

3.17 
3.36 

3-45 
3-55 

4 

3 

2 

—  1 

9598 . 
9698 1 

9799 
9.999  9899 , 

3D 

>377-3 

1483.1 

1 591.7 

1706.3 

15  0 

10 

0.47 

A     4  f\ 

25  0 

10 

3.64 

0 

1       4 

0.000  0000  ; 

81 
88 
83 

1380.8 
1381.5 

148A.9 
1486.7 
1488.5 

1594.6 
1596.5 
1598.3 

1708.1 
1710.1 
1711.1 

20 
30 
40 

0.49 
0.51 

0.56 
0.59 

A'/ 

20 
30 
40 

3-74 
3.84 

3  94 
4-05 
4-15 

3 

OIOI     ' 

0101 
0302 

84 

1384.1 

1490.3 

1600.1 

1714.0 

50 

50 

4 

0402 

85 
80 
87 
38 
88 

40 

1385.9 
1387.7 
1389.4 
1391.1 
1391.9 

«  394-7 
13964 

1398.1 

»  399-9 
1401.7 

1403.4 

1491.1 

1493-9 

»495-7 

1497-5 
1499.3 

1501.1 

1601.1 
1 604.0 

1605.9 

1607.7 

1609.6 
I6II.5 

1715-9 

1717.0 

1719-8 
1721.7 
1723.6 

1725.6 

16  0 

10 
20 
30 
40 
50 

0.61 
0.64 
0.67 
0.69 
0.71 

0.75 

26  0 

10 
20 
30 
40 
50 

4.16 

4-48 
4.60 

4.72 
4-83 

5 
6 

7 
8 
0 

10 
11 

0503 

0603  : 
0704 
0804 
0905 

1005 
1 106 

41 
43 
43 
44 

45 

1 501.9 

»504-7 
1506.5 

1508.4 
1510.1 

I6I3.3 

1615.1 
I6I7.I 
I6I9.0 

1620.8 

i7»7-5 
1729-5 
i73»-5 
1733-4 

1735-3 

17  0 

10 
20 
30 
40 

0.78 
0.81 
0.84 
0.88 
0.91 

27  0 

10 
20 
30 
40 

4.96 
5.C8 
5.10 

5-46 
5.60 

12 
13 
14 

15 
10 

1206 

1307 

1407 

1508 
1608 

40 

«405-» 
1406.9 

1408.7 

1511.0 

1611.7 

1737.1 

50 

0.95 

50 

17 

1709  : 

1809    ; 
1910   ■ 

47 
48 

1513.8 
1515.6 

1626.5 

1739.1 

1741.1 

18  0 

10 

0.98 
1.01 

28  0 

10 

5.87 
6.01 

18 
10 

40 

1410.4 

1517-4 

1628.3 

1743-1 

20 

1.06 

20 

20 

2010    i 

50 

1411.1 

1519.1 

1630.2 

1745-1 

30 

1.09 

30 

6.15 

21 

nil 

51 

1413.9 

1511.0 

1632.1 

1747-0 

40 

1.18 

40 

6.30 

22 

1111 

68 

»4;5-7 

1511.9 

1634.0 

1749.0 

50 

50 

6.44 

23 

2312  ; 

53 
54 

14I7.4 
1419.1 

«  5*4-7 
1516.5 

1635.9 
1637.7 

1750.0 
1751.8 

19  0 

10 

1. 11 

1.16 

29  0 

10 

6.59 

6.75 

24 

25 

2411     ; 

1613 

55 

1410.9 

1518.3 

1639.6 

174-' 
1756.8 

20 

1.30 

20 

6.90 

2G 

50 

1411.7 

i530-a 

1641.5 

?0 

1-35 

SO 

7.06 

27 

2714 

2814  1 

57 

1424.4 
1416.1 

1531.0 

1643.3 

1758.7 

40 

1.40 

40 

7.11 

28 

56 

1533.8 

1645.1 

1760.7 

50 

1-44 

50 

7.38 

20 

1915 

50 

1417.9 

1535.6 

1647.1 

1761.6 

20  0 

1-49 

30  0    7.55I 

4-30 

0.000  3015 

585 


Table  YI.    Logai^ 
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17=8; 
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.70117 
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78938 
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.71017 
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■7J67J 
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TASLE  X.   Feme's  Criterion, 
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TABLE  IX.A.    Probability  of  Errors. 

(Method  of  Least  Squares.) 
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AsKSRATioif,  of  a  star  in  the  direction  of 
tJie  obserTor's  motion,  found,  I.,  629; 
annual  aberration  of  a  star  in  longi- 
tude and  latitude,  found,  030;  in  right 
oaaoension  and  declination,  633;  Gavss's 
embles,  635;  of  the  sun,  688;  diurnal 
^aberration  in  right  ascension  and  de- 
olination,  found,  638 ;  Telocity  of  light, 
O40;  planetary,  641;  constant  of,  689; 
effect  upon  the  angular  distance  of  two 
stars,  fuund.  II.,  466;  eiTect  upon  the 
position  angle  of  two  stars,  407.    Aber- 
ration of  lenses,   spherical  and  ohro- 
xsaatio,  II.,  18. 

,  I.,  555,  584. 
T,  I.,  823:  IIm  802,  881. 
ImUade,  II.,  32 ;  ellipticity  of  the  pivot,  47. 
ueantars,  defined,  f.,  19. 
t'^timuth,  II.,  315. 

^Atude,  defined,  I.,  20;  parallels  of,  I.,  19. 
^a^tude  and  azimuth  as  co-ordinates,  I., 

^itudeandatimuth  instrument,  II.,  815; 
■^asimuths  observed   with,   819;    zenith 
cS  istanoes,  326 ;  correction  for  defective 
i^  Ham i nation,  833. 
■  xcf,  II.,  449. 

plitude,  defined,  I.,  20;  of  a  star, 
Vaund  when  the  star  is  in  the  horizon, 
L.,  88. 

AifDER,  I.,  93,  132,  141,  159,  646, 
^^5,  70»);  II.,  381. 
"^^^^a  of  the  heavens,  defined,  I.,  21. 
'^^^muth,  defined,  I.,  20;  azimuth  of  a 
^^r,  fbund  from  its  declination  and 
^our  angle,  and  the  latitude  of  tbo 
^^1>8erver,  31;  found  when  the  star  is 
^^n  the  six  hour  circle,  86,  when  the 
tar  is  at  its  greatest  elongation,  37, 
om  it4  zenith  distance,  39. 


B-\.OHB,  I.,  82i,  842. 

^^ILT,  I.,  93,  6'>X 

I^VOHIR,  II.,  101. 

^«KB,  L,  543. 
'^naTBAKD,  II  ,  460. 
^«ssiL,  I.,  85,  87.  92,  93,  96,  97, 
134,  131.  14>.  1">8.  159.  160, 
167,  168,  171,  815,  406,  439, 
461,  507,  512,  566.  574,  575, 
611.  615,  638,  640,  646,  651, 
«56,  662,  635,  668.  693,  694, 
702;  II.,  85,  50.  59,  61,  143, 
170,  178,  183,  192,  197.  199, 
238,  2^,  268,  260,  271.  283, 
294,  295.  206.  801,  802.  804, 
340,  875,  888.  405,  406,  407, 
449,  450,  453,  469,  489,  494. 


181, 132, 
161,  165, 
448,  456, 
678,  606. 
651,  6)2, 
697,  698, 
144,  171, 
228.  284, 
289,  203, 
807,  809, 
414,  432. 


BiOT,  I.,  159;  II.,  9. 

BOHNBNBEBGBR,  II.,  68,  469. 

Bond,  I.,  324;  II.,  79,  87,  92,  869,  450. 
BoRDA,  I.,  898;  II.,  125. 
BouGUBR,  I.,  136,  138;  II.,  403. 
BowDiTCH,  I.,  153,  180,  269,  270,  306, 807, 

308.  816;  II.,  125. 
Bradley,  I.,  136,  138,  160,  101,  167,  605, 

692,  700,  702,  705,  706;  II.,  489. 
Bruhns,  I.,  136. 
Urumnow,  II.,  437,  440,  445. 

BURCKHARDT,  I.,  448,  080. 

BuscH,  I.,  092,  700,  701. 

CAONOLf,  I.,  286. 

Caillet,  I.,  205,  298. 

Celeslial  latitude  and  longitude  as  co-ordi- 
nates, I.,  24. 

Celestial  sphere,  I.,  17. 

Chronograph,  electro,  1.,  342  et  seq. ;  II., 
80. 

Chronometers,  winding,  II.,  77;  trans- 
porting, 78;  correction  for  temperature, 
79;  comparison  of,  79,  by  coincident 
beats,  80;  probable  error  of  an  inter- 
polated value  of  a  correction,  83. 

Chronometric  expeditions,  I.,  323. 

Circles.  See  grsiduated  circles,  meridian 
circles,  &c. 

Circiimmeridian  altitudes,  I.,  235  (see 
time):  more  accurately  reduced,  238; 
of  the  Sun,  Gauss's  method,  244;  limits 
of  the  methods,  251. 

Clark,  II.,  450. 

Clocks,  II.,  84;  clock  correction,  I.,  193, 
II.,  174;  rate,  I.,  193. 

CODDINGTON,  II.,  9. 

Coffin,  I.,  628;  II.,  296,  297. 

Colures,  defined,  I.,  23. 

Compass,  variation  of,  I.,  429. 

Connaissance  (La)  des  Temps,  I.,  68. 

Constants,  astronomical,  determined  by 
observation,  I.,  671 :  constants  of  refrac- 
tion, 671;  of  solar  parallax,  673;  of 
lunar  parallax,  680;  of  aberration,  688, 
680:  of  nutation,  698;  of  precession,  701. 

Co-ordinates,  rectangular,  I.,  48,  trans- 
formation of,  48;  spherical,  18,  trans- 
formation of,  27 ;  diflferential  variations 
of,  60. 

Cusps  in  a  solar  eclipse,  II.,  482. 

D\MOf8BAn,  I.,  674.  575,  686. 
Daushy,  II.,  126,  127. 
Dav,  sidereal.  I.,  52,  solar,  53. 
Dban,  II.,  849,  359. 

Declination,  circles  of,  parallels  of,  de- 
fined. I.,  21;  of  a  star,  found  from  its 
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kUilude  and  uimntb,  and  Iho  htlitDdc 
of  iLb  obaerter,  27;  found  from  ihc 
■tar'i  liil.itude  kDd  longiludc,  and  iLf 
obliqiiily  of  ihe  ecliplic,  42;  of  ihe  rud 


.  Ihe  1 


eot  h 


meridian,  71 ;  of  Ihe  idood  or  a  plnnet 
Bt  tb«  linia  of  Iransii  orer  a  girtn  me- 
ridian, 73;  nductioB  gf,  n't;  ofstara, 
fouud  hy  IranaiU  over  the  prime  ret- 
Ileal.  II.,  271;  abnoluiEt  deelinalioD  of 
the  fixed  ■larr.  detenafliird,  I.,  UU5. 

DeDliDulion  and  hour  uugle  an  oo-ordi- 
nates,  I.,  31. 

licclinalio^  and  riglit  aaoeniion  as  -co- 
ordinales,  I. ,-22. 

Delaubke.  I.,  177,  SSS,  B69.  003. 

Db  Lakge,  1.,  S91. 

DenvaliTe^  nf  a  labuUt«d  ftiDiltion,  I.,  89. 

Dip.  of  Ihe  hariion,  1..  173,  17!I:  of  the 
tea  at  &  giTon  dlatuiee  iVom  the  «b- 
Berver,  found.  IT9. 

DaLLOND,  II.,  Ua. 

DOJTATI.  I.,   126. 

DouwEs,  1.,  316,  SIS, 

Earth,  Ggare  and  dimentions  of,  I.,  I^S : 
Eompressian  of,  9i};  eucantrioity  of  ibe 
meridian.  Wi;  radius  found  for  a  giren 
latitude,  DUj  length  of  normal  lertni- 
Daliag  in  tlie  aiifl,  found  for  a  givpn 
lalitudc^distanco  fioui  the  oenlre  to 
the  inleraeclion  of  tlie  normal  wilb  Iho 
axis — radlns  of  curvature  of  meridian, 
ll'i :  reduction  of  obserratioiiB  to  1  he 


Eclipi 


,  1113. 


Ililea,  1..  3»H. 
Eclipsrij,  mlar,  prediction  for  Ihe  eni-lh 
gcncrnllj.  I..  'IStij  fundamental  equn- 

beginning  or  ending  of  a  eular  eclipso 
ot  n  given  plikce  on  Ihe  earth's  Burfnce, 
430;  poaitiun  of  ihe  axifl  of  Ibe  ehulow, 
found  for  nnj'  given  time,  441 ;  dietaaao 
of  H  given  plnco  of  obHervulion  A'om  1  he 
axi9  of  Ihe  shadov  nt  a  given  lime, 
found,  444 ;  radius  of  Ibe  Hbadovr  founUt 
448;  outline  of  moon's  Bbadoir  upon 
Ihe  enrlh  at  n  given  lime,  found,  45(>; 
rising  and  selling  lloiits.  4ti6;  curve  of 
'n  the  boriion,  4TC :  nortbei 


I    of 


central  eclipne.  4141;  duralion  of  total 
or  annular  eclipse.  41)3;  place  where  Ihe 
central  eclipse  oeours  at  noon,  found, 
404;  northern  and  aoulhern  limits  of 
InlEl  or  nnunlar  eclipse,  4B8;  prediction 
for  a  given  place — lime  of  a  given  phave 
compulcd.  S05:  insiani  of  maximum 
obscnratinn.  and  degree  of  obflcurutian, 
found.  508:  melliod  of  Ibe  American 
Ephemeris,  S12;  correction  for  refWic- 
linn.  615;  reduction  to  Ihe  sea  level, 
SI7;  tongilude  of  a  place  fonud  from 


Ihe  obiervatian  oi         .     . 

longiliide  correoled,  BSl;  obsemi 

upon  the  eun's  cuspa,  II.,  482;  h 

1..  642.     Sue  Occullaiioos. 
Eelipllo,  deflued,  I..  '2'i;  obliquilir  of 

fined,  as,  fouud.  «i&». 
Ellis,  11.,  IM,  1U«. 
EjtoBt,  I..  83B. 

rnckv,  l.  91,  K,  100,  MS,  eaa,  UO;  H,,  I 
4ii9,  476.  ' 

EphsEnepia,  Amerioan,  French.  Gemna, I., 
08;  FBiBoK'ameLbMlofcarrectiag.llie, 

Ec|uation  of  time.  I..  M,  Tl ;  of  njual  tl- 
tiludee,  200;  personal  equation,  U   "" 

Equator,  celestial,  denned.  I.,  21. 

E<luaiorial  teteaeope.  II..  3t>7i 
theor;  of,  370;  inairumenlal  di 
and  hour  angle  of  an  observ.  ,.  .  ^ 
founil.  371;  Beiure.  373;  inslruintii!*^ 
drclinailoci  and  hour  angle,  reduced  *> 
tbo  celestial  deeUnntian  and  bour  angle. 
A7ui  a^tu^'mvot  of' Bi^^- 

Bquinofltial.  defined,  L,  21;  points,  d*"  .. 
fined,  23;  delermi&ed,  iiliG.  ' 

Equinoim,  dofined,  I„  23.  ■ 

EnTEi„  11.,  1S3,  816.  810,  829.  | 

FlROITSON,  L,   126. 

Fixed  stars,  proper  motion  ot.  I.,  G39 ' 
heliooentrio  or  annual  parallai  of.  ie^ 
fined.  ti48,  found  !u  longitude  anJ 
l.itiiude,  644,  found  in  right  atcensiov 
and  declination,  S4fi;  mean  »nd  tppa- 
rent  places  of.  (Ub. 

FiiASKLis,  SirJous.  I.,  BB3. 

FBAiTsiKtrEB.  II.,  81)7,  368. 

GAtLOTAT,   1.,  700. 

Uahdby,  U.,  126. 

Gauss.  I.,  81.  84,  109,  2*4,  246,  282,  286, 
3IH),  SaH,  li2T,  620,  005.  643,  G74,  70o; 
II..  23,  63,  148,  4G9. 

Oat  LiTSBAc,  1.,  148. 

fleooentrio  place.  I.,  103. 

GrnLiKU,  1.,  679;  II.,  469. 

OiLLiss,  I.,  802,  680. 

GUCTZK,   II.,   9. 

OouLD,  1.,  842,  344,  846,  350,  SBO;   II.. 

804. 
Graduated  circles,  II..  29:  ecettilrieity  of. 

87,  311;  periodic  functioiu,  42;  errnrs 

of  gradualion,  51. 

HAnLRT,  11.,  93. 
Hallby,  11..  131. 
IIanhen,  1.,  65,  182.  489.  475,  686: 

Il.,69. 144, 171,  174,213.  216,  219.  tM. 

249,  251,  2G7,  304.  407,  4H9. 
Heliometor,  II.,  403;  general  Ibeor;  of. 

407;  dclarmination  ofeonstanta  of.  42.1 
HsyDEBson,  I.,  686,  706. 
HanscHRt.,  I.,  698,  69*.  703,  706;   11..  9. 

27,  120. 
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ffiprAtcHTS,  I.,  686. 

fforiioD,  defined,  I.,  18;  dip  of,  defined, 
172;  dip  foundi,  178 ;  distance  of,  at  sea, 
foiud,  178. 
Hour  angle,  defined,  I.,  21;    numerical 
expression  of,  27 ;  of  a  star,  found  from 
its  altitude  and  aximuth,  and  the  lati- 
tude of  tlie  obserrer,  27;  found  when 
the  star  is  at  its  greatest  elongation,  87 ; 
when  the  star  is  on  the  prime  Tertioal 
of  a  giTen  place,  87 ;  when  the  star  is 
in  the  horison,  88;  ft'om  its  senith  dis- 
taaeei,  89;  found  at  a  given  time,  64. 
Hour  eiroles,  defined,  I.,  21. 
HlTBBARD,  I.,  628,  661. 
HuLtsc,  I.,  211. 

Interpolation,  simple,  I.,  69;  by  second 
differences,  78;  by  differences  of  any 
order,  79 ;  Bbssel's  formula,  86 ;  into 
the  middle,  87;  formula  arranged  ac- 
oording  to  the  powers  of  the  fhujtional 
part  of  the  argument,  89. 

Xsklirbneh,  Berliner  Astronomisches,  I.,  68. 

JoB!fsoir,  I.,  706. 

Jtxpiter*8  satellites,  eclipses  of,  I.,  889. 

KAifn,  I.,  891. 
Kaiii,  L,  588. 
KviTH,  I.,  628. 
KviTDALL,  I.,  852. 

K«n.B«,  I.,  592,  678. 

KissiL,  II.,  286,  268. 

Kirovmie,  II.,  102. 

Kramp,  I.,  158,  168. 

Lacaills,  I.,  686,  706. 

LAO&AifaK,  I.,  148,  698,  506. 

Lalavdi,  I.,  98,  428. 

Lambirt,  I.,  542. 

Laflack,  I.,  148,  168,  166,  169;  TI.,  469. 

Latitude,  celestials-circles  of — parallels 
of,  I.,  24;  geographical,  26;  of  a  star, 
found  from  its  deolinatjon  and  right 
ascension,  and  the  obliquity  of  the 
ecliptic,  89 ;  reduction  of,  for  the  com-  ; 
pression  of  the  earth,  97 ;  distinction 
between  geodetic  and  astronomical,  103 ; 
astronomical  latitude  found  by  meridian 
altitudes,  or  xenith  distances,  228;  by 
a  single  altitude  at  a  given  time,  220 ;  i 
by  reduction  to  the  meridian  when  the 
time  is  given,  288 ;  by  ciroummeridian 
altitudes,  285;  by  the  pole  star,  258; 
by  two  altitudes  of  the  same  star,  or 
different  stars,  and  the  elapsed  time 
between  the  observations,  267 ;  by  two 
aHtudes  of  the  sun,  266 ;  by  two  equal 
altitudes  of  the  same  star,  or  of  the 
sun,  270;  by  two  altitudes  of  the  same 
or  different  stars,  with  the  difference  of 
their  asimnths,  277;  by  two  different 


stars  observed  at  the  same  altitude 
when  the  time  is  given,  277:  by  three 
or  more  different  stars  observed  at  the 
same  altitude  when  the  time  is  not 
given,  280;  byCAONOLrs  formulsd,  28C; 
by  the  transits  of  stars  over  vertical 
circles,  298  ;  by  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  296 , 
by  the  rate  of  change  of  altitudes  near 
the  prime  vertical,  808 ;  found  at  sea, 
by  meridian  altitudes,  804;  by  reduc- 
tion to  the  meridian  when  the  time  is 
given — by  two  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  807 ; 
by  three  altitudes  near  the  meridian 
when  the  time  is  not  known,  809;  by  a 
single  altitude  at  a  given  time,  810;  by 
the  change  of  altitude  near  the  prime 
vertical — by  the  pole  star,  811 ;  by  two 
altitudes  with  the  elapned  time,  818; 
DovwEs's  method  of  **  double  altitudes," 
816;  determined  by  a  transit  instru- 
ment in  the  prime  vertical,  II.,  288,  242, 
262, 264, 260, 266 ;  by  Talcott's  method, 
842. 

Least  squares,  method  of,  Appbtidix,  II., 
469. 

Lboemdrs,  II.,  469. 

Level,  II.,  70;  value  of  a  division  found — 
radius  of  curvature — effects  of  changes 
of  temperature,  76;  radius  of  curva- 
ture of  different  parts  of  the  tube,  76 ; 
level  constant,  153. 

Le  Vbreier,  I.,  678,  601. 

LiAOBE,  II.,  469. 

LiBUSSOK,  I.,  883;  II.,  79. 

Light,  velocity  of,  I.,  640. 

LiBDBNAU,  I.,  692;  II.,  469. 

LiTTROw,  I.,  800,  802;  II.,  9. 

Llotd,  II.,  9. 

Locke,  II.,  89. 

Longitude,  celestial,  defined,  I.,  24;  of  a 
tar,  found  from  its  declination  and 
right  ascension,  and  the  obliquity  of 
the  ecliptic,  89;  terrestrial  longitude, 
found  by  astronomical  observations — 
by  portable  chronometers,  817;  by  ter- 
restrial signals,  887;  by  celestial  sig- 
nals, 889;  by  the  electric  telegraph, 
841;  by  moon  culminations,  850;  by 
azimuths  of  the  moon,  or  transits  of  the 
moon  and  a  star  over  the  same  vertical 
circle,  871;  by  altitudes  of  the  moon, 
882;  by  lunar  distnnceH,  898;  by  an 
eclipse  of  the  sun,  618 ;  by  occultations, 
550;  terrestrial  longitude  found  at  sea, 
by  chronometers,  420;  by  lunar  dis- 
tances, 422;  by  the  eclipses  of  Jupiter*s 
satellites — by  the  moon's  altitude,  423 ; 
by  the  occultations  of  stars  by  the 
moon,  424;  by  the  observed  contact  of 
the  moon's  limb  with  the  limb  of  a 
planet,  678. 


Lunar  dUtftnce.  found  at  a  pveo  lime,  I,, 

75;  longilude  foiuir]  bf,  il93. 
Ldhoahl,  1..  (i!)a,  TUI,  TOS. 

LxMAK,  II.,  sua. 

Madlkb,  I..  370,  M2.  G48,  606,  703,  706. 

UAHLvm,  II.,  3<iT. 

Mabtins,  II.,  lOG,  110,  127,  180. 

Matcb,  I.,  643;  IL,  146. 

MeBsuremeiit  of  ktigln,  II..  29. 

Meridian,  c«Iea(ial,  delinGd,  1.,  10. 

MeridlBU  circle.  II.,  2»2;  reductioli  lo 
(be  meridian.  2^0;  ubserralion  hy  re- 
Ocet'ioa,  293:  flexurs,  302;  oluierTiilionfl 
of  ibe  deoliaalion  of  the  moon,  ^H; 
deoUnBtioQ  of  a  planet,  or  tbe  sun,  SOD ; 
oorreeibn  of  ihe  obaerted  deoliiwtiDD 
of  a  planet'a  or  the  moon's  limh  for 
Bpberoidal  figure  and  defeotiTe  iUumi- 

Meridian  line,  defined,  I.,  10;  direclinn 
found  bjr  the  meridisn  passnge  of  a  glsr, 
b;  Bhadows,  ii'A :  b;  ainglu  nlliludos  of 
a  Btar,  430;  b;  equal  alliludei  of  k  alar, 
431:  by  the  angular  diatance  of  Ibe 
sun  fron  any  lerrestrini  objeut.  432;  by 
two  memurea  of  the  distance  of  the  sun 
from  a  lerreslrial  ohjeot,  434;  by  rhe 
niimiilh  of  a  alar  nt  a  giren  lime,  434; 
by  (he  grealeil  elongalion  of  k  dnium- 


r,  434. 


Meridian  mark,  II.,  187. 

MiBE.  11.,  867. 

Micrometer,  Slar,  II,,  60,  391 ;  Tftlue  of  a 

reTulutioD,  found.  IJO,  Sljl);  effect  of 
Ipmperalure  Upon  the  raluo  of  a  reyulu- 
lioti,  ti8:  position  micromeler,  G9i  ring 
niicroDieler.  436;  othermierometerB,  449. 

Miornmelrio  obaerTaiionn  —  filnr  microm- 
eter— iliBlance  and  position  angle  of 
Iwo  alnra.  found.  II..  3H1 ;  correction 
of  the  observed  poiilion  nnjrie  for  errors 
of  the  e<|natorial  inetrument,  3!>2;  ap- 
parent difference  of  riglit  aecension  and 
deolination  of  two  stars,  found.  397: 
oorreclion  for  refraction.  450;  correc- 
tion for  precession,  nutation,  and  aber- 
rntJon.  406. 

Microscope,  roading,  II.,  33;  error  of 
runs,  35. 

MiTrriEL.  II..  87. 

Moon  culminations.  I..  350, 

MoBSE.  II,.  86,  87. 

Wunil  circle,  II.,  282. 

Nndir.  defined,  I.,  19:  point.  II..  286. 
Nanlical  Almanac,  Brltisb,  I.,  6& 

NB«tT«S,  II..  92. 

KiroLM,  I.,  364,  G27,  633. 

Nonniiesimal.  I..  25. 

NoNti-s.  II.,  30. 

Noun,  apparent,  menn.  I,.  ,'J3. 

Kulnlion,  I,.  024;  in  right  ascension  and 


declination  for  a  glTtn  ftar  *i  s  flm  ■ 
time,  found,  626;  general  tablti  (w,  f 
explained,  62U;  conatanl  of,  Ki<,  M;  1 
effect  upon  the  position  angle  ol  m  1 
Btara,  found,  IL,  467.  ' 

Obliquity  of  Ibe  ecliptic.     See  e*[\y6t 

Ocoultationa,  of  fixed  stars  by  ihcmDO^L, 
619;  longiiude  fuund  by,  660,  G'S;  fit- 
diction  for  a  given  place,  667;  liaillD| 
paralUla  of  laiiiude  found,  fiel^  tl 
planets,  566;  form  of  «  pUnei'a  liM, 
666;  eurve  of  illuminaiion  afapl»«'( 
lurOice,  found,  6li«;  of  Jupilsr.  uii. 
Saturn,  Saluru's  Iting,  Mar*.  Vnti, 
and  Mercury,  576,  Xeplnn*.  I'ruui, 
563;  of  filed  Blara  by  a  plaael,  Wl; 
of  Jnpiter'ssaieUilei,  340. 

OLasHB.  1.,  107;   11.,  16, 

ULursiK,  I..  6B6, 

OuDKHiAlia,  I.,  391,  4«,  551,  565. 


found.  S7:  foutid  ft«in 
dial  a  nee,  39. 
raralUx,  dtfined,  I.,  104;  fonnd  in  lltt- 
tiida  or  lenith  diBlinc*,  Ihe  tarth  <•• 
gnrded  as  a  Bphere,  llVi;  of  a  tw,  h 

geocentric  lenilh  distance  and  «i instil 
are  giveu  and  the  earlb  la  ngaided  it    I 
a  Biiheroid,  107 ;  of  a  slar  in  tenitb  ilii-    ^ 
innce  nnd  Diimnth.  when  ihc 
nilh  distance  and  atimulh 


the 


ced,   reduc 


nrded  ai 


li.  Hi: 


-18:  of  il 
planclB  nrihesuD,  113 :  in  lenithdlB-  I 
lance,  for  Ihe  point  in  which  iheiiDnpil  ] 
mrets  the  earth's  axis,  1)6;  in  lailk 
distance  for  the  same  poinl.  «htD  lb 
apparent  icnilh  dialancc  is  given,  HB; 
of  sBfnrisrigfalBscrnsioD  and  drcliM- 
tion  wbeii  ita  geocentric  right  aKtailM 
and  declination  arv  given.  119:  of* 
■tar  in  right  ascension  and  dicliDMio*, 
vhcn  its  observed  right  ascension  and 
dPclinB,lion  arc  j:iven,  123;  in  Utilad* 
and  longitude.  126:  solar,  constant*'. 
07^:  of  a  planet,  or  the  sun.  found  bt 
meridian  obserTnlionn.  1174:  oftbeius, 
found  by  oxlra  meridian  observatient 
of  a  planet.  1)77;  lunar,  cnnatinl  «(, 
680:  of  •  fixed  Mar.  found  bj  nicro- 
melrio  meatiiiree.  693. 

Peabsok.  II..  9.  4.'>0. 

PfincE.  !..  14H,  847,  351,  3-)^,  861.  W2, 
366.  -tfii).  678:  II..  198,  202,  2D7.  251, 
261,  357,  469.  490. 

Periodic  funclions,  II..  42. 

Personal  e<iuation.  IL,  189;  personul 
soale,  193. 
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.  A.  F.,  I.,  606,  624,  626,  626, 
,  651,  652,  662,  665,  698,  698, 
;   II.,  59,  818,  819,  497. 
I.,  256,  601;  II.,  440. 
94,  702. 

,  106,  119,  127,  180. 
loultations  of,  I.,  565. 
),  abnormal  deTiations  of,  I., 

[.,  469. 

nee,  defined,  I.,  22. 

*ansit   instrument  (see  transit 

nt)  as  a  xenith  telescope,  II., 

,  luni -solar,  planetary,  I.,  604; 
n  the  obliquity  of  the  ecliptic, 
aeral  precession  in  longitude, 
position  of  the  mean  ecliptic, 
Ob;  in  longitude  and  latitude 
en  star,  from  the  epoch  1800, 
08;  between  any  two  giyen 
0;  annual  precession  in  longi- 
a  given  date,  611;  in  right 
1  and  declination,  between  any 
1  dates,  613;  annual  precession 
fiscension  and  declination,  616; 
of  the  pole  of  the  equator  at  a 
le,  found,  618;  constant  of,  701 ; 
•on  the  position  angle  of  two 
md,  II.,  467. 
II.,  9. 

leal,  defined,  I.,  19. 
?ircle,  II.,  127. 

ion  of  the  fixed  stars,  I.,  620; 
from  one   epoch   to   another, 
a  great  circle,  623. 
al  logarithms,  I.,  75. 
I..  217,  250. 

II.,  23,  449. 

422,  805;  II.,  104. 

of  a  planet*s  place,  I.,  657. 

to  the   meridian  for  circum- 

altitudes,   I.,  285,  288;    for 
circle  obseryations,  II.,  289. 

general  laws  of,  I.,  127;  as- 
a^   128;   tables  of,  explained, 
;    formula   investigated,  184; 
ial  equation  of,  186;  Simpson's 
3Urr's     formula,    Bradlbt's, 
t  hypothesis,  186;  second  hy- 
148;  of  a  fltar  in  right  ascension 
ination,  found,  171;  constants 
mined.  671 ;   effect  in  transit 
ions,  II.,  186. 
I.,  141,  148,  160,  161. 
circle,  II.,  119. 
I.,  157,  272,  288,  308. 
iision,  defined,  I.,  C'l;  of  a  star, 
om  the  star's  hour  angle,  89, 
latitude  and  longitude,  and  the 
r  of  the  ecliptic,  42 ;  of  the  sun 


at  the  time  of  his  transit  over  a  given 
meridian,  71 ;  of  the  moon  or  a  planet 
at  the  time  of  transit  over  a  given  me- 
ridian, 78;  of  the  fixed'  stars,  deduced 
f^om  transits.  II.,  175;  of  the  moon, 
deduced  Arom  an  observed  transit,  214. 
]>etermination  of  the  absolute  R.  A.  of 
fixed  stars.  I.,  665. 

Ring  micrometer,  II.,  486;  correction  for 
curvature,  488 ;  correction  for  the  proper 
motion  of  one  of  the  objects,  441; 
radius  of  the  ring,  found,  445 ;  correo- 
tion  for  refraction,  461. 

RiTTXNHOUSX,  II.,  66,  187. 

RocHON,  II.,  449. 

RUDBBRO,  I.,  148,  160. 

RUMKBR,  I.,  98. 
S AFFORD,  I.,  512. 

Samtini,  I.,  94. 

Sawitsch,  II.,  9,  212,  221,  264. 

Saxton,  II.,  87,  91. 

SCHOTT,  I.,  588. 

ScHUMACHBR,  I.,  84,  256,  627,  685;  II., 
180. 

Semidiameters  of  celestial  bodies,  I.,  180; 
augmentation  of,  188;  contraction  of 
the  vertical  semidiameter  of  the  sun  or 
moon,  produced  by  refraction,  found, 
184;  contraction  of  any  inclined  semi- 
diameter,  produced  by  refraction,  186; 
contraction  of  horizontal,  187;  planets* 
mean,  687. 

Sextant,  II.,  92;  adjustments,  95,  96; 
index  correction,  by  a  star,  by  the  sun, 
98;  method  of  observation,  99;  altitude 
f^om  artificial  horiton,  101,  from  the 
sea  horizon,  108;  equal  altitudes,  104; 
how  to  examine  the  colored  glasses, 
106;  parallax,  107;  errors  of  the  index 
glass,  108;  error  of  the  sight  line,  112; 
eccentricity,  117. 

Simpson,  I.,  188. 

Six  hour  circle,  defined,  I.,  26. 

Solstices,  defined,  I.,  23. 

Spherical  astronomy,  defined,  I.,  18. 

Star  catalogues,  I.,  91. 

Stbinhbil,  II.,  182,  284,  268. 

STBrvB,  I.,  98,  824,  826,  828,  829,  881, 
882,  575,  578,  606,  682,  640,  692,  706, 
707;  II.,  84,  157,  192,  262,  272,  275, 
282,  288,  818,  867.  881,  885,  450. 

Sumner's  method  of  finding  a  sbip^  place 
at  sea,  I.,  424. 

Sun,  right  ascension  of,  I.,  71 ;  meridian 
zenith  distances  of,  228;  mean  motion 
of,  652;  epoch  of  mean  longitude  of, 
653;  motion  in  space,  708;  observations 
upon  the  cusps  in  a  solar  eclipse,  II., 
482. 

Talcott,  I.,  226;  11.,  840.  866,  867;  his 
method  of  finding  the  latitude,  842. 
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Telescope.  11.,  9;  mugnifying  power,  12: 
field  at  Tiew,  U;  briglilneea  of  images, 
and  inlt^milf  of  tb«ir  liglil.  l&i  spber- 
ioftl  sad  abTomalie  aborralian,  1&; 
Bohronialia  eye  pieoes,  'M;  didfonut 
eye  piece*,  >U;  iBiignit;yitig  puirer 
memursd,  first  meihud,  22;  leeand 
mechod,  23:  tliird  mitliod,  30;  fourlli 
method.  36;  reflMling,  ^7;  finding,  20; 
lenirh,  11.,  8*1);  equntorial,  Ui7. 

Time.  sppgireDti  mean,  Bidereal.  solitr,  I., 
fi8;  nivil.  utronomieai.  S4:  conierBions 
of,  54,  uT.  6S.  60.  aa,e&5;  local  mean. 
found,  65:  equalioD  of.  64,  71:  looal, 
Greenwich,  defined,  bS;  Greenwich, 
corresponding  to  a  gii^n  rlgbt  uocd- 
sion  of  llie  moon  on  a  giien  lUj,  found, 
75;  earrespoDding  to  a  givi^n  luanr 
dislnnce  on  •  given  dny,  found,  TT; 
found  by  BHironomiciil  o^Ki-ralions, 
103;  by  tntoalts,  190;  by  i<ianlalliiudes 
ofaslBr.  1%:  by  equal  nliilude*  of  llie 
■un  before  and  nfl«/  noon,  198,  before 
and  after  iDidnighl,  201 ;  oorreclion  fur 
email  inequoliiion  in  the  aliiiudes,  202; 
probnbla  error  of  obeerratjan  of  eqiisl 
altitudes,  2tl5;  found  by  b  aingl«  alii- 
Inde,  or  leuitb  diniantnii  3DG:  inean  nf 
limes  reduced  lo  mean  of  lenilh  dis- 
tancM,  215:  found  by  tbe  diiappeur- 
Bnce  of  a  Btar  behind  n  lerrcMriat 
ohjccl.  217:  true  and  apparent  rising 
or  Betting  of  a  star— beginning  and 
ending  of  (irilight,  SIB;  found  at  «ea. 
by  n  single  ■liitude,  219:  by  t<[un\ 
aliiiudes.  221);    found  with  &  portable 


Trandlg,  ofthemoon,  II..  176:  otlSl»w^l 
or  a  plutkei,  1»Z;  correction  at  tbt 
irnneit  wlien  the  planet's  deltetjr*  lioilt 
bus  been  observed,  186:  eflaol  of  r» 
fraction.  180;  probable  error  of  obnfi*- 
lion,  ISI;  of  Jupiier'B  pricUKm  «<f 
tbe  plunet'l  dire,  and  of  ahBduv)  »( tl* 
ealalltte*,  I.  SMI:  of  Vei 


<r  the  E< 


>.  6!'l. 


2on,  . 


tofth 


ilhem 


I.  215. 


in,  11., 


Transit.  1..  52;  time  of  tbe  n 

found,  72. 

Triiiisit  circle.  II.,  282. 

Tranxit  instrumeal,  II.,  181;  method  of 
Dliscrvation.  13S:  general  rorniulio, 
130;  in  the  maridian,  UO:  thread  in- 
trrrala,  140;  reduction  lo  the  niidJle 
threitd,  140;  reduotion  to  the  mean  of 
the  threads,  151:  level  constant,  1&8; 
jneqimlity  cf  piTot*,  1Q5;  collimalion 
oonHtant,  tOO:  aiimulh  canglanl.  IGd; 
portable,  in  the  meridian.  2(10;  in  aiiy 
Tcnical  plane,  200.  adaplniion  as  a 
lenilb  telescope,  II.,  S66. 

Trnnsil  instrument  in  tho  prime  vertical ; 
gengraphicnl  latitude  determined,  II.. 
288.  242,  260,  252, 264,  2tiE ;  adjiiBlment 
in  tho  prime  vertical,  2S9:  correclion 
for  inollnalian  nf  tbe  ails,  241 ;  dcolioa- 
tioni  daienoioed,  2T1. 
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Tivilight,  time  of  brginniiia  anil  indiu 

L,  21 H. 
TwiMMo,  L,  602. 

Vaiz.  IL,  25. 
Vma.  L.  211. 
Vernier,  11.,  80. 
VKBiiiKtt,  FtTin,  II.,  ao. 

Vertical  circles,  lines,  and  planes, 
I.,  IB. 

W,ti.KBB.  I.,  M2.  S66.  864;  n,.  808,  «£.* 
WAUKSToiirr.  I.,  ei,  2M,  a27.  OSo 
WKisai,  1.,  iiS. 

WiCHHANM,  II..  4SR. 
WOLVKKK.  I..  I<8,  668. 

Wbioht,  I.,  60*. 

WiiKDEHANK,   1.,  Stif    tU   1M. 

Year.  Irnglh  of.  I,,  ii.^2:  fictitious.  <wli 
beginning  of  OotUiuDs,  fouod,  t>64.  | 

Zaoh.  I.,  302. 

Zenith,  deHooO,  I..  I». 

ICcnilh  distance,  defined,  I.,  20;  oft  itir, 
found  from  its  declination  anJ  lioui 
angle,  and  the  lalitnde  of  lbs  obsernr. 
31 ;  found  when  the  star  is  on  the  Ki 
hour  circle,  30;  fuuod  when  the  ixr" 
at  its  greatest  elongation.  37;  Itiai 
when  the  star  is  ou  ibe  prime  TsRicl. 
87;  reduction  of  observed  lenilli  <li^ 
tances  to  the  oentn  of  tbe  earth.  I89l 
change  of.  in  a  given  interval  of  lio*- 
213;  mean  of  the  senith  dislsnets  r*~ 
duved  to  the  mean  of  tbe  limes.  !!*' 
of  the  sun.  228  (see  II.,  3211). 

Zenith  telescope.  II.,  840;  eorreelioa '°' 
refraction,  844,  for  level,  for  inin^ 
meter.  S4G;  reduction  to  the  mcndUB' 
■election  of  stiirs,  S4T;  diseiunoB  '^ 
the  results.  350;  value  of  a  division  >< 
the  level.  8uS;  value  of  a  revoloiJoasI 
the  micrometer,  360;  eilra-BcriiUsl 
ohservBtious  for  latitude,  864. 
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